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The importance of nomenclature, notation, and
language as tools of thought has long been recog-
nized. In chemisiry and in botany, for example,
the establishment of systems of nomenclature by
Lavoisier and Linnaeus did much to stimulate and
to chanuel laler investigation. Concerning lan-
zuage, George Boole in his Lows of Thought
{1, p24] asserted "That language is an instru-
ment of human reason, and not merely a medium
for the expression of thought, is a truth generally
admitted.”

Mathematical notation provides perhaps the
best-known and best-developed example of lan.
guage used consciously as a tool of thought. Hecog-
nition of the important role of notation in mathe-
matics 1s clear from the quotations from mathema-
ticians given in Cajori's A History of Mathemat-
ical Notations 12, pp.332,3317. They are well
worth reading in full, but the following excerpts
suggest the tope:

By relieving the brain of all unnecessary work,
a good notation sets it {ree to concentrate on
more advaneerd problems, and in effect increnses
the mental power of the race.

AN, Whitehead
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The quantity ol meaning compressed into small
space by algebraic signs, is another circum-
stance that facilitates the reasonings we are
accustomed to carry on by their aid,

Charles Babbage

Nevertheless, mathematical notation has seri-
ous deficiencies. In particular, it lacks universali-
ty, and must be interpreted differently according
to the topic, according to the author, and even
according to the immediate context. Programming
languages, because they were designed for the pur-
pose of directing computers, offer important ad-
vantages as tools of thought. Not only are they
universal (general-purpose), but they are also exec-
atable and unambiguous. Executability makes it
possible to use computers to perform extensive
experiments on ideas expressed in a programming
language, and the lack of ambiguity makes possible
precise thought experiments. In other respects,
however, most programming languages are decided-
ly mferior to mathematical notation and are little
used as tools of thought in ways that would be
considered significant by, say, an applied mathe-
matician.

The thesis of the present paper is that the ad-
vantages of executability and universality found in
programming languages can be effectively com-
bined, in a single coherent language, with the ad-
vantages offered by mathematical notation. It is
developed in four stages:

(a)Section 1 identifies salient characteristics of
mathematical notation and uses simple prob-
lems to illustrate how these characteristics may
be provided in an executable notation.

(b)Sections 2 and 3 continue this illustration by
deeper treatment of a set of topics chosen for
their general interest and utility. Section 2
concerns polynomials, and Section 3 concerns
transformations between representations of
functions relevant to a number of topics, includ-
ing permutations and directed graphs. Al-
though these topics might be characterized as
mathematical, they are directly relevant to
computer programming, and their relevance
will increase as programming continues to de-
velop into a legitimate mathematical discipline.

{¢)Section 4 provides examples of identities and
formal proofs. Many of these formal proofs
concern identities established informally and
used in preceeding sections,

(d)The concluding section provides some general
comparisons with mathematical notation, refer-
ences to treatments of other topics, and discus-
sion of the problem of introducing notation in
context.

445

The executable language to be used is APL, a
general purpose language which originated in an
attempt to provide clear and precise expression in
writing and teaching, and which was implemented
as a programming language only after several years
of use and development [ 37,

Although many readers will be unfamiliar with
APL, 1 have chosen not to provide a separate intro-
duction to it, but rather to introduce it in context
as needed. Mathematical notation is always intro-
duced in this way rather than being taught, as pro-
gramming languages commonly are, in a separate
course. Notation suited as a tool of thought in any
topic should permit easy introduction in the con-
text of that topic; one advantage of introducing
APL in context here is that the reader may assess
the relative difficulty of such introduction.

However, introduction in context is incompati-
ble with complete discussion of all nuances of each
bit of notation, and the reader must be prepared to
either extend the definitions in obvicus and sys-
tematic ways as required in later uses, or to con-
sult a reference work. All of the notation used
here is summarized in Appendix A, and is covered
fully in pages 24-60 of APL Language [4].

Readers having access to some machine embodi-
ment of APL may wish to translate the function
definitions given here in direct definition form
[5, p.10] (using « and » to represent the left and
right arguments) to the canonical form required
for execution. A function for performing this
translation automatically is given in Appendix B.

1. Important Characteristics of Notation

In addition to the executability and universali-
ty emphasized in the introduction, a good notation
should embody characteristics familiar to any user
of mathematical notation:

-Ease of expressing constructsarising in problems,
«Suggestivity.

<Ability tosubordinate detail.

<Economy.

-Amenability toformal proofs.

The foregoing is not intended as an exhaustive list,
but will be used to shape the subsequent discus-
sion.

Unambiguous executability of the notation in-
troduced remains important, and will be emphasiz-
ed by displaving below an expression the explicit
result produced by it. To maintain the distinction
between expressions and results, the expressions
will be indented as they automatically are on APL
computers. For example, the integer function de-
noted by « produces a vector of the first » integers
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when applied to the argument », and the sum
reduction denoted by +/ produces the sum of the
elements of its vector argument, and will be shown
as follows:

15
12 3 4 5
+/15
15
We will use one non-executable bit of notation:
the symbol «- appearing between two expressions

asserts their equivalance.

1.1 Ease of Expressing Constructs Arising in
Problems

If it is to be effective as a tool of thought, a
notation must allow convenient expression not only
of notions arising directly from a problem, but also
of those arising in subsequent analysis, generaliza-
tion, and specialization.

Consider, for example, the crystal structure
illustrated by Figure 1, in which successive layers
of atoms lie not directly on top of one another, but
lie ""close-packed" between those below them. The
numbers of atoms in successive rows from the top
in Figure 1 are therefore given by s, and the total
number is given by +/.s.

The three-dimensional structure of such a crys-
tal is also close-packed; the atoms in the plane
lying above Figure 1 would lie between the atoms
in the plane below it, and would have a base row of
four atoms. The complete three-dimensional
structure corresponding to Figure 1 is therefore a
tetrahedron whose planes have bases of lengths 1, »,
3, v, and s. The numbers in successive planes are
therefore the partial sums of the vector .s, that
is, the sum of the first element, the sum of the
first two elements, etc. Such partial sums of a
vector v are denoted by +\v, the function +\ being
called sum scan. Thus:

AN
13 6 10 15
+t/EN1S
35
The final expression gives the total number of at-
oms in the tetrahedron.

The sum +/:5 can be represented graphically in
other ways, such as shown on the left of Figure 2.
Combined with the inverted pattern on the right,
this representation suggests that the sum may be
simply related to the number of units In a rectan-
gle, that is, to a product.

The lengths of the rows of the figure formed by
pushing together the two parts of Figure 2 are giv-
en by adding the vector .5 to the same vector rev-
ersed. Thus:

123145
$15
5 4 3 21
(15)+($15)
6 6 6 6 6
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Fig. 1. Fig. 2.
o u] noang
o 0 s 0aoa
o0 o0 EniE] 0oo
o0 0 o aininin} jal]
00 00 0 00000 g

This pattern of s repetitions of ¢ may be expressed
as sps, and we have:

5p6
6 6 6 6 6

+/5p6
30

6x5
30

The fact that +/s06 «» sxs follows from the defini-
tion of multiplication as repeated addition.

The foregoing suggests that «/.s < (sx9):2, and,
more generally, that:

t /Al e (W1 )xN)22 At

1.2 Suggestivity ,

A notation will be said to be suggestive if the
forms of the expressions arising in one set of prob-
lems suggest related expressions which find appli-
cation in other problems. We will now consider
related uses of the functions introduced thus far,
namely:

1 $ p +/ +\

The example:

Sp2
22 2 22

x/5p2
32
suggests that x/wps «+ w-r, where « represents the
power function. The similiarity between the defi-
nitions of power in terms of times, and of times in
terms of plus may therefore be exhibited as fol-
lows:

x/MolN <> NxM

+/MpN ++ Nxp
Similar expressions for partial sums and partial
products may be developed as follows:

X\5p2
2 4 8 16 32
2% 5
2 4 8 16 32

X\MpN «+> Nx1M
+\MpN -+ Nx1M
Because they can be represented by a triangle as
in Figure 1, the sums +\1s are called triangular
numbers. They are a special case of the figurate
numbers obtained by repeated applications of sum
scan, beginning either with +\.#, or with +\wo1.
Thus:

5p1l +\+\5p1

11111 136 10 15

+\5p1 +\+\+\5p1
1231458 1% 10 20 35
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Replacing sums over the successive integers by

products yields the factorials as follows:
15

P23 4 05
/s ®«\t 5

170 1 2 6 24 120

- 1 2 6 ;ioi?O

Part of the suggestive power of a language re-
sides in the ability to represent identities in brief,
general, and easily remembered forms. We will
illustrate this by expressing dualities between
functions in a form which embraces DeMorgan's
laws, multiplication by the use of logarithms, and
other less familiar identities.

If v 18 a vector of positive numbers, then the
product =/v may be obtained by taking the natural
logarithms of each element of v (denoted by ev),
summing them (+/sv), and applying the exponential
function (++sev). Thus:

XAV > x+/eV

Since the exponential function - is the inverse of
the natural logarithm e, the general form suggested
by the right side of the identity is:

IC F/CG V
where r¢ 1s the function inverse to ¢.

Using » and v to denote the functions and and
or, and ~ to denote the self-inverse function of
logical negation, we may express DeMorgan's laws
for an arbitrary number of elements by:

A/B +> ~v/~B

v/B «+ ~a/~B
The elements of 5 are, of course, restricted to the
boolean values o and 1. Using the relation symbols
to denote functions (for example, x<v yields 1 if «
is less than v and o otherwise) we can express fur-
ther dualities, such as:

#/B 4> ~z/~B
S/B e ~z/~E
Finally, using r and 1 to denote the maximum
and minimum functions, we can express dualities
which involve arithmetic negation:

[/V e -L/-V
L/V <> -[/-V

It may also be noted that scan (s\) may replace

reduction (#/) in any of the foregoing dualities.

1.3 Subordination of Detail

As Babbage remarked in the passage cited by
Cajori, brevity facilitates reasoning. Brevity is
achieved by subordinating detail, and we will here
consider three important ways of doing this: the
use of arrays, the assignment of names to functions
and variables, and the use of operators,

We have already seen examples of the brevity
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provided by one-dimensional arrays (vectors) in
the treatment of duality, and further subordina-
tion is provided by matrices and other arrays of
higher rank, since functions defined on vectors are
extended systematically to arrays of higher rank.

In particular, one may specify the axis to which
a function applies. For example, ¢r11v acts along
the first axis of a matrix » to reverse each of the
columns, and ¢t231# reverses each row; »,c11v caten-
ates columns (placing » above »), and #,c21% caten-
ates rows; and +/t11v sums columns and s/r2)n
sums rows. If no axis is specified, the function
applies along the last axis. Thus +/¥ sums rows.
Finally, reduction and scan along the first axis
may be denoted by the symbols s and .

Two uses of names may be distinguished:
constant names which have fixed referents are
used for entities of very general utility, and ad hoc
names are assigned (by means of the symbol <) to
quantities of interest in a narrower context. For
example, the constant (name) 144 has a fixed refer-
ent, but the names crars, carer, and row assigned by
the expressions

CRATE « 1ub

LAYER « CRATE+S

ROW + [AYER:3
are ad hoc, or variable names. Constant names for
vectors are also provided, as in 2 3 5 » 11 for a nu-
meric vector of five elements, and in 'ascoe for a
character vector of five elements.

Analogous distinctions are made in the names
of functions. Constant names such as +, x, and «
are assigned to so-called primitive functions of
general utility. The detailed definitions, such as
«smpn for wxwr and x/men for wen, are subordinated by
the constant names ~ and «.

Less familiar examples of constant function
names are provided by the comma which catenates
its arguments as illustrated by:

(15),(95) ++ 1 2 3 4 5 5 u 3 2 1

and by the base-representation function r, which
produces a representation of its right argument in
the radix specified by its left argument. For exam-
ple:

22 2 71T 3« 011

22 2 71T 4 > 100

BN«2 2 2 v 01 23 4% 5867

By
06001111
00110011
010610101

BN, $BN
0009011111111 0000
¢ 011001111001 100
101010110101 010

The matrix sy is an important one, since it can be
viewed in several ways. In addition to representing
the binary numbers, the columns represent all sub-
sets of a set of three elements, as well as the en-
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tries in a truth table for three boolean arguments.
The general expression for » elements is easily seen
to be (woz)r¢2+m1-1, and we may wish to assign an
ad hoc name to this function. Using the direct
definition form {(Appendix B), the name r is as-
signed to this function as follows:

Filwe2) 12 w)- 1 A2

The symbol . represents the argument of the func-
tion; in the case of two arguments the left is repre-
sented by «. Following such a definition of the
function r, the expression r s yields the boolean
matrix #» shown above.

Three expressions, separated by colons, are also
used to define a function as follows: the middle
expression is executed first; if its value is zero the
first expression is executed, if not, the last expres-
sion is executed. This form is convenient for re-
cursive definitions, in which the function is used
in 1ts own definition. For example, a function
which produces binomial coefficients of an order
specified by its argument may be defined recur-
sively as follows:

BCi(X, 03400, X80 w-1):w=0:1 A

Thus sc o «» 1and sc 1 «» 1 tand 8¢ 4 «» 1 4 6 4 1.

The term operator, used in the strict sense
defined in mathematics rather than loosely as a
synonym for function, refers to an entity which
applies to functions to produce functions; an exam-
ple is the derivative operator.

We have already met two operators, reduction,
and scan, denoted by ; and \, and seen how they
contribute to brevity by applying to different func-
tions to produce families of related functions such
as +/ and »/ and ~/. We will now illustrate the
notion further by introducing the inner product
operator denoted by a period. A function (such as
+/) produced by an operator will be called a
derived function.

If » and ¢ are two vectors, then the inner prod-
uct +.« is defined by:

Froxg v +/pPxQ

and analogous definitions hold for function pairs
other than + and ~. For example:

Pe 308

Q2 102

Pr.oxg
17

Px s
300

Plo+@

Each of the foregoing expressions has at least
one useful interpretation: r+.xq is the total cost of
order quantities ¢ for items whose prices are given
by r; because r is a vector of primes, px.+g is the
number whose prime decomposition is given by the
exponents q; and if p gives distances from a source
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to transhipment points and ¢ gives distances from
the transhipment points to the destination, then
pi.+q gives the minimum distance possible.

The function «.~ is equivalent to the inner product
or dot product of mathematics, and is extended to
matrices as in mathematics. Other cases such as
«.« are extended analogously. For example, if 7 is
the function defined by A.2, then:

o3
0 000 1 111
O 0 1 10 011
o1t 0101801
PRl 3 proxT B
0% 38 2 7 % 10 i 5 3 1% 2 10 & 30

These examples bring out an important point: if
s is boolean, then #+.xs produces sums over subsets
of » specified by 1's in &, and #«.+s produces prod-
ucts over subsets.

The phrase -.x is a special use of the inner
product operator to produce a derived function
which yields products of each element of its left
argument with each element of its right. For ex-
ample:

2 3 Se.xub
2 4 & 8 10
3069 12 15
5 10 15 20 25

The function -.x is called outer product, as it
is in tensor analysis, and functions such as .+ and
o.~ and -.< are defined analogously, producing
"function tables" for the particular functions. For
example:

O+«0 t 2 3

Da.lD Do,2D Do D
01 23 100 1111
1123 11090 01 23
22 23 1110 00 13
3333 11 1 1 00 0 1

The symbol : denotes the binomial coefficient
function, and the table »..:p is seen to contain
Pascal's triangle with its apex at the left; if ex-
tended to negative arguments (as with p<=3 "2 "1 0 1
23) it will be seen to contain the triangular and higher-
order figurate numbers as well. This extension to
negative arguments is interesting for other func-
tions as well. For example, the table p-.~» consists
of four quadrants separated by a row and a column
of zeros, the quadrants showing clearly the rule of
signs for multiplication.

Patterns in these function tables exhibit other
properties of the functions, allowing brief state-
ments of proofs by exhaustion. For example, com-
mutativity appears as a symmetry about the diago-
nal. More precisely, if the result of the transpose
function & (which reverses the order of the axes of
its argument) applied to a table r<p..p agrees with
r, then the function r is commutative on the do-
main. For example, r=sr<p..rp produces a table of
1's'because r is commutative.
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Corresponding tests of associativity require
rank s tables of the form po.r(oe.r0) and (ve.twye .40,
For example:

D« 1

o n( Do AD) (Do.naD)Ye D Do, <(De.<D) (De.gD)o, 5D
00 00 1ol 01
00 00 11 01
a0 00 Lol 11
1 01 01 ¢ 1

1.4 Economy

The utility of a language as a tool of thought
increases with the range of topics it can treat, but
decreases with the amount of vocabulary and the
complexity of grammatical rules which the user
must keep in mind. Economy of notation is there-
fore important.

Economy requires that a large number of ideas
be expressible in terms of a relatively small vocab-
ulary. A fundamental scheme for achieving this is
the introduction of grammatical rules by which
meaningful phrases and sentences can be construct-
ed by combining elements of the vocabulary.

This scheme may be illustrated by the first
example treated -- the relatively simple and widely
useful notion of the sum of the first » integers was
not introduced as a primitive, but as a phrase con-
structed from two more generally useful notions,
the function . for the production of a vector of
integers, and the function +/ for the summation of
the elements of a vector. Moreover, the derived
function +/ is itself a phrase, summation being a
derived function constructed from the more gener-
al notion of the reduction operator applied to a
particular function.

Economy is also achieved by generality in the
functions introduced. For example, the definition
of the factorial function denoted by : is not re-
stricted to integers, and the gamma function of &
may therefore be written as :x-1. Similiarly, the
relations defined on all real arguments provide
several important logical functions when applied to
boolean arguments: exclusive-or (=), material im-
plication (=), and equivalence (-).

The economy achieved for the matters treated
thus far can be assessed by recalling the vocabulary
introduced:

t

0 $ T
/ \ .

toxrx@lf 18

The five functions and three operators listed in the
first two rows are of primary interest, the remain-
ing familiar functions having been introduced to
illustrate the versatility of the operators.

A significant economy of symbols, as opposed to
economy of functions, is attained by allowing any
symbol to represent both a monadic function (i.e.
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a runction of one argument) and a dyadic tunc-
tion, in the same manner that the minus sign is
commonly used for both subtraction and negation.
Because the two functions represented may, as in
the case of the minus sign, be related, the burden
of remembering symbols is eased.

For example, v+v and :v represent power and
exponential, rsr and ev represent base « logarithm
and natural logarithm, x:v and :v represent divi-
sion and reciprocal, and r:v and :v represent the
binomial coefficient function and the factorial
(that is, x1ve>(:v):C:xyxcrr-2)). The symbol » used
for the dyadic function of replication also repre-
sents a monadic function which gives the shape of
the argument (that is, x«»sxov), the symbol ¢ used
for the monadic reversal function also represents
the dyadic rotate function exemplified by
261523 v 5 1 2, and by “2¢15u 5 1 2 3, and finally,
the comma represents not only catenation, but also
the monadic ravel, which produces a vector of the
elements of its argument in "row-major" order.
For example:

) .12
0 011 001 101 01
0 10 1

Simplicity of the grammatical rules of a nota-
tion is also important. Because the rules used thus
far have been those familiar in mathematical nota-
tion, they have not been made explicit, but two
simplifications in the order of execution should be
remarked:

(1YALl functions are treated alike, and there are no
rules of precedence such as x being executed
before +.

(2)The rule that the right argument of a monadic
function is the value of the entire expression to
its right, implicit in the order of execution of
an expression such as sw coc :4, is extended to
dyadic functions.

The second rule has certain useful consequences
in reduction and scan. Since r/v is equivalent to
placing the function r between the elements of v,
the expression -/v gives the alternating sum of the
elements of v, and :/v gives the alternating prod-
uct. Moreover, if 5 is a boolean vector, then <\s
"isolates'" the first : in &, since all elements follow-
ing it become o. For example:

<\0 0 11011« 00100200

Syntactic rules are further simplified by adopt-
ing a single form for all dyadic functions, which
appear between their arguments, and for all mo-
nadic functions, which appear before their argu-
ments.. This contrasts with the variety of rules in
mathematics. For example, the symbols for the
monadic functions of negation, factorial, and mag-
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nitude precede, follow, and surround their argu-
ments, respectively.  Dyadic functions show even
more variety.

1.5 Amenability to Formal Proofs

The importance of formal proofs and deriva-
tions is clear from their role in mathematics. Sec-
tion 4 is largely devoted to formal proofs, and we
will limit the discussion here to the introduction
of the forms used.

Proof by exhaustion consists of exhaustively
examining all of a finite number of special cases.
Such exhaustion can often be simply expressed by
applying some outer product to arguments which
include all elements of the relevant domain. For
example, if oo 1, then p-.+0 gives all cases of appli-
cation of the and function. Moreover,
DeMorgan's law can be proved exhaustively by
comparing each element of the matrix v..,» with
each element of ~(~p)-.v(~0) as follows:

Do AD ~(wD)e . v(~D)
00 00
01 01
(Do AD)Y=(~(~D)e.v(~D))
11
11

Al (Do AD)Y=(~(~D)o , v(~D))

Questions of associativity can be addressed sim-
ilarly, the following expressions showing the asso-
ciativity ‘of and and the. non-associativity of
not-and:

A ((DeaD)o ,AD)=(Do A(Do DY)

A ((Da wD Yo ;xD )= (Do .n(Do ,~D))

A proof by a sequence of identities is presented
by listing a sequence of expressions, annotating
each expression with the supporting evidence for
its ‘equivalence with its predecessor:. For example,
a formal proof of the identity A.l-suggested by the
first example treated would be presented as fol-
lows:

+/aN

+/ 61N + is associative and commutative
CCe/NYe (/0 l) ) +2 (X+X)t2+>X
(+/CON)+(d1N)) )2 + is associative and commutative
(+/C(N+1)pN)I*+2 i Lémina

((N+1)x¥)2 Definition of.

The fourth annotation above concérns an identity
which; after observation of the pattern in the spe-
cial case ¢15)+¢¢15); might be considered obvious-or
might be considered worthy of formal proof in a
separate lemma.

Inductive proofs proceed in two steps: 1) some

identity (called the induction hypothesis) is as-

sumed true for a fixed integer value of some par-
ameter »-and-this assumption is used to:prove that
the identity also holds for ithe :value w+1; and 2)
the identity is shown to hold for some integer val-
ue k. The‘conclusion is that the identity holds for
all integer values of #:which equal or exceed x:+
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Recursive definitions often provide convenient
bases for inductive proofs. As an example we wi|]
use the recursive definition of the binomial coeffj.
cient function zc given by A.3 in an inductive proof
showing that the sum of the binomial coefficients
of order » is 2«n. As the induction hypothesis we
assume the identity:

+/BC N +> 2xN

and proceed as follows:

+/BC N+1

+/(X,0)+(0,X«BC W) A3
(+7X,0)+(+/0,%) + is associative and commutati\;e
(+/X)+(+/%) 0+ sy
axt/X Yt¥er2xy
2x+/BC N Definition of ¥
Sx2%N Induction hypothesis
2«N+1 Property of Power (#)

It remains to show that the induction hypothesis
is true for some integer value of ». From the re-
cursive definition A.3, the value of zc o is the value
of the rightmost expression, namely 1. Consequent-
ly, +/8c o is 1, and therefore equals 2+o0.

We will  conclude with a proof that
DeMorgan 's law for scalar arguments, represented
by:

AAB <+ ~(~A)v(~B) A4

and proved by exhaustion, can indeed be extended
to vectors of arbitrary length as indicated earlier
by the putative identity:

ALV &~V /T ; AB

As the induction hypothesis we will assume that
A.5 is true for vectors of length (ov)-1.

We will first give formal recursive definitions
of the derived functions and-reduction and
or-reduction (s, and v/), using two new primitives,
indexing, and drop. Indexing is denoted by an
expression of the form xrri, where r is a single in-
dex-or array of indices of the vector r, For exam-
ple, if x«2 2 s 7, then xt23 is 3, and xc2 i1 is 3 2.
Drop is denoted by x+x and is defined to drop i«
(i.e., the magnitude of k) elements from x, from the
head if xso'and from the tail if x<o. For example,
2+x is s 7 and ~2+x is 2 3. The take function (to be
used later) is denoted by + and is defined analo-
gously. For example, s+xis 2 3 s and ~s+x is 3 5 7.

The following functions provide formal defini-
tions of and-reduction and or-reduction:

ANDRED :w(1]AANDRED 1+w:0=pw:l AS
ORRED :wl1lv QORRED 1l+w:0=pw:0 AT

- The inductive proof of A.5 proceeds as follows:

VA4 ) N
(VERIFACRY THir) 0 Tt ‘ ~ A6
~AVIL1I V(A L1V : - o A
~(RVEL)V(~~V/~14T) : A5
~CNVELTV G ~id ) wexerX
¥ [VELDLYs (S14V) AT
~IRVELT, 147) v distributes over '»
ANl b Definition “of 3 (catenation)
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2. Polynomials

If ¢ is a vector of coefficients and x is a scalar,
then the polynomial in x with coefficients ¢ may be
written simply as +/cxxx"1+¢1pC, OF +/(X* 1+1pC)xC,
or (x+"1+100)+.xc. However, to apply to a non-
scalar array of arguments , the power function -
should be replaced by the power table - .« as shown
in the following definition of the polynomial func-
tion:

Pi(we,* 1+1pad+.xa B.1

For example, 1 33 1 p 01234 «»1827 6y 125 If pa
is replaced by 1+0a, then the function applies also
to matrices and higher dimensional arrays of sets
of coefficients representing (along the leading axis
of «) collections of coefficients of different polyno-
mials.

This definition shows clearly that the polyno-
mial is a linear function of the coefficient vector.
Moreover, if « and « are vectors of the same shape,
then the pre-multiplier w-.+"1+1pa is the Vander-
monde matrix of . and is therefore invertible if the
elements of . are distinct. Hence if ¢ and x are
vectors of the same shape, and if r«c r x, then the
inverse (curve-fitting) problem is clearly solved by
applying the matrix inverse function s to the Van-
dermonde matrix and using the identity:

C <+ (@Yo, * 1+1pX)+.xY

2.1 Products of Polynomials

The "product of two polynomials 5 and ¢" is
commonly taken to mean the coefficient vector »
such that: ' '

DR X ++ (B P X)x(C P X)

It is well-known that » can be computed by taking
products over all pairs of elements from s and ¢
and summing over subsets of these products associ-
ated with the same exponent in the result. These
products occur in the function table 5..xc, and it is
easy to show informally that the powers of x asso-
ciated with the elements of z-.xc are given by the
addition table z«(~1+1p8)¢.+( 1+10¢): For example:

X2

B+«3 1 2 3

C«2 03

E+("141pB)o.#(T141pC)

Bo . x( E X*E
6 0 9 0.1.2 1024
2 03 123 2 4 8
4.0 6 2 3.4 4 8 16
6 0 9 34 5 8 16 32

+/ (B xC YKk g
518

N4 X)X(C BiX)
518

The foregoing suggests the following. identity,

which will be established formally in Section 4:

(BB X)IA(C P XYestss (B oxC s (" 1o pBYo i+ MR 00 B
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Moreover, ‘the pattern of the exponent.table =
shows that elements of z..xc lying on diagonals-are
associated with the same power, and that the coef-
ficient vector of the product polynomial is there-
fore given by sums over these diagonals. The table
.. xc therefore provides an excellent organization
for the manual computation of products of polyno-
mials.  In the present example these sums give the
vector p<s 2 13 9 6 9, and » p x‘'may be seen to equal
(BEIIX(CEX),

Sums over the required diagonals of s.xc can
also be obtained by bordering it by zeros, skewing
the result by rotating successive rows by successive
integers, and then summing the columns. We thus
obtain a definition for:the polynomial product
function as follows:

PP:i4#{1-1paddac xo,1i0xa

We will now develop an alternative method
based upon the simple observation that if 5 rr ¢
produces the product of polynomials s and c, then
pe is linear in both of its arguments. Consequent-

ly,

PP:at.xA+.xw

where 4 is.an array to be determined.. 4 must be of
rank 3, and must depend.on the exponents of the
left argument (~1¥1pa), of the result (“1+ip14a,u),
and of the right argument. The 'deficiencies' of
the right exponent are given' by the difference ta-
ble ¢vatva, e ow, and comparlson of ‘these values
with the left exponents yields 4." Thus

A«("1tipade.z{((ipliaye)e. ~1pw)
and
(PP o x(CT LR pa Yol = Crp by @) o T p i) S Xe

Since a+.x4 is a matrix, this formulation sug-
gests that if o«z e ¢, then ¢ might be obtained
from » by pre-multiplying it by the inverse matrix
(@p+.xa), thus providing division of polynomlals
Since s+.x4 is not square (having more rows than
columns), this will not work, but by replacing
ues+.x4 by either its leading square part (2oL /om)44,
or by its trailing square part (-20L/04)+4, ODE ob=
tains two results, one correspondmg to dwlslon'
with low-order remainder terms, and the other to
division with high-order remainder terms.

2, 2 Derlvatlve of a Polynomlal

‘Since the derivative of x«u is zvxxuv 1.; we -may
use the rules for the derlvatlve of a sum. of func-
tions and of a product of a functlon with a con-
stant, to. show that the derwatlve of the polynoml-
al ¢ p x is the polynomial (1scx"t+1pc) & Using
this result it is clear that the integral is the polyn:
omial (x, Cri0C) Biky ~where 4 isan. arbitrary scalar
constant. The, expresslon 19cx71+1p¢c also yields the
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coefficients of the derivative, but as a vector of the
same shape as ¢ and havinga final zero element.

2.3 Derivative of a Polynomial with Respect
to Its Roots

If # is.a vector of three elements, then the de-
rivatives of the polynomial ~/x-z with respect to
each of its three roots are -(x-srr21)x(x-rr31), and
-(x-Rl13¥x(x-k031), and -(x-r[11)x(x-8L21). More
generally, the derivative of x/x-z with respect to
g1 18 simply -(x-r)x.+J=1o7, and the vector of de-
rivatives with respect to each of the roots is
X -R)xuxIe,2l«1pR,

The expression x/x-z for a polynomial .with
roots » applies only to-a scalar x, the more general
expression being x/x-.-r. Consequently, the gener-
al expression for the matrix of derivatives (of the
polynomial evaluated at xtz3 with respect to root
rJ1)-18 given by:

“(Xe,~R)x,*To ,#I+1pR B3

2.4 Expansion of a Polynomial -

Binomial expansion concerns the development
of an identity in the form of a polynomial in x for
the expression (x+r)»n. For the special case of r-1
we have the well-known expression in terms of the
binomial coefficients of order w:

(X+1)%0 = ((0,UNIINIP X

By extension we speak of the expansion of a
polynomial as a matter of determining coefficients
» such that: ~

C B X+Y -+ D P X

The coefficients » are, in general, functions of v. If
v=1 they again depend only on binomial coeffi-
cients; ‘but in this case on the several binomial
coefficieénts of various: orders, specifically on the
matrix Jo.1s+ 14100,

“For:example, if c«3 12 v, and ¢ p x+14+0 2 x; then
p depends on the matrlx ‘

0 1 2 3 0.1 0 1 2 3

& 0.0 B
sow R
@ e
WG

and » must clearly be a- weighted sum of the col-
umns the weights being the elements of ¢ Thus:

De(J o tde 110 C) +:%XC

Jotting down the matrix of coefficients and per-
forming the indicated matrix product provides a
quick and reliable way to organlze ‘the otherw1se
messy ‘manual calculation of expansions. ~
If 5 is the approprlate matrix of bmomlal coef-
flclents then p<s+ ¢, and the' expanswn furiction is
clearly linear 1n “the coefficients c.
pansmn for r-"1 must be given by the inverse ma-
trix ez, which will be seen to contain the alternat~
mg inomial coefficients.  Finally, since; ' '
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Moreover ex-

C B X+{(K+1) «% ¢ P (X+K)+1l «> (B+.xC) P (X+K)

it follows that the expansion for positive integer
values of r must be given by products of the form:

Bt .xB+.xB+ . xB+.x(C

where the s oceurs v times.

Because .« is associative, the foregoing can be
written as w+.xc, where # is the product of r occur-
rences of 5. It is interesting to examine the succes-
sive powers of s, computed either manually or by
machine execution of the following inner product
power function:

IPP:iat+.x0 IPP w-l:w=0:Jo.=J« 1+1ltpa

Comparison of s rer ¥ with s for a few values of
¢« shows an obvious pattern which may be ex-
pressed as:

B.IPP K ++» BxEx0[=Jo.-J+ 1+114pB

The interesting thing is that the right side of this
identity ‘is meaningful for non-integer values of x,
and, in fact, provides the desired expression for the
general expansion ¢ g x+y:

CP(X+Y) <+ ({(Jo td}xY¥#0T-do.-d« 1+1pC)+.xCIP X B.4

The right side of B:4'is of the form (u+.xc)p ¥,
where # itself is of the form sxr+r and can be dis-
played informally (for the case s=c¢) as follows:

xYx

RN W

O e
W W R
coc oo
(== NN

[SIR=TE I
L e

Since r»x multiplies the single-diagonal matrix
Bx(k=£), the expression for » can also be written as
the inner product (r+s)+.x7, where r is a rank s
array whose rth plane is the matrix sx(x=£). Such
a rank three array can be formed from an upper
triangular matrix » by making a rank s array
whose first plane is » (that is, (1=i11+em)°.xx) and
rotating it along the first axis by the matrix s--4,
whose «th superdiagonal has ‘the value -x. - Thus:

DS:(Tow=INL11(1=I%114pa)e X . B.5

DS Ko, K+ 1%13

-

0
0

=l
(=t =]

Substituting these results in'B.4 and using the

-associativity of +.x, we have the following identity

for the expansion of a polynomial, valid for non-
mteger as well as mteger values of r:

c p xxy T ((Y*J)+ xPS Jo.'J« 1+1pL‘)+ xCYP X B#6

For example: -
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Y3
C+3 1 4 2
Me{Yxd )+, xDS Jo,1d+ 1+1pC
M
103 9 27
o 1 6 27
o 0 1 9
o 0o 0 1

Mt %
96 79 22 2

(Mr.xC) P X2
358

C P X+Y
358

3. Representations

The subjects of mathematical analysis and com-
putation can be represented in a variety of ways,
and each representation may possess particular
advantages. - For example, a positive integer » may
be represented simply by v check-marks; less sim-
ply, but more compactly, in Roman numerals; even
less simply, but more conveniently for the per-
formance of addition and multiplication, in the
decimal system; and less familiarly, but more con-
veniently for the computation of the least common
multiple and the greatest common divisor, in ‘the
prime decomposition scheme to be discussed here.

Graphs, which concern connections among a
collection of elements, are an example of a more
complex entity which possesses several useful rep-
resentations. For example, a simple directed graph
of » elements (usually called nodes) may be repre-
sented by an » by » boolean matrix 5 (usually called
an adjacency matrix) such that scr:71=1 1f there is
a connection from node r to node v. Each connec-
tion represented by a 1 in 5 is called an edge, and
the graph can also be represented by a «/,s by #
matrix in which each row shows the nodes ‘con-
nected by a particular edge.

Functions also admit different useful represent-
ations. For example, a permutation function,
which yields a reordering of the elements of its
vector argument x, may be represented by a per-
mutation vector r such that the permutation func-
tion is simply xcr3, by a cycle representation which
presents the structure of the function more direct-
ly, by the boolean matrix s«r.=1,» such that the
permutation function is s+.xx, or by a radix repre:-'
sentation = which employs one of the columns of
the matrix 1+(¢n)v 1411051, and has the property
that 2{+/r-1 18 the parlty of the permutatlon repre-
sented:

In order to use different repre’sentatlons con-
veniently, it is important to be able to ‘express thé

transformations between representations clearly

and precisely. Conventional mathematical nota-
tion is-often deficient in-'this respect; and the pres:
ent section is devoted to developing expressions for

the transformations between representations useful

in a variety of topics: number systems, polynomi-
als, permutations, graphs, and boolean algebra. =
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3.1 Number Systems

We will begin the discussion of representations
with a familiar example, the use of different repre-
sentations of positive integers and the transforma-
tions between them. Instead of the positional or
base-value representations commonly treated, we
will use prime decomposition, a representation
whose interesting properties make it useful in in-
troducing the idea of logarithms as well as that of
number representation [6, Ch.16].

If » is a vector of the first or primes and 7 is a
vector of non-negative integers, then = can be used
to represent the number »x.+z, and all of the integ-
ers .r/p can be so represented. For example,
2367 x.»000018 1 and 2 3.5 7 x.x 1100 18 6
and: ' '

P
2 357

ME
6102010301
0010010020
00001 00.0 021
0000001000

Px *ME

12 3.4.56 7 .8:9 10

The similarity to logarithms can be seen in the
identity:

X/EX o *ME % Px % +/ME

which may be used to effect multlpllcatlon by ad-
dition.

Moreover, if we define cco and rew’ tos gwe the
greatest common divisor and least common multl-
ple of elements of vector arguments, then: '

‘ecn Px  xME > Px, x| /ME
LOM BX % ME "+ Pxy %[/ ME.

ME VePx  «ME
27100 : v
31.2 189006 7350 3087 .
2720 : 6CD Y LMY
123 21 LR 7926100 Vi
Px . *L/ME Pxiw[/ME
r21 g / 9261000 L

In defining the function cco, we will use the
operator / with a boolean argument s (as in /). It
produces the compression function which selects
elements from its right argument according to the
ones in 5. For example, 1 0 1 0 1/15 181 3 5. More-
over, the function s/ applied to a matrix argument
compresses rows (thus selectmg certain. columns),
and the functlon B compresses columns to select
rows Thus ’ ,

GCD+GCD M, (M*L/R)IR 129R*(w*0)/w +/R
ECM (X/X) GCD X*(i*w) LCM 1#w O pw 1 SO

The transformatlon to the value of a number
from its prime decomposition representation (ver)
and the inverse transformation to. the representa--
tlon from:the value (rrv) are glven by

WERvax e :
BEV Do REV. w*ax “Di A/“D*O alw D

For example.
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P VFR 2 1 3 1
105060

P RFV. 10500
2131

3.2 Polynomials

Section 2 introduced two representations of a
polynomial on a scalar argument x, the first in
terms of a vector of coefficients ¢ (that is,
+/cxxx"1+1pc ), and the second in terms of its roots =
(that is, x/x-#). The coefficient representation is
convenient for adding polynomials (c+p) and for
obtaining derivatives (1+¢x"1+:0¢). The root repre-
sentation is convenient for other purposes, includ-
ing multiplication which is given by #1,z2.

We will now develop a function crz
(Coefficients from Roots) which transforms a roots
representation to an equivalent coefficient repre-
sentation, and an inverse function zr¢. The devel-
opment will be informal; a formal derivation of crr
appears in Section 4,

The - expression for c¢rr will be based on
Newton 's symmetric functions, which yield the
coefficients as sums over certain of the products
over all subsets of the arithmetic negation (that is,
-&) of the roots ». For example, the coefficient of
the constant term is given by x/-z, the product
over the entire set, and the coefficient of the next
term is a sum of the products over the elements of
-# taken (or)-1 at a time.

The function defined by A.2 can be used to
give the products over all subsets as follows:

P+(-R)x ., *«M«T pR "

The elements of » summed to produce a given coef-
ficient depend upon the number of elements of r
excluded from the particular product, that is, upon
+#~u, the sum of the columns of the complement of
the boolean "subset" matrix ros.

The summation over » may therefore be ex-
pressed as ((o,1pk)e.=+/~)+.xp, and the complete
expression for the coefficients ¢ becomes:

Ce((0, 1R )0 =4h~M )4 x(~R)X . kM+T oR

For'example, if r<2 35, then

M +A~M
00 0 00171711 32212 471 00
00 11 00 11 (0, 1pRYe  =+FmH
G:1°0 17°0.1.071 0-0.6°07°6 0071
(=R)xwxM : 000 1.0 1.1-0 .
175 7315 T2.10 6 T30 01101000
10000 000
M«T pR

((O0,1pR)o=+/~M)+t . x(-R)x, *M+
T30::31 Ti0 1 § .

The function crr which produces the coefficients
from the roots may therefore be defined -and used
as follows: G ; i

"Cfﬁg((O,tpw)o.=+f~M)+.X(-w)X.*M+I pw' Cc1

CFR-2 3 5
T30 317101
: (CFR".2.3 5). B X«1 2:3 4:5.6 7.8
80 072 012 40690 :
i X/Xo, =235
7800 72 .0.12 4090
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The inverse transformation zrc is more diffi.
cult, but can be expressed as a successive approxi-
mation scheme as follows:

RFC:(T1+101%w)C o

Gi(a~2)C w:TOL2[/|Z+a STEP w:o-2
STEP: (B(ac.-a)x.*To.#T+1pa)+.x(ao,*x 1+1pw)+.Xe

B U*C*CFR_? 3 57

210 247 lOlM 17 1

TOL+1E"8

RFC ¢
75 23
The order of the roots in the result is, of course,
immaterial. The final element of any argument of
rrc must be 1, since any polynomial equivalent to
«/x-# must necessarily have a coefficient of 1 for
the high order term.

The foregoing definition of src applies only to
coefficients of polynomials whose roots are all real.
The left argument of ¢ in zrc provides (usually
satisfactory) initial approximations to the roots,
but in the general case some at least must be com-
plex. The following example, using the roots of
unity as the initial approximation, was executed on
an APL system which handles complex numbers:

(%x00J2x( "1+ 1N )2N<+pl+w)lCuw Cz2

~ O«C«CFR 1J1 1471 1J2 1J72
10 1% 11 4 1
- RFC C B
1771 1J2 1J1 1J72
The monadic function o used above multiplies its
argument by pi.

In Newton 's method for the root of a scalar
function 7, the next approximation is given by
a+4-(r a)+pF a, where pr is the derivative of r. The
function srzr is the generalization of Newton's
method to the case where r is a vector function of
a vector. It is of the form (am)+.xs, where 5 is the
value of the polynomial with coefficients «, the
original argument of rrc, evaluated at «, the cur-
rent approximation to the roots; analysis similar to
that used to derive B.3 shows that » is the matrix
of derivatives of a polynomial with roots a, the
derivatives being evaluated at .

Examination of the expression for » shows that
its off-diagonal elements are all zero, and the ex-
pression can)+.xs may therefore be replaced by s:»,
where p:is the vector of diagonal elements of #.
Since (r.,s)¢n drops r rows and v columns from a
matrix #, the vector » may be expressed as
x/0 1+("1+1pa)dac-.-a; the definition of the function
srer may  therefore be replaced by the more effi-
cient definition:

STEPf((a°.*'1§tpb)+.xw)*X/O 1+('1+1pai¢u°.3a c3

‘This last is'the elegant method of Kerner L71].
Using = starting values given by the left argument
of ¢ in C.2, it ‘converges in seven steps (with a tol-
erance FoL«1E"8 xth-order example given

by Kerner.
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3.3 Permutations

A vector » whose elements are some permuta-
tion of s indices (that 18, ~/1e0/p0 2100} will be
valled a permutation vector. If » is a permutation
vector such that (oio-ep, then zi0) is a permutation
of «, and » will be said to be the direct representa-
tion of this permutation.

The permutation xio1 may also be expressed as
#r.-1, where s i3 the boolean matrix po.:s0. The
matrix ¢ will be called the boolean representation
ol the permutation. The transformations between
direct and boolean representations are:

HFiwe .2 pw DFBiws v ltpm

Because permutation is associative, the compos-
ition of permutations satisfies the following rela-
tions:

(ALD11)(D2] w» XLLDT (D233

B4, 2 (B1s .2 ) w» (P24 2Bl )4.%)
The inverse of a boolean representation s is s#, and
the inverse of a direct representation is either ap or
ovi00. {The grade function s grades its argument,
giving a vector of indices to its elements in ascend-
ing order, maintaining existing order among equal
elemnents. Thus 43 7 15 18 3 1 4 2 and 43 7 3 4 Is
3« 2, The index-of function : determines the
smallest index in its left argument of each element
of its right argument. For example, 'ascoe: v zas8

82 1 2 5, and 'sasg ascpE 18 2 1 05 5 ul)

The cycle representation also employs a permu-
tation vector. Consider a permutation vector ¢ and
the segments of ¢ marked off by the vector c-i\c.
For example, if c+7 365 21 4, then c=1i ¢ 1is
11 0ot 1 o, and the blocks are:

6 5

w3 LY

P4

Each block determines a "'cycle' in the associated
permutation in the sense that if z is the result of
permuting x, then:

RITY w X{73

RE3Y w X(6) RI6Y s £05)

a{21 s x{2}
011 1 x{w]

R8T B X133
Risl} 8 X111

if the leading element of ¢ is the smallest (that is,
1}, then ¢ consists of a single ¢cycle, and the permuta-
tion of a vector x which it represents is given by
ttei«rt1ecy. For example:

Xw tABLDEFG

el 76 % 20N 3

XLOI+E{ 190}

X
COACBEF

Bince xrqiea is equivalent to r-sragy, it follows

that viei-xr1607 i8 equivalent to rextciscitae, and
the direct representation vector » equivalent to ¢ is
therefore given (for the special case of a single

cyele) by p-(1ecrraed,
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In the more general case, the rotation of the
complete vector (that is, 1sc) must be replaced by
rotations of the individual subcycles marked off by
z=tve, a8 shown in the following definition of the
transformation to direct from cycle representation:

DEClwl b+ X ewsivwlildul

If one wishes to catenate a collection of disjoint
cycles to form a single vector ¢ such that c-i.c
marks off the individual cycles, then each cycle ¢
must first be brought to standard form by the
rotation (“iscrvi/ciyecr, and the resulting vectors
rmust be catenated in descending order on their
leading elements.

The inverse transformation from direct to cycle
representation is more complex, but can be ap-
proached by first producing the matrix of all pow-
ers of o up to the »oth, that is, the matrix whose
successive columns are » and oo and (sro7)1073,
etc. This is obtained by applying the function zos
to the one-column matrix o-.+,c formed from o,
where rov is defined and used as follows:

POV POY D {Dvul 13 ol s/pu:w

PCOCeT,3 6 $,2,1 4

[T

(SIS
W R
[SRE IS

R AN

~ e T

EA I S R A XY

3 o

R E WA e o
S G e O

If wepow 0-.+,5, then the cycle representation of
» may be obtained by selecting from » only
"standard" rows which begin with their smallest
elements (ssg), by arranging these remaining row:
in descending order on their leading elements
tpozy, and then catenating the cycles in these rows
tcrry. Thus:

CFD:CIR DOL S8R POW we.3,0

SSR: (s /H=18M+1 s ) iu
DOL:wlVwlstlsd
CIRI{, A, 8\0 1%wslie}/ 0

BEC CeT,3 86 5,2,1 8

T3 8 5% 2108

In the definition of sz, indexing is applied t«
matrices. The indices for successive coordinates art
separated by semicolons, and a blank entry for an;
axis indicates that all elements along it are select
ed. Thus #0:13 selects column 1 of »,

The cycle representation is comvenient for de
termining the number of cycles in the permutation
represented (#c:+/us170), the cycle length
{cp:x-0, 12119021 \u)/ 100}, and the power of thi
permutation {(priscw ¢t »). On the other hand, it i
awkward for composition and inversion.

The :# column . vectors -of .the matrk
teumyr ae i zoare all distinet, and therefore providi
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a potential radix representation [ 8] for the :»
permutations-of order ». We will use instead a
related form obtained by increasing each element
by 1:

RR:1+(drw)r 141t

RR 4
111111 22222233333 3H44 484y
11223381.1.22331122331122378
12121212121 2121212121212
it 1111111211111 111111111

Transformations between this representation and
the direct form are given by:

DFR:wl1),X+w{1]JsX«DFR 1+w:0=pw:a

RFD:w{1Y,BFD X-w{1)8X+1l+w:0=pw:w

Some of the characteristics of this alternate

representation are perhaps best displayed by modi-
fying vrr to apply to all columns of a matrix argu-
ment, and applying the modified function »r to the
result of the function #x:

MF:wl, 131, 013X+00(1 oX)pts ISX«MF 1 04vw:0=14puw

MF:-RR 4
111 11122222 2333323344 445y
223344113344 112284112233
34 2423341413241 412231312
43 423243 4131% 24121823121

The direct permutations in the columns of this
result occur in lexical order (that is, in ascending
order on the first element in which two vectors
differ); this is true in general, and the alternate
representation therefore provides a convenient way
for producing direct representations in lexical or-
der.

The alternate representation also has the useful
property that the parity of the direct permutation
» is given by 21+/-1+rr0 0, where u|» represents the
residue of » modulo ». The parity of a direct rep-
resentatmn can’ also be determlned by the func-
tlon

PAR: 214/ (Lo .5 I* 1 pw)Aws >0

3.4 Directed Graphs , ;

A simple directed graph is defined by a set of «
nodes and a set of directed connections from one to
another of pairs of the nodes. The directed con-
nections may be conveniently represented by a x by
x boolean connection matrix ¢ in which ctr;sis1
denotes a connection from the rth node to the sth.

For example, if the four nodes of a graph are
represented by w«'qrsry, and if there are connec-

tions from node s.to node ¢, from = to 7, and from r.

to- ¢, ‘then the correspondlng connection matrix is
given by: :

,g—w—-gcb
gl o ) -
B ome

‘o oo o

A cbm’lectibn from a no"de‘to itself (called a self:
loop) is not permitted, and the diagonal of a con-'i

nection matrix must therefore be zeto:
“ If p'is any permutation vector of ‘order on; then

4%

w1+ntp1 is a reordering of the nodes, and the corre-
sponding connection matrix is given by cir;r1. We
may (and will) without loss of generality use the
numeric labels .o# for the nodes, because if » is any
arbitrary vector of names for the nodes and : is
any list of numeric labels, then the expression
e«vrz3 gives the corresponding list of names and,
conversely, v.¢ gives the list ¢ of numeric labels.

The connection matrix ¢ is convenient for ex-
pressing many useful functions on a graph. For
example, +/c gives the out-degrees of the nodes,
+fc gives the in-degrees, +/,c gives the number of
connections or edges, &c gives a related graph with
the directions of edges reversed, and cvac gives a
related ""symmetric" or "undirected" graph.
Moreover, if we use the boolean vector se«v/(.1
e¢)e.=L to represent the list of nodes r, then sv.c
gives the boolean vector which represents the set
of nodes directly reachable from the set 5. Conse-
quently, cv.ac gives the connections for paths of
length two in the graph c, and cvcv. ac gives connec-
tions for paths of length one or two. This leads to
the following function for the transitive closure of
a graph, which gives all connections through paths
of any length:

TC:TC Z:ia/ ,0x2%wvVuv.Aw:d

Node v is said to be reachable from node r if
(rc extrisi=1. A graph is strongly-connected if
every node is reachable from every node, that is
Al TCC,

If pezc ¢ and orr:1321 for some r, then node r is
reachable from itself through a path of some
length; the path is called a circuit, and node r is
said to be contained in a circuit.

A graph r is called a free if it has no circuits
and its in-degrees do not exceed 1, that is, +/12+s7.
Any node of a tree with an in-degree of o is called
a root, and if x«+/0=+¢r, then 7 is called a x-rooted
tree. Since a tree is circuit-free, x must be at least
1. Unless otherwise stated; it is normally assumed
that a tree is singly-rooted (that is, «k-1);
multiply-rooted trees are sometimes called forests.

A graph ¢ covers a graph o if »/,c20. If ¢ is a
strongly-connected graph and r is a (singly-rooted)
tree, then r is.said to be a spanning tree of ¢ if ¢
covers r-and- if all nodes-are reachable: from the
root.of r, thatis, -

(A/ G2T) A A/RVERV ATC T

where # is the (boolean representation of the) root
of r.

A depth-first spanning tree [9] of a graph ¢
is'a spanning tree produced by proceeding from the
root through immediate descendants in ¢, always
choosing as ‘the next 'node a descendant of the lat-
est in the list of nodes visited which still possesses
a descendant not in the list. This is a relativelv
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~ complex process which can be used to illustrate the
utility of the connection matrix representation:
ST, 1)e.3K)Y R wrKe . v~Keg=1l4pw C4
R0, Lilo)BunPe VLo NUAFY (rw

sy [P e \Nav  AwY Al e~v o}V, A
7

Using as an example the graph ¢ from [91:

¢ 1 DEST G
0017100000000 001100000000
000010000000 005 0010000000
010011000000 010001 000¢0O0C0
000000110000 000 00C0 110000
0000000010 O0DNn 00000001000
0009000001000 00 0000600CD0O0C0CGO0
000000000100 000000000100
0000000 C0CO01 10 020000009010
003 0090000001 600 00900G00DHO01
100000000001 000000000 O0O0C0
000000000100 ¢C 00D 0000 O0C0GOGO0D
10000006000 60 ¢ 000600000000

The function orsr establishes the left argument
of the recursion z as the one-row matrix represent-
ing the root specified by the left argument of vrsz,
and the right argument as the original graph with
the connections info the root « deleted. The first
line of the recursion r shows that it continues by
appending on the top of the list of nodes thus far
assembled in the left argument the next child ¢,
and by deleting from the right argument all con-
nections into the chosen child ¢ except the one
from its parent », The child ¢ is chosen from
among those reachable from the chosen parent
(pv.aw), but is limited to those as yet untouched
{usrv.rw), and is taken, arbitrarily, as the first of
these (<\UAPV.Awl

The determinations of » and v are shown in the
second line, » being chosen from among those nodes
which have children among the untouched nodes
(ov.av). These are permuted to the order of the
nodes in the left argument (sv..ov.rv), bringing
them into an order so that the last visited appears
first, and 7 is finally chosen as the first of these.

The last line of 7 shows the final result to be
the resulting right argument ., that is, the original
graph with all connections into each node broken
except for its parent in the spanning tree. Since
the final value of . is a square matrix giving the
nodes of the tree in reverse order as visited, substi-
tution of «,¢r13« (or; equivalently, «.,ea) for
would yield a result of shape 1 2x0¢ containing the
spanning tree followed by its "'preordering’ infor-
mation. a

Another representation of directed graphs often
used, at least implicitly, is the list of all node pairs
v.# such that there is a connection from v to w.
The transformation to this list form from the con-
nection matrix may be defined and used as follaws

LG w)/1ens” 141X/0+pu

¢ LECC
0031 112384
904 n 3 4°3 2 i
0101
1000
457

However, this representation is deficient since it
does not alone determine the number of nodes in
the graph, although in the present example this is
given by r/,0pc ¢ because the highesi numbered
node happens to have a connection. A related boo-
lean representation is provided by the expression
(zrccye.=11+p0, the first plane showing the out- and the
second showing the in-connections.

An incidence matrix representation often used
in the treatment of electric circuits {107 is given
by the difference of these planes as follows:

TEC:=#{LPC whios1ltpw

For example:

(LFC C)o.=114pC I#FCc ¢
10 00 [ R T
1000 190 06 71
9100 6 1:71 .0
o610 071 10
0010 g0 1 71
5001 to5 0 1
0010
00 01
0010
9100
0001
1000

In dealing with non-directed graphs, one some-
times uses a representation derived as the or over
these planes (v,). This is equivalent to 1rrc c.

The incidence matrix r has.a number of useful
properties. For example, +/7 i8 zero, +/1 gives the
dif ference between the in- and out-degrees of each
node, ¢ gives the number of edges followed by the
number of nodes, and x/o1 gives their product.
However, all of these are also easily expressed in
terms of the connection matrix, and more signifi-
cant properties of the incidence matrix are séen in
its use in electric circuits. For example, if the
edges represent components connected between the
nodes, and if v is the vector of node voltages, then
the branch voltages are given by r+.xv; if 21 is the
vector of branch currents, the vector of node cur-
rents is given by sr+.x1.

The inverse transformation from incidence ma-
trix to connection matrix is given by:

CPIDpL i41x/0YeDa(l “1o.zwde. ¥ 141140« \bpu

The set membership function . yields a boolean
array, of the same shape as its left argument,
which shows which of its elements belong to the
right argument.

3.5 Symbolic Logic

A boolean function of » arguments may be rep—
resented by a boolean vector of 2:x elements in a
variety of ways, including what are sometimes
called the disjunctive, mnjunctwe, equwalmee,
and exclusive- dtsjunc:twe forms. ,’Th& transforma-
tion between any pair of these forms may be repre-
sented concisely as some z.» by 2+v matrix formed
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by a related inner product, such as rv..sr, where r
<7 nis the "truth table" formed by the function 7 de-
fined by A.2. These matters are treated fully in

{11, Ch.7].

4. Identities and Proofs

In this section we will introduce some widely
used identities and provide formal proofs for some
of them, including Newton's symmetric functions
and the associativity of inner product, which are
seldom proved formally.

4.1 Dualities in Inner Products

The dualities developed for reduction and scan
extend to inner products in an obvious way. If pr
is the dual of r and »¢ is the dual of ¢ with respect
to a monadic function » with inverse uz, and if s
and 5 are matrices, then:

A F.G B «+MI (M A) DF.DG (M B)
For example:
AV AB ++ ~(~A)r.v(~B)

ARVEB e+ N(~AY YV E(<B)
AL otBoer (-4, +(-B)

The dualities for ‘inner ‘product, reduction, and

scan can be used to eliminate many uses of boolean

negation from expressions, particularly when used
in conjunctlon w1th 1dent1t1es of the followmg
form

AA(~B) <+ A>B
(~4)YAB “* A<B
(~A)a(~B) +> A¥B
4.2 Partitioning Identities , »
‘Partitioning: of :an-array leads to a number of
obvious and useful identities.~ For: example

X/3 1% 26++(></3 1) % (x/% 26)

More gen,er,alkly,‘for any associative function :

FIV > (PLEAVY -F (F(K+V)
FIV W ¢+ (F/VY F (FIW)

If r is commutative as well as associative, the
partitioning need not be limited to prefixes and
suffixes, and the partitioning can be made by com-
pression by a boolean vector v: :

EIV « "CRIUIYY F CFI(~0)/V)

If £ is an empty vector (o=og), the redtxbtion F/E

yields the identity element of the functlon F, and

the ldentmes therefore hold in the llmltmg cases
0=k and 0=V,

Partltlomng 1dent1t1es extend to matrlces in an‘
obvious 1 way. For example, if v, u, and 4 are arrays

of ranks 12, and 5, respectlvely, then

Ve e CCKATY e x(K, 1+pM)+M)+<1<+V>+ x(x o)m b1

CIVT VAV S8 (T 004 ¥ xv Sl D

4.3 Summarization and Distribution
Consider the definition and and use of the fol-
lowing functions:

Fi(vic\we.zw)/w D.3
S:{Hw)o,=u D4

A«3 3 1 4 1
{+10 20 30 40 50

¥ A g A (8 A)Y+.xC
314 11000 30 80 40
c 0101
60010

The function s selects from a vector argument
its nub, that is, the set of distinct elements it con-
tains. The expression s 4 gives a boolean
"summarization matrix" which relates the ele-
ments of 4 to the elements of its nub. If 4 is a vec-
tor of account numbers and ¢ is an associated vec-
tor of costs; then the expression (s 14)+.xc evaluated
above sums or '"summarizes" the charges to the
several account numbers occurring in a.

Used as postmultiplier, in expressions of the
form w+.xg 4, the summarization matrix can be
used. to distribute results. For example, if r is a
function which is costly to evaluate and its argu-
ment v has repeated elements, it. may be more effi-
cient to apply r only to the nub of v and distribute
the results in the manner suggested by the follow-
ing identity:

FVe+r (FNVt.xSV D5
The order of the elements of y v is the same as
their order in v, and it is sometimes more conven-

ient to use an ordered nub and corresponding
ordered summarization given by:

QN:Hwlhal D6
0S:(QNw)o . =u ’ D.7

The identity corresponding to D.5 is:
' F ¥ e (F QN V)e.x08 V D8
The summarization function produces an inter-

esting result when applied to the function r defined
by A.2::

FISHFAT N« (0, N)IN

In words, _the'sums of the rows of the summariza-

tion :matrix of the column. sums of the subset ma-
trix of order » is the vector of binomial coefficients
of order ».

4.4 Distributivity 7

The distributivity of one funetion over another
is'an: important.notion:in mathematics, and we will
now ‘raisethe question of representing this.in a
general way. Since multiplication: distributes to
the right over addition we have axwsq«»abtaq , and
since it distributes to the left we have (a+p)xberabeph.
These lead to the more general cases:

(a¥p)x(b+q) «+ abtaqtpb+pq
(a*p)x(brg)x(ctr) «+ abc+abr+aqc+aqr+pbc+pbr+pqc+pqr

{(a+p)x(bEq) X i X (et r) #>abL et . S+pq.
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Using the notion that v<a,s and wer,q or vea.5,c
and w<r,q,&, etc,, the left side can be written sim-
ply in terms of reduction as x/v+v. For this case of
three elements, the right side can be written as the
sum of the products over the columns of the fol-
Jowing matrix:

viol viol} w{ol ¥{o} wI{e] W[0) W[0] WLO]

vr1l o wveade wC1l wWi4d  vLal viil wLil wiid

yi21 w21 ¥(2] W21 Vviel Wi{2]  v[2] W[2)

The pattern of v's and »'s above is precisely

the pattern of zeros and ones in the matrix r«zev,
and so the products down the columns are given by
(vx.e~7)x(wx.x7). Consequently:

x/V+l ++ +/(Vx *~P)xWx xT+«] pV D9

We will now present a formal inductive proof of
D.9, assuming as the induction hypothesis that D.9
is true for all v and » of shape » (that is,
~/8=(o7).o#) and proving that it holds for shape »+1,
that is, for x,v and r,#, where 1 and r are arbitrary
scalars.

For use in the inductive proof we will first give
a recursive definition of the function z, equivalent
to A.2 and based on the following notion: if <z 2 is
the result of order 2, then:

Thus:

T:(0,0117),(1,{1]1T¢fw~1):0=w0 1p0 D.10

+/((CeX, V)X, x~Q)xDx , *Q«Tp(D*Y W)
+/(Cx  x~2, U)xDx % (2+0,01) T),U+1,[1} T+IpW D.10
F/CCR *~T ) JCx  x~UIX( DX x2) 4 D% ¥ U Note' 1

$7(C0%  *~2 ), Cx  x~U IXC(Y*0 ) x WX, *T ), (Y*L)xWX T Note 2
F/((Cx *k~Z ), CX x~U YR (WX, *T ) s ¥XWX L *T Y0 14%1,Y
/XX Y ) x~D) U e~ T )X (W% % T ) YxWx  *T Note 2
+/(XR(VR  *T XWX HT) (X x(VR  *~T )X % % T) Note: 3

Induction - hypothesis

(Xx8), (¥x5)er(X,Y)x8
Definition of %/

+ distributes -over .,

+ /(XXX / VAR ), (Y xx/VEH)
/X, Y)xx/V+W
x/(X+Y),(V+W)
X/ (X, VI+(Y, W)

Note 1: M+.x¥N, P‘ > (M+. XN) Mt . xP (partitioning identity on matrices)

Note 2: Ve, xM <+ ((14V)+.x(1, 1+pM)¢M)+(1+V)+ X1 0+M
(partitioning identity on matrices and the definition of C', D 25 and U)

Note 3: (V,W)XP,Q*“’(V"P)J/"Q;

To complete the inductive proof we must show
that the putative identity D.9 holds for some value
of u. If #-o, the vectors 4 and & are empty, and
therefore x,4 «+ ,x and v,s <= ,v. Hence the left
side becomes x/x+r, or simply x«r. The right side
becomes +/(xx.s~g)xrx.«q, where ~¢ is the one-
rowed matrix 1 o and ¢ is o 1. The rlght side is
therefore equivalent to +/(x,1)x(1,1), OF ¥+1. Simi-
lar examination of the case »=1 may. be found in-
structive.

459

4.5 Newton 's Symmetric Functions

If x is a scalar and = is any vector, then' x/x-z is
a polynomial in x having the roots z. It is there-
fore equivalent to some polynomial ¢ z'x, and as-

sumption of this equivalence implies that ¢ is a
function of z.- We will now use D.8 and D.9 to de-
rive this function, which is commonly based on
Newton 's symmetric functions:

x/X-R

x/X+(~R)

+/(Xx . x~PIx(~R)x ., *T«L" pR D9
(Xx ., x~T )+, xPe(-RIx,*T Def of +.x%
(X*S++f~T)+.XP Note 1
((X*QN 8)t.%x08 S)+.xP D8
(X*0N S)+.x((QS 8)+t.xP) +.X% is associative

(X*0,1pR)+.x( (08 8)+.xP) Note. 2
({08 8)+.xP)P X B.1 (polynomial)
({08 +#~T)Y+.x({-R)x.*xT«] pR))P X Defs of -8

and * P

Note I: I X is a scalar and B is a boolean vector, then Xx.%B
«+ X*+/B.

Note 2: Since T is boolean and has p R rows, the sums of its columns range from 0
to p R, and their ordered nub is therefore 0, 1pR. :

4.6 Dyadic Transpose

The dyadic transpose, denoted by s, is a general-
ization of monadic transpose which permutes axes
of the right argument, and (or) forms "sectors" of
the right argument by coalescing certain axes, all
as determined by the left argument. We introduce
it here as a convenient tool for treating properties
of the inner product. '

The dyadic transpose will be defined formally
in terms of the selection function

SF:r(,w)[1+(puw)ia-1]

which selects from its right argument the element
whose indices are given by its vector left argument,
the shape of which must clearly equal the rank of
the right argument. The rank of the result of kea
is r/x, and if 1 is any suitable left argument of the
selection z sr xsa then:

ISFKRA «+(ILK]1)SFA ) : > D1

For example, if # is a matrix, then 2 1 au «+ swand

‘11 si'is the diagonal of u; if ris a rank three array,

then 1 2 2 &r is a matrix "diagonal section' of r
produced by running together: the last two axes,
and the vector 1 1 1 sr is the prmmpal body dlago-
nalof z.

The followmg 1dent1ty will be used in the se-

quel
JRK8A +> (JK1I8A ool oo DI

Proof : '

I SF JRKRA
CILd3) SE KRA"
((ICIIIDKI) SF:A
CTL(JTKIDI) SF A

Defm'tlon of & (Dll)f

Def inition of /&

ISE(ALE1IRA
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4.7 Inner Products

The following proofs are stated only for matrix
arguments and for the particular inner product
+.x. They are easily extended to arrays of higher
rank and to other inner products 7.¢, where » and ¢
need possess only the properties assumed in the
proofs for + and . '

The following identity (familiar in mathemat-
ics as a sum over the matrices formed by (outer)
products of columns of the first argument with
corresponding rows of the second argument) will be
used in establishing the associativity and distrib-
utivity of the inner product:

My XN <+ +/1 3 3 2 8 Mo xN D.13

Proof: «r.s)sF u+.xn is defined as the sum over v,
where vik3 « mir:k3x80k:01. Similarly,

(I,J)SF +/1 3 3 2 & Mo.x¥
is the sum over the vector » such that

W{K] «+ (I,J,K)SF 1 3.3 2 & Me.xW

Thus:

WiK] ;

(I,J,K)YSF 1 33 2 QMo . xN

AT I K} 173 3. 218F Mo . xN ; D.12
(T K, K,d)SE MouxN Def of indexing
MUI;KIxN(K:d 1 Def of Outer product
VLK)

Matrix product distributes over addition as
follows:

Mt X (NeP) ++ (MtoxN )+ (M oxP) : D.14

Proof:
M+ X (N+P)
TG L 3032 )Mo XN+ P : : D13

+ATQ(Mo XN )+ (Mo , xP)
F/CIRMO NN Y+ (JQMS  xP) & distributes over +
CH/JRMo . xN)+( +/JOM> . xP) : +.is assoc.’and comm
(Mt %N+ (M+ . xP) D13

x  distributes. over. .+

‘Matrix-product is associative as follows:

M x(N+ XF) «+ (Mt . xV)+.xP ' D.15

Proof: We first reduce each of the sides to sums
over sections of an outer product, and then com-
pare the sums. Annotation of the second reduction
is left to the reader:

My x(NE Py , : .
Mt X4/ 1 3 3 3qNe . XP Da2

#7173 '3 28Me %X+ /173 3 28Ne, XP D.12
+/1°3 28+ /Mo.x1 3 3 28No.xP x distributes over +
£/1.3: 3 28+/1.2 3.5 5 #{Mo xWo P Note' 1

Note 2

#¥/+/1 3 44 28Me (XNe xXP s DAZ
+7/+/1 3 4 4 2R(Mo,xN)o,xP x I8 associative
+w/1 W 33 2R(Me . xN Yo xP + i$ " associative  and

commutative

3
3
747173 d 2w 273 505 ugMo  XNe' xP!
3
3
y

(M+ . xNY+.xP

(+/1:3: 3. 28M0 . xN)+.xP

+/1°3 3.28(+/1-3 3 28Mo . xN)o . xP

+/1 8373 20+/1:05 572 73 UR(Me [xXN ) o XP
+/+/173.3 2 481L.5 .52 3 4Q( Mo xN)o ,xP
/471U W33 2§( Mo xN Yo i xP

Notel +/Mo XJQA <-«>+/((1ppM) J+ppM)QM° x A

NoteZ J&H/A P +/(J 1+[ 77084

460

4.8 Product of Polynomials
The identity B.2 used for the multiplication of
polynomials will now be developed formally:

(B P X)x(C P X)

(+/BxX#E+"14+1pBx{+/CxX*F+"151pC() B.1

+/+/(BXE*EYo . x(CxX+F) Note 1
#/ 4/ (Bo . xC)x((X*E)o . x(X*F}) Note 2
+/+/{Be xCIx(X*(E° +F)) Note 3

Note L: (+/V)Ix(+/W)+>+/+/Vo XX because x distributes over +and + i
associative and commutative, or see [ 12,P211] for a proof.

Note 2: The equivalence of (PxV)o ,x(@xW) and (Po.x@Q)x( Vaxl} can be
established by examining a typical element of each expression.

Note 3: (X*I)x(X*xJ)e+X*(I+d)

The foregoing is the proof presented, in abbre-
viated form, by Orth [13, p.52], who also defines
functions for the composition of polynomials.

4.9 Derivative of a Polynomial

Because of their ability to approximate a host
of useful functions, and because they are closed
under addition, multiplication, composition, differ-
entiation;, and integration, polynomial functions
are very attractive for use in introducing the study
of calculus. Their treatment in elementary calcu-
lus is, however, normally delayed because the de-
rivative of a polynomial is approached indirectly,
as indicated in Section 2, through a sequence of
more general results.

The following presents a derivation of the de-
rivative of a polynomial directly from the expres-
sion for the slope of the secant line through the
points x, 7 x and (x+1),F(x+¥):

C P X+Y)-(C B X})+Y

(

((C B X+Y)-(C P X+0))2Y

((C P X+Y)-((OxJ )+, x(A«DS Jo. 1+ 1+1pC)+.xC) P X)*Y BS§
(((CY*T It xM) P X)-((0%xJ )t . xM+A+,xC) P X)+Y B
CC(Y*I I+ xM)-(0*J )+, xM) P X)tY P dist over -
((((Y*J)-0%J )+ . xM) B X)&Y +.% dist over -
(0, %14 )+.xM) P X)tY Note 1
(((Y*1ed)+.x 1 0 ¥M) P X)sY D.1
CCCY*1¥d ) +.%01 070 ¥4)+.%C) P X)eY D.2
((CY*14d-1)4.%(1 0 0 ¥A)+.xC) P X (Y*4)sYerYnld-1
((X*T141 7 14pC)+ox(1 0 0 ¥A)+.xC) B X Def of J
(CCY*T141 7 204pC) 0% 1 0 0 VA)+xC) B X D15

Note " 1: OxQerier¥r0- and A/0=0%14d

The derivative is the limiting value of the se-
cant slope for v at zero, and the last expression
above can be evaluated for this case because if
g<"1+1"1+pc is the vector of exponents of v, then all
elements of .z are non-negative. Moreover, oz re-
duces to a : followed by zeros, and the inner prod-
uct with 1 o 0+4 therefore reduces to the first plane
of 1.6.0+4 0OF, equivalently, the second plane of 4.

If Bese. 1+ 1410c is the matrix of binomial coef-
flclents then 4 is s 5 and, from the definition of bs
in B.5, the second plane of 4 is sx1:-s+.-s, that is,
the matrix s with all but the first super-diagonal
replaced by zeros. The final expression for the

coefficients of the polynomial which is the deriva-

tive of the polynomial ¢ p « is therefore:

e b )xtzado s md e T4 O L xC

‘For example:
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¢« 5 7 11 13
(Jo,ld)xl=-dJo.=J+ 1+1pC

oo oo
OO O e

Jeo
0
0
3
0
(

((Jo.t)xlz-Jo-J« 15190 )+ . xC
7 22 39 0

Since the superdiagonal of the binomial coeffi-
cient matrix (imye.tww 8 (T1sis-1)0v-1, or simply
-1, the final result is 1¢cx"1+1pc In agreement
with the earlier derivation.

In concluding the discussion of proofs, we will
re-emphasize the fact that all of the statements in
the foregoing proofs are executable, and that a
computer can therefore be used to identify errors.
For example, using the canonical function defini-
tion mode [4 , p.81], one could define a function
» whose statements are the first four statements of
the preceding proof as follows:

(C B X+

(C P X+ +0))&Y
(31 ((C P X+Y)-((0xJ )+, x(A+DS Jo,1d* 1+1pC)+.xC) P X)+Y
(87 (({({Y*J)+.xM) P X)-({O*I )+ . xMY+A+.xC) P X)tY

The statements of the proof may then be executed
by assigning values to the variables and executing »
as follows:

C+«5 2 3 1

Y5

X3 X+110

P F
132 66 96 132 174 222 276 336 402 W74 552
132 66 96 132 174 222 276 336 402 474552
132 66 96 132 174 222 276 336 402 474 552
132 66 96 132 174 222 276 336 402 U74 552

The annotations. may also be added as comments
between the lines without affecting the execution,

5. Conclusion

The preceding sections have attempted to devel-
op the thesis that the properties of executability
and universality associated with programming lan-
guages can be combined, in a single language, with
the well-known properties of mathematical nota-
tion which make it such an effective tool of
thought. This is an important question which
should receive further attention, regardless of the

success or failure of thls attempt to develop it mi

terms of APL. ;

In particular, I would hope that others would
treat the same question using other programming
languages and conventional mathematical notation.
If these treatments addressed a common set of top-
ics, such as those addressed here, some objective
comparisons of languages could be ‘made. Treat-

ments of some of the topics covered“here ‘are al-

ready available for comparison. For example Ker-

ner [7] expresses the algorithm C.3 in both AL-

GOL and conventional mathematlcal notatlon

"'This concluding section is more general con-"
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cerning comparisons with mathematical notation,
the problems of introducing notation, extensions to
APL which would further enhance its utility, and
discussion of the mode of presentation of the earli-
er sections,

5.1 Comparison with Conventional Mathe-
matical Notation

Any deficiency remarked in mathematical nota-
tion can probably be countered by an example of
its rectification in some particular branch of math-
ematics or in some particular publication; compar-
isons made here are meant to refer to the more
general and commonplace use of mathematical
notation.

APL is similar to conventional mathematical
notation in many important respects: ‘in the use of
functions with explicit arguments and explicit re-
sults, in the concomitant use of composite expres-
sions which apply functions to the results of other
functions, in the provision of graphic symbols for
the more commonly used functions, in:the use.of

- vectors, matrices, and higher-rank arrays, and in

the use of operators which, like the derivative and
the convolution operators of mathematics, apply to
functions to produce functions.

In the treatment of functions APL dlffers in
providing a precise formal mechanism for the defi-
nition -of  new: functions. - - The direct definition
form used in this paper is perhaps most appropriate
for purposes of exposition and analysis, but the
canonical form referred to in the introduction,.and
defined in [4, p.811, is often more convenient for
other purposes.

In the interpretation of compos1te expressxons
APL agrees in the use of parentheses, but differs in-
eschewing hierarchy so as to treat all functions
(user-defined .as well as primitive). alike, and -in
adopting a single rule for-the application of both
monadic and dyadic functions; the right argument
of a function is the value of the entire expression
to its right. An important consequence of this rule
is that any portion of an expression which is free of
parentheses may be read analytically from left to
right (since the leading function at any stage is the
"outer" or overall function to be applied to the
result on its right), and constructively from rlght'
to left (since the rule ‘is easily seen to be equiva-
lent to-the rule that executwn is carrled out from
rlght toleft). : ~

“Although Cajori does not even mentlon rilles
for the order of execution in his two-volume histo-
ry of mathematlcal notations, it seems reasonable
to ‘assume that the motivation for the familiar
hlerarchy (power. before x and « before + or - -) arose
from' a desu*e to make pol mon 1als _expressible
without parentheses The convenlent use of vec-
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Fig. 3.

n
2 j.z’J
j=1

1°2+3 + 2+34 + ...

19234 4 2345 4+ ..

[5;\/_‘1 ] ‘ (-9

T'(-9

tors in expressing polynomials, as in +/cxx+£, does
much to remove this motivation. Moreover, the
rule adopted in APL also makes Horner 's efficient
expression for a polynomial expressible without
parentheses:

+/3 4 2 S5xX*0 1 2 3 > 3+XxU4Xx2+4Xx5

In providing graphic symbols for commonly
used functions APL goes much farther, and pro-
vides symbols for functions (such as the power
function) which are implicitly denied symbols in
mathematics.  This becomes important when oper-
ators are introduced; in the preceding sections the
inner product «.~ (which must employ a symbol for
power) played an equal role with the ordinary in-
ner product +.~. Prohibition of elision of function
symbols (such' as x) makes possible the unambi-
gious use of ‘multi-character names for variables
and funetions. :

In the use of arrays APL is similar to mathe-

matical notation, but more systematic. For exam-

ple, v+ has the same meaning in both, and in APL
the definitions for other functions are extended in
the sameelement-by-element manner. - In mathe-
matics, however, expressions such as vxw and vey
are defined differently or not at all. :

For example, v=w commonly denotes’ the vector
product [ 14, p.3087. It can be expressed in vari-
ous ways in APL. “The definition

VR 0) x T 1w )< (T1dd ) x1dw

provides a convenient basis for an obvious proof

that ve. . is  '"anticommutative" (that is,
vvp w+s -w vp v), and (using the fact that
16x. +» 20x for 3-element vectors) for a simple
proof that in 3-space v and » are both orthogonal to
their vector product, ‘that is, a/0=v+.xv vp ¥ and
a0z W+ x V. VEL W,

APL is also.more systematlc in the use of oper-
aytors to produce functions on. arrays: reduction
provides the equivalent of the sigma and pi nota-

tion (in. +2.and.xz).and a host of similar useful cas-

es; outer product extends the outer product of ten-
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IOI‘(, +1)

n terms < -» %n(n + D) (n+2)(n+3)

. nterms < -» —;un(n+1)(n+2)(n+3)(n+4)

f( J[ )

sor anaysis to functions other than x, and inner
product extends ordinary matrix product (+.x) to
many cases, such as v.» and ..+, for which ad hoc
definitions are often made.

The similarities between APL and conventional
notation become more apparent when one learns a
few rather mechanical substitutions, and the trans-
lation of mathematical expressions is instructive.
For example, in an expression such as the first
shown in Figure 3, one simply substitutes .» for
each occurrence of j and replaces the sigma by +/.
Thus:

+/(AN)x2%-\N , OF +/Jdx2%~J« N

Collections such as dJolley's Summation of
Series [15] provide interesting expressions for
such an exercise, particularly if a computer is
available for execution of the results. For example,
on pages 8 and 9 we have the identities shown in
the second and third examples of Figure 3. These
would be written as:

+/%/(T1+1N) o 413 «+ (x/N+0,13) ¢4

t/3/ (1l ottt e (X/N40, 14 )45
Together these suggest the following identity:

£/ X/ LN Yo £1 K o (x/N+0, 1K) #K+1

The reader might attempt to restate this general
identity (or even the special case where «-=0) in
Jolley ' s notation.

The last expression of Flgure 3 is taken from a
treatment of the fractional calculus [ 16, p30]
and represents an approxXimation to the qth order
derivative of a function f. It would be written as:

(S* Q)x+/(J-.f T+Q)xF X-(J+" 1+uv)><5<-(x Aysw -

The translatlon to APL isa simple use of v as
suggested above, comblned with a straightforward
identity ‘which collapses the several occurrences of
the gamma function into a single use of the bino-
mial coefficient function :, whose domain is, of
course, not restricted to. mtegers S

In the foregoing, the parameter ¢ speclfles the

- orderof the derlvatlve if positive,, and the order of
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the integral (from 4 to x) if negative. Fractional
values give fractional derivatives and integrals, and
the following function can, by first defining a func-
tion r and assigning suitable values to » and 4, be
used to experiment numerically with the deriva-
tives discussed in [161:

05:(Sx-a)x+/(JId~1+a)*Fu-(J+ 11N )xS«(w-4)cN

Although much use is made of "formal" manip-
ulation in mathematical notation, truly formal
manipulation by explicit algorithms is very diffi-
cult. APL is much more tractable in this respect.
In Section 2 we saw, for example, that the deriva-
tive of the polynomial expression (we.+ 1vipa)+.xx
is given by (uwe.*"1+1pa)s.x16ax 14100, and a set of
functions for the formal differentiation of APL
expressions given by Orth in his treatment of the
calculus [ 18] occupies less than a page. Other
examples of functions for formal manipulation
occur in [ 17, p.347] in the modeling operators for
the vector calculus.

Further discussion of the relationship with
mathematical notation may be found in [3] and
in the paper "'Algebra as a Language" [6, p.325].

A final comment on printing, which has always
been a serious problem in conventional notation.
Although APL does employ certain symbols not
yet generally available to publishers, it employs
only 88 basic characters, plus some composite char-
acters formed by superposition of pairs of basic
characters. Moreover, it makes no demands such as
the inferior and superior lines and smaller type
fonts used in subseripts and superscripts.

5.2 The Introduction of Notation

At the outset, the ease of introducing notation
in context was suggested as a measure of suitability
of the notation, and the reader was asked to ob-
serve the process of introducing APL. The utility
of this measure may well be accepted as a truism,
but it is one which requires some clarification.

For one thing, an ad hoc notation which provid-
ed exactly the functions needed for some partxcular
topic would be easy to introduce in context. It is
necessary to ask further questions concerning the
total bulk of notation required, the degree of struc-
ture in the notation, and the degree to which nota-
tion introduced for-a specific purpose proves more
generally useful.

Secondly, it is important to dlstmgulsh the dif-
ficulty of describing and of learning a piece of no-
tation from the difficulty of mastering its implica-
tions. For example, learning the rules for comput-
ing a matrix product is easy, ‘but a mastery of its
implications (such as its associativity, ‘its distrib-
utivity over addition, and its ability to represent
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linear functions and geometric operations) is a
different and much more difficult matter.

Indeed, the very suggestiveness of a notation
may make it seem harder to learn because of the
many properties it suggests for exploration. For
example, the notation +.x for matrix product can-
not make the rules for its computation more diffi-
cult to learn, since it at least serves as a reminder
that the process is an addition of products, but any
discussion of the properties of matrix product in
terms of this notation cannot help but suggest a
host of ‘questions such as: Is v.« associative? Over
what does it distribute? Is Bv.ac <+ a(aciv.s8s a
valid identity?

5.3 Extensions to APL

In order to ensure that the notation used in this
paper is well-defined and widely available on exist-
ing computer systems, it has been restricted to
current APL as defined in [4] and in - the more
formal standard published by STAPL, the ACM
SIGPLAN Technical Committee on ~APL
[17, p409]. We will now comment briefly on
potential extensions which would increase its con-
venience for the topics treated here, and enhance
its suitability for the treatment of other topics
such as ordinary and vector calculus. : :

. One type of extension has already been suggest-
ed by showing the execution of an example (roots
of a polynomial) on an APL system based on com-
plex numbers. This implies no change in function
symbols; although: the domain of certain functions
will have to be extended. For example, 1« will give
the magnitude of complex as well as real argu-
ments, +x will give the conjugate of complex argu-
ments as well as the trivial result it now gives for
real arguments, and the elementary functions will
be-appropriately extended, as suggested by the use
of « in the cited example. It also implies the possi-
bility of meaningful inclusion of primitive: func-
tions for zeros of polynomials and for elgenvalues
and eigenvectors of matrices:

A second type also suggested by the earller sec-
tions includes functions defined for particular pur-
poses which show promise of general utility,: Ex-
amples include the nub function s, defined by D3
and the summarization function s, defined by D.4.
These and other extensions are discussed in [18]}.
McDonnell  [19, p.240 ] has proposed ‘generaliza-
tions of and and or to non-booleans so that ‘v s
the GCD of 4 ‘and 5, and 4x is the LCM. The fune-
tions cco and rew defined in Sectlon 3 could then be
defmed s1mply by ccpivie and roMiase. .

A more general line of development ‘concerns
operators, 1llustrated in the precedmgff ctlons by
the reduction, ‘inner- product ‘and outer-product.
Dlscussmns of operators now m APL ‘may be found
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in [20] and in {17, p.129], proposed new opera-
tors for the wvector caleulus are discussed 1n
[17, p.47], and others are discussed in [18] and
in {17, p.1291].

5.4 Mode of Presentation

The treatment in the preceding sections con-
cerned a set of brief topics, with an emphasis on
clarity rather than efficiency in the resulting al-
gorithms, Both of these points merit further com-
ment.

The treatment of some more camplete topig, of
an extent sufficient for, say, a one- or two-term
course, provides a somewhat different, and perhaps
more realistic, test of a notation. In particular, it
provides a better measure of the amount of nota-
tion to be introduced in normal course work.

Such treatments of a number of topies in APL
are available, including: high school algebra [61],
elementary analysis [ 5], calculus, [ 137, design of
digital systems [ 211, resistive circuits [10], and
erystallography [ 223, All of these provide indica-
tions of the ease of introducing the notation need-
ed, and one provides comments on experience in its
use. Professor Blaauw, in discussing the design of
digital systems [21], says that "APL makes it
possible to describe what really occurs in a complex
system'', that "APL is particularly suited to this
purpose, since it allows expression at the high ar-
chitectural level, at the lowest implementation
level, and at all levels between', and that
"...learning the language pays of {sic) in- and out-
side the field of computer design'.

Users of computers and programming languages
are often concerned primarily with the efficiency
of execution of algorithms, and might, therefore,
summarily dismiss many of the algorithms pres-
ented here. Such dismissal would be short-sighted,
since a clear statement of an algorithm can usuaily
be used as a basis from which one may easily de-
rive more efficient algorithms. For example, in
the function sree of section 3.2, one may signifi-
cantly increase efficiency by making substitutions
of the form ssx for (swi-.-3, and in expressions
using «/c«x-"1+00 One may substitute r.ec or,
adopting an opposite convention for the order of
the voefficients, the expression ric,

More complex transformations may also be
made, For example, Kerner's method (C.3) re-
sults from a rather obvious, though not formally
stated, identity, Similarly, the use of the matrix
to represent permutations in the recursive function
7 used in obtaining the depth first spanning tree
{C.4) ean be replaced by the possibly more compact
use of a list of nodes, substituting indexing for in-
ner prodicts in a rather obvious, though not com-
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pletely formal, way, Moreover, such a recursive
definition can be transformed into more efficient
non-recursive forms.

Finally, any algorithm expressed clearly in
terms of arravs can be transformed by simple,
though tedious, modifications into perhaps more
efficient algorithms employving iteration on scalar
elements, For example, the evaluation of . & de.
pends upon every element of x and does not admit
of much improvement, but evaluation of «,» could
stop at the first element equal to 1, and might
therefore be improved by an iterative algorithm
expressed in terms of indexing.

The practice of first developing a clear and pre-
rise definition of a process without regard to effi-
ciency, and then using it as a guide and a test in
exploring equivalent processes possessing other
characteristies, such as greater efficiency, s very
common in mathematics. It s a very fruitful prac-
tice which should not be blighted by premature
emphasis on efficiency in computer execution.

Measures of efficiency are often unrealistic be-
cause thev concern counts of "substantive' func-
tions such as multiplication and addition, and ig-
nore the housekeeping (indexing and other selec-
tion processes) which is often greatly mereased by
less straightforward algorithms. Moreover, realis-
tic measures depend strongly on the current design
of computers and of language embodiments. For
example, because functions on booleans (such as ~/»
and +,z) are found to be heavily used in APL, im-
plementers have provided efficient execution of
them. Finally, overemphasis of efficiency leads to
an unfortunate circularity in design: for reasons of
efficiency early programming languages reflected
the characteristics of the early computers, and
each generation of computers reflects the needs of
the programming languages of the preceding gener-
ation.

Acknowledgments. 1 am indebied to my col-
league A.D. Falkoff for suggestions which greatly
improved the organization of the paper, and to
Professor Donald McIntyre for suggestions arising
from his reading of a draft.

Appendix A. Summary of Notation

Fu BUALAR FUNCTIONE ofw
P Conjugate v Fhs
D SNegmtive - Minus
R RS Y] % Times
TR Heeyproeal ¥ Divide
wl ~w Magnitude | Residoe PRV TR
lteger  part Floor P Mimimun {wrgin }rarnpea
T Ceding | Marbmarn e e
POTIBEB . .. ew Expementisl ¢ Powgr /gt
Towerse  of * Matural sy # Logerithm { By i@
@ f % ks Faetorinl 1 Binomid iwislia)siw-n
FLARIB% . 4y Pi otimes

Boolean: v » o~ ddnd, o, sobasd, sob-or,  retd

Betationo: < 5 s ¥ » 2 {afw @& 1 ¥ rélation A bolde
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Sec. V+»2 3 5 Me>1 2 3

Ref. 4 5 6
Integers 1 15«>1 2 3 4 5
Shape 1 p¥++3 pMe>2 3 2 3pi1bearM Jpleru U
Catenation 1 V,V#+2 3 5 2 3 5 M,M++1 2 3 1 2 3
4 5 6 4 5 6

Ravel 1 JMer1 2 3 4 5 6
Indexing 1 V{3 13«5 2 ML[2:2]+>5 M[{2; ]34 5 B
Compress 3 10 1/V+>2 5 0 1/M++4 5 6
Take.Drop 1 24V+>2 3 T24Ver14 V>3 5
Reversal 1 ¢Ver5 3 2
Rotate 1 2¢V«>»5 2 3 T29Ves3 5 2
Transpose 1,4 Qu reverses axes a®e permutes axes
Grade 3 A3 2 6 2¢+2 4 1 3 ¥3 2 6" 2++3 1 2 4
Base value 1 101V+>235 Viv=+50

&inverse 1 10 10 10T235+«»2 3 5 V150«+2 3 5
Membership 3 Ve3«+0 1 0 Ves 2«+1 0 1
Inverse 2,5 Be i  matrix inverse aBw++(Bo)+.xa
Reduction 1 +/Ve>r10 +/M++6 15 tiMerS T 9
Sean 1 +\Ve>2 5 10 +\M++2 3p1 3 & % 9 15
Inner prod 1 +.x is matrix product
Quter prod 1 0 3o.+1 2 B3+¥
Axis 1 FL[Il applies F along axis I

Appendix B. Compiler from Direct to Can-
onical Form

This compiler has been adapted from [22, p.222].
1t will not handle definitions which include « or :
or » in quotes. It consists of the functions #rx and
re, and the character matrices c9 and 49:

FIX
0p0FX F9 O

DeF9 E;F3I:K

Fe(,(E='w')o . 2541)/,E,(d4,pE)p" Y9!

Fe( ,(FPatat)o.=2541)/ F,(9u4,pF)p"* X9 '
FelvpDe(0,+/76,I)4(~(3xI)++\I+': "=F)OF,(96,pF)p" '
De36COL1+( 1+ 0t eE),T,031,8D0:1,(I«2¢1F),2]
KeK+2xK<1¢K+IaKe{>F1 00 '+t e, =E)/Ket\~I«EcA3
Fe(0,14pE)pD¢D,(F,pE)+80 “2¢K¢' ',E,[1.5]1";"
De(F+D),[1]1F(2]) 'a',E

ce As
729+ 012345678
Y973+ SABCDEEGH
Y329+X9 IJKLMNOPGQ
Y/ 3+{0=14, RSTUVWXYZ
+0,0p59+ A4BCDEFGHI
JKLMNOPQR
STUYHXYZD
Example:
FIX ]
FIB:Z,+/ 242+FIBw-1:0=1:1
FIB 15
11 2 3 5 8 13 2134 5589 144 233 377 610
OCRYFIB®
79«FIB Y931
+(0=14,Y9=1)/3
+0,0p29+«1

ZQ*Z,+/“2fZ<-FIB Y9-1
APTB:Z,+/ 242¢FIBu-1:w=l:1
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