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1 Introduction

Several classes of distributions have been proposed in the statistical literature
by adding one or more parameters to generate new distributions. Some well-
known generators are Marshall-Olkin-G family by Marshall and Olkin (1997)
and Gupta et al. (1998) who proposed the exponentiated-G class. Other
generators that can be cited are Barreto-Souza and Simas (2013), Alzaatreh
et al. (2013), Bourguignon et al. (2014), Yousof et al. (2015), Tahir et
al (2016), Afify et al. (2016b), Afify et al. (2016a), Yousof et al. (2016),
Merovci et al. (2016), Korkmaz and Genc (2016), Alizadeh et al. (2016),
Afify et al. (2017), Hamedani et al. (2017), Cordeiro et al. (2017), Alizadeh
et al. (2017a,b) Nofal et al. (2017), Yousof et al. (2017a,b), Brito et al.
(2017), Korkmaz et al. (2017), Cordeiro et al. (2018), Hamedani et al.
(2018), Korkmaz et al. (2018a,b), Yousof et al. (2018a,b), and Alizadeh et
al. (2018), among others.

Let g(x; ξ) and G(x; ξ) denote the density and cumulative distribution func-
tions (CDF) of the baseline model with parameter vector ξ. Then the CDF
of the Weibull Generalized-G (WG-G) is defined by

F (x) = Fβ,θ,ξ(x) = β

∫ 1−G(x,ξ)θ

G(x,ξ)θ

0
tβ−1 exp

(
−tβ

)
dt

= 1− exp

{
−
[
1−G(x, ξ)θ

G(x, ξ)θ

]β}
, x ∈ R. (1)

Henceforth, G(x, ξ) = G(x), G(x; ξ) = G(x), f(x) = fβ,θ,ξ(x) and g (x; ξ) =
g (x). The corresponding probability density function (PDF) is given by

f(x) = β θg (x)

[
1−G(x)θ

]β−1

G(x)θβ+1
exp

{
−
[
1−G(x)θ

G(x)θ

]β}
,

where, x ∈ R, β > 0 and θ > 0 are two additional shape parameters. The
additional parameters induced by the new Weibull generator are thought
as a means to furnish a more flexible distribution. In this paper, we study
the WG-G family and give a comprehensive description of its mathematical
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properties. In fact, the WG-G family is motivated by its important flexibility
in applications. By means of two applications, it is noted that the WG-G
class provides better fits than at least ten other families each having the
same number of parameters. The reliability function (RF) R(x), hazard
rate function (HRF) τ(x) and cumulative hazard rate function (CHRF) r(x)
of the random variable (r.v.) X are given, respectively, by

R(x) = exp

{
−
[
1−G(x)θ

G(x)θ

]β}
,

τ(x) =
β θg (x)

[
1−G(x)θ

]β−1

G(x)θβ+1

and

r(x) = β θg (x)

[
1−G(x)θ

]β−1
exp

{
−
[
1−G(x)θ

G(x)θ

]β}
G(x)θβ+1

(
1− exp

{
−
[
1−G(x)θ

G(x)θ

]β}) .
The CDF of the WG-G family can be expressed as

F (x) = 1−
∞∑
k=0

d1+k Π1+k(x), (3)

where

d1+k =

∞∑
i,j=0

[
(−1)i+j+k /i!

](iβ
j

)(
θ (j − iβ)

k

)
and Πγ(x) is the CDF of the Exp-G family with power parameter (γ). Upon
differentiating (3), we obtain the same mixture representation for the PDF

fβ,θ,ξ(x) =
∞∑
k=0

t1+kπ1+k(x), (4)

where t1+k = −d1+k and πγ(x) = γG (x)γ−1 g (x). Equations (3) and (4) are
the main results of this section. The basic motivations (justifications) for
using the new ratio
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[
1−G(x)θ

]
/G(x)θ,

are the following: to produce a skewness for symmetrical models; to define
special models with all types of the HRF; to construct heavy-tailed dis-
tributions for modeling various real data sets; to make the kurtosis more
flexible compared to the baseline distribution; to generate distributions with
left-skewed, right-skewed, symmetric, or reversed-J shape; to provide consis-
tently better fits than other generated distributions with the same underlying
model.

Suppose that we have a lifetime r.v., X, having a certain continuous G distri-
bution. The generalized ratio,

[
1−G(x, ξ)θ

]
/G(x, ξ)θ, that the probability

of an individual (or component) following the lifetime Z will die (fail) at time
t is

[
1−G(x)θ

]
/G(x)θ. Consider that the variability of this ratio of death

is represented by the r.v. X and assume that it follows the Weibull model
with shape β. We can write

Pr (Z ⩽ x) = Pr

(
X ⩽ 1−G(x)θ

G(x)θ

)
= Fβ,θ,ξ(x)

which is given by (1). The basic motivations (justifications) for generat-
ing a new distribution in practice are the following: to produce a skewness
for symmetrical models; to define special models with all types of HRF; to
construct heavy-tailed distributions for modeling various real data sets; to
make the kurtosis more flexible compared to that of the baseline distribu-
tion; to generate distributions with left-skewed, right-skewed, symmetric, or
reversed-J shape; and to provide consistently better fits than other generated
distributions with the same underlying model.

This paper is organized as follows. Some special models are presented in
Section 2. In Section 3, we derive some mathematical properties for the new
family. Some useful characterizations are presented in Section 4. Maximum
likelihood estimation for the model parameters is addressed in Section 5 as
well as a simulation study to assess the performance of the estimators. In
Section 6, potentiality of the proposed models is illustrated by means of two
real data sets. Section 7 ends with some concluding remarks.
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2 Special Models

2.1 The WG Weibull (WGW) Model

Consider the CDF G(x) =
{
1− exp[−(x)b]

}
of the Weibull (W) distribution

with shape parameter b > 0. The PDF of the WGWmodel (for x > 0) follows
from (2). Some plots of the WGW PDF and HRF for the selected parameter
values are displayed in Figure 1. Figure 1 reveals that the WGW density can
be left skewed, right skewed and unimodal. The HRF of the WGW model
can be increasing, decreasing and bathtub. The PDF of the WGW model
can be written as

fβ,θ,b(x) = β θbxb−1

{
1− exp[−θ(x)b]

}β−1

exp[−θβ(x)b]
exp

−

{
1− exp[−θ(x)b]
exp[−θ(x)b]

}β
 .

Figure 1. PDF (left) and HRF (right) plots of WGW distribution for selected parameter
values.

2.2 The WG Lindley (WGLi) Model

Consider the CDF G(x) = 1 − 1+α+αx
1+α exp (−αx) of the Lindley (Li) distri-

bution with scale parameter α > 0. The WGLi density (for x > 0) can be
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determined from (2) as

fβ,θ,α(x) = β θ
α2

1 + α
(1 + x)

{
1−

[
1+α+αx

1+α exp (−αx)
]θ}β−1

[
1+α+αx

1+α exp (−αx))
]θβ

× exp

−


1−

[
1+α+αx

1+α exp (−αx)
]θ

[
1+α+αx

1+α exp (−αx)
]θ


β
 .

Some plots of the WGLi density and hazard functions for selected parameter
values are displayed in Figure 2. Figure 2 reveals that the WGLi density can
be left skewed, right skewed and unimodal. The HRF of the WGLi model
can be increasing and J shape.

0 1 2 3 4 5 6

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

x

W
G

−
Li

 D
en

si
ty

 β=3.0, θ=1.5, α=0.3
 β=1.2, θ=1.0, α=1.3
 β=1.3, θ=1.5, α=0.5
 β=2.5, θ=0.5, α=0.3
 β=3.5, θ=0.4, α=0.3

0 1 2 3 4 5 6

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

x

W
G

−
Li

 h
rf

 β=3.0, θ=1.5, α=0.3
 β=1.5, θ=1.3, α=0.4
 β=1.2, θ=0.9, α=1.5
 β=1.3, θ=0.5, α=0.8
 β=2.5, θ=0.4, α=0.3

Figure 2. PDF (left) and HRF (right) plots of WGLi distribution for selected parameter
values.

3 Properties
3.1 Main Statistical Properties
The rth ordinary moment of X is given by

µ′r = E(Xr) =

∫ ∞

−∞
xr f (x) dx.
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Then, we obtain

µ′r =

∞∑
k=0

t1+kE(Y r
1+k), (5)

where Yζ denotes a r.v. with the Exp-G distribution with power parameter
ζ. By setting r = 1 in (5), we get the mean of X. The last integration
can be computed numerically for most parent distributions. The skewness
and kurtosis measures can be calculated from the ordinary moments using
well-known relationships. The moment generating function (mgf) MX (t) =
E
(
etX

)
of X can be derived from equation (3) as

MX (t) =

∞∑
k=0

t1+kM1+k (t) ,

where M1+k (t) is the mgf of Y1+k. Hence, MX (t) can be determined from
the Exp-G moment generating function. The main applications of the 1st
incomplete moment refer to the mean deviations and the Bonferroni and
Lorenz curves. These curves are very useful in economics, reliability, demog-
raphy, insurance and medicine. The rth incomplete moment, say Ir (t), of
X can be expressed from (4) as

Ir (t) =

∫ t

−∞
xrf (x) dx =

∞∑
k=0

t1+k

∫ t

−∞
xr π1+k (x) dx. (6)

For the WGW model we have the following results (for any r > −b)

µ′r = Γ
(
1 +

r

b

) ∞∑
k.m=0

a
(1+k,r)
k,m ,

and

Ir (t) = γ

(
1 +

r

b
,

(
1

t

)b
) ∞∑

k.m=0

a
(1+k,r)
k,m ,

where
a
(1+k,r)
k,m = t1+kω

(1+k,r)
m ,

ω
(τ,r)
ζ =

[
τ (−1)ζ / (ζ + 1)(r+b)/b

](τ − 1

ζ

)
and
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γ (a, x) =

∫ x

0
ta−1 exp (−t) dt = Γx (a) =

∞∑
n=0

{
(−1)n xa+n/ [n! (a+ n)]

}
,

is the incomplete gamma function.

3.2 Probability Weighted Moments (PWMs)
The (s, r)th PWM of X following the WG-G family, say λs,r, is formally
defined by

λs,r = E {Xs F (X)r} =

∫ ∞

−∞
xs F (x)r f (x) dx.

The (s, r)th PWM of X can be expressed as

λs,r =
∞∑
k=0

c1+kE
(
Y s
1+k

)
dx,

where

c1+k =
β θ (−1)k

1 + k

∞∑
m,i,j=0

(−1)m+i+j (m+ 1)i

m!i!
(r)k

×
(
β (i+ 1)− 1

j

)(
θ [−β (i+ 1) + j]− 1

k

)
,

and

(τ)ζ = τ (τ − 1) . . . (1 + τ − ζ)

is the descending factorial and ζ is a positive integer. For the WGW model
we have

λs,r = Γ
(
1 +

r

b

) ∞∑
k,m=0

c
(1+k,r)
k,m , ∀ r > −b,

where

c
(1+k,r)
k,m = c1+kω

(1+k,r)
m .
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3.3 Entropies

The Rényi entropy of a r.v. X represents a measure of variation of the
uncertainty which is defined by

pδ (X) =
1

1− δ
log

∫ ∞

−∞
f (x)δ dx, δ > 0| δ ̸=1.

Using (2), we can write

f (x)δ =

∞∑
k=0

d1+kg (x)
δ G (x)1+k ,

where

d1+k = (−1)k (β θ)δ
∞∑

i,j=0

[
(−1)i+j+k /

(
i!δ−i

)]
×
(
β (i+ δ)− δ

j

)(
θ [−β (i+ δ) + j]− δ

k

)
.

Then, the Rényi entropy of the WG-G family is given by

pδ (X) =
1

1− δ
log

[ ∞∑
k=0

d1+k

∫ ∞

−∞
G (x)1+k g (x)δ dx

]
.

The q-entropy, say Qq (X), can be obtained as

Qq (X) =
1

q − 1
log

{
1−

[ ∞∑
k=0

d∗1+k

∫ ∞

−∞
g (x)δ G (x)1+k dx

]}
,

where q > 0, q ̸= 1. The Shannon entropy of a r.v. X, say SH (X), is
defined by

SH (X) = E {− [log f (X)]} .

It is the special case of the Rényi entropy when δ ↑ 1.
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3.4 Order Statistics
Let X1, X2, . . . , Xn be a random sample from the WG-G family of distribu-
tions and let X1:n, . . . , Xn:n be the corresponding order statistics. The PDF
of ith order statistic, say Xi:n, can be written as

fi:n (x) = B−1 (i, n− i+ 1) f (x)

n−i∑
j=0

(−1)j
(
n− i

j

)
F j+i−1 (x) , (7)

where B(·, ·) is the beta function. Inserting (5) and (6) in equation (7) and
using a power series expansion, we have

F j+i−1 (x) f (x) =

∞∑
k=0

p1+kπ1+k (x) ,

where

p1+k =
[
β θ (−1)k / (1 + k)

] ∞∑
m,l,w=0

[
(−1)m+l+w (j + i− 1)k (m+ 1)l / (m!l!)

]

×
(
β (i+ 1)− 1

w

)(
θ [−β (l + 1) + w]− 1

k

)
,

and the PDF of Xi:n can be expressed as

fi:n (x) =
n−i∑
j=0

(−1)j B−1 (i, n− i+ 1)

(
n− i

j

) ∞∑
k=0

p1+kπ1+k,

i.e, the density function of the WG-G ith order statistic is a mixture of Exp-
G densities. Based on the last equation, we note that the properties of Xi:n

follow from those of Y1+k. For example, the qth moments of Xi:n can be
expressed as

E (Xq
i:n) =

∞∑
k=0

n−i∑
j=0

(−1)j B−1 (i, n− i+ 1)

(
n− i

j

)
p1+kE

(
Y q
1+k

)
. (8)
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For the WGW model we have

E (Xq
i:n) = Γ

(
1 +

q

b

) ∞∑
k,m=0

n−i∑
j=0

c
(1+k,q)
k,m,j , ∀ q > −b,

where

c
(1+k,q)
k,m,j = (−1)j B−1 (i, n− i+ 1)

(
n− i

j

)
p1+kω

(1+k,q)
m .

3.5 Moments of Residual Life and Reversed Residual Life

The nth moment of the residual life, say

τn(t)|(n=1,2,...)
(X>t) = E[(X − t)n]

uniquely determines F (x). The nth moment of the residual life of X is given
by

τn(t)|(n=1,2,...)
(X>t) = [1− F (t)]−1

∫ ∞

t
(x− t)ndF (x).

Therefore

τn(t)|(n=1,2,...)
(X>t) = [1− F (t)]−1

∞∑
k=0

t
(τ)
1+k

∫ ∞

t
xrπ1+k(x),

where

t
(τ)
1+k = t1+k

n∑
r=0

(1− t)n .

The nth moment of the reversed residual life, say

ωn(t)|( n=1,2,...)
(X⩽t, t>0) = E [(t−X)n] ,

uniquely determines F (x). We obtain

ωn(t)ωn(t)|(n=1,2,...)
(X⩽t, t>0) = F−1(t)

∫ t

0
(t− x)ndF (x).

Then, the nth moment of the reversed residual life of X becomes
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ωn(t)|(n=1,2,...)
(X⩽t, t>0) = F−1(t)

∞∑
k=0

t
(ω)
1+k

∫ t

0
xrπ1+k(x),

where

t
(ω)
1+k = t1+k

n∑
r=0

(−1)r
(
n

r

)
tn−r.

For the WGW model we have

τn(t)|(n=1,2,...)
(X>t) = [1− F (t)]−1 Γ

(
1 +

n

b
,

(
1

t

)β
)

×
∞∑

k,m=0

a
(1+k,n)(τ)

k,m , ∀ n > −b,

where

Γ (a, x) =

∫ ∞

x
ta−1 exp (−t) dt, x > 0,

is the incomplete gamma function, that is

Γ (a, x) + γ (a, x) = Γ (a) ,

and

ωn(t)|( n=1,2,...)
(X⩽t, t>0) = F−1(t)γ

(
1 +

n

b
,

(
1

t

)β
)

×
∞∑

k,m=0

a
(1+k,n)(ω)

k,m , ∀ n > −b,

where

a
(1+k,n)(τ)

k,m = ω(1+k,n)
m t

(τ)
1+k ,

and
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a
(1+k,n)(ω)

k,m = ω(1+k,n)
m t

(ω)
1+k.

4 Characterizations
In this section, we present various characterizations of WG-G distribution.
These characterizations are based on: (i) simple relationship between two
truncated moments; (ii) the hazard function and (iii) certain functions of
the r.v.. One of the advantages of characterization (i) is that the CDF is not
required to have a closed form.

We present our characterizations (i)− (iii) in the following three sub-
sections.

4.1 Characterizations based on Ratio of Two Truncated Mo-
ments

In this subsection, we present characterizations of WG-G distribution in
terms of a simple relationship between two truncated moments. This char-
acterization result employs a theorem due to Glänzel (1987), see Theorem 1
below. Note that the result holds also when the interval H is not closed.
Moreover, as mentioned above, it could be also applied when the CDF F does
not have a closed form. As shown in Glänzel (1990), this characterization
is stable in the sense of weak convergence.

Theorem 1. Let (Ω,F ,P) be a given probability space and let H = [a, b]
be an interval for some d < b (a = −∞, b = ∞ might as well be allowed).
Let X : Ω → H be a continuous r.v. with the distribution function F and
let q1 and q2 be two real functions defined on H such that

E [q2 (X) | X ⩾ x] = E [q1 (X) | X ⩾ x] η (x) , x ∈ H,

is defined with some real function η. Assume that q1, q2 ∈ C1 (H), η ∈ C2 (H)
and F is twice continuously differentiable and strictly monotone function on
the set H. Finally, assume that the equation ηq1 = q2 has no real solution
in the interior of H. Then F is uniquely determined by the functions q1, q2
and η, particularly

F (x) =

∫ x

a
C

∣∣∣∣ η′ (u)

η (u) q1 (u)− q2 (u)

∣∣∣∣ exp (−s (u)) du,
J. Statist. Res. Iran 15 (2018): 45–83
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where the function s is a solution of the differential equation s′ = η′ q1
ηq1−q2

and C is the normalization constant, such that
∫
H dF = 1.

Proposition 1. Let X : Ω → R be a continuous r.v. and let

q1 (x) = G (x, ξ)θ(β+1) exp


[
1−G (x)θ

G (x)θ

]β
and

q2 (x) = q1 (x)
[
1−G (x)θ

]β
for x ∈ R.

The r.v. X has PDF (2) if and only if the function η defined in Theorem
1 has the form

η (x) =
1

2

{
1 +

[
1−G (x)θ

]β}
, x ∈ R.

Proof. Let X be a r.v. with PDF (2), then

(1− F (x))E [q1 (X) | X ⩾ x] = 1−
[
1−G (x)θ

]β
, x ∈ R,

and

(1− F (x))E [q2 (X) | X ⩾ x] =
1

2

{
1−

[
1−G (x)θ

]2β}
, x ∈ R,

and finally

η (x) q1 (x)− q2 (x) =
1

2
q1 (x)

{
1−

[
1−G (x)θ

]β}
> 0 for x ∈ R.

Conversely, if η is given as above, then

s′ (x) =
η′ (x) q1 (x)

η (x) q1 (x)− q2 (x)
=
θβg (x)G (x)θ−1

[
1−G (x)θ

]β−1

1−
[
1−G (x)θ

]β , x ∈ R,
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and hence

s (x) = − log

{
1−

[
1−G (x)θ

]β}
, x ∈ R.

Now, in view of Theorem 1, X has the density (2).

Corollary 1. Let X : Ω → R be a continuous r.v. and let q1 (x) be as in
Proposition 1. The PDF of X is (2) if and only if there exist functions q2
and η defined in Theorem 1 satisfying the differential equation

η′ (x) q1 (x)

η (x) q1 (x)− q2 (x)
=
θβg (x)G (x)θ−1

[
1−G (x)θ

]β−1

1−
[
1−G (x)θ

]β , x ∈ R.

The general solution of the differential equation in Corollary 1 is

{
1−

[
1−G (x)θ

]β}−1
−

∫  θβg (x)G (x)θ−1
[
1−G (x)θ

]β−1

× (q1 (x))
−1 q2 (x) +D

 ,

where D is a constant. Note that a set of functions satisfying the above
differential equation is given in Proposition 1 with D = 1

2 . However, it should
be also noted that there are other triplets (q1, q2, η) satisfying the conditions
of Theorem 1.

Remark 1. Bourguignon et al. (2014), introduced a distribution given by

F (x) = 1− exp

{
−α

[
G (x)

G (x)

]β}
, x ∈ R.

For α = 1, the above distribution is a special case of WG-G when θ = 1.

4.2 Characterization based on HRF

It is known that the hazard function, hF , of a twice differentiable distribution
function, F , satisfies the 1storder differential equation
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f ′(x)

f (x)
=
h′F (x)

hF (x)
− hF (x).

For many univariate continuous distributions, this is the only characteriza-
tion available in terms of the hazard function. The following Proposition
establishes a non-trivial characterization of WG-G distribution.
Proposition 2. Let X : Ω → R be a continuous r.v.. The PDF of X is
(2) if and only if its hazard function hF (x) satisfies the differential equation

h′F (x)− g′ (x)

g (x)
hF (x) =


θβ
[
(θβ + 1)− (θ + 1)G (x)θ

]
g (x)−2G (x)θβ+2

[
1−G (x)θ

]2−β

 , x ∈ R.

Proof. If X has PDF (2), then clearly the above differential equation holds.
Now, if the differential equation holds, then

d

dx

{
g (x)−1 hF (x)

}
= θβ

d

dx


[
1−G (x)θ

]β−1

G (x)θβ+1

 ,

or

hF (x) =
θβg (x)

[
1−G (x)θ

]β−1

G (x)θβ+1
,

which is the hazard function of the WG-G distribution.

4.3 Characterization based on Certain Functions of the r.v.

The following proposition has already appeared in Hamedani (2013), so we
will just state it here which can be used to characterize WG-G distribution.
Proposition 3. Let X : Ω → (d, e) be a continuous r.v. with CDF F . Let
ψ (x) be a differentiable function on (d, e) with limx→d+ ψ (x) = 1. Then for
δ ̸= 1,

E [ψ (X) | X ⩾ x] = δψ (x) , x ∈ (d, e) ,

if and only if
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ψ (x) = (1− F (x))
1
δ
−1 , x ∈ (d, e) .

Remark 2. It is easy to see that for certain functions, e.g., ψ (x) =

exp

{
−
[
1−G(x)θ

G(x)θ

]β}
, δ = 1

2 and (d, e) = R, Proposition 3 provides a charac-
terization of WG-G distribution. Clearly, there are other suitable functions
ψ, we chose the above one for simplicity.

5 Estimation
5.1 Maximum Likelihood Estimation

The maximum likelihood estimators (MLEs) enjoy desirable properties and
can be used for constructing confidence intervals and regions and also in test
statistics. Let x1, . . . , xn be an observed random sample from the WG-G
distribution with parameters β, θ and ξ. Let Θ =(β, θ, ξ⊺)⊺ be the p × 1
parameter vector. For determining the MLE of Θ, we have the log-likelihood
function

ℓ = ℓ(Θ) = n log β + n log θ +

n∑
i=1

log g (xi; ξ)

n∑
i=1

− (θβ + 1)

n∑
i=1

logG(xi; ξ) + (β − 1)

n∑
i=1

log di −
n∑

i=1

zβi ,

where di = 1 − G(xi; ξ)
θ and zi = di

G(xi;ξ)θ
. The components of the score

vector, U (Θ) = ∂ℓ
∂Θ =

(
∂ℓ
∂β ,

∂ℓ
∂θ ,

∂ℓ
∂ξ

)⊺
are given in Appendix A. Setting the

nonlinear system of equations Uβ = Uθ = 0 and Uξ = 0 and solving them
simultaneously yields the MLE Θ̂ = (β̂, θ̂, ξ̂⊺)⊺. The interval estimation
of the model parameters (for the WGW model as a special case) requires
the 3 × 3 observed information matrix J(θ) = {Jij} for i, j = β, θ, b. The
multivariate normal N3(0, J(θ̂)

−1) distribution, under standard regularity
conditions, can be used to provide approximate confidence intervals for the
unknown parameters, where J(θ̂) is the total observed information matrix
evaluated at θ̂. Then, approximate 100(1− δ)% confidence intervals for β, θ
and b can be determined by: β̂±zδ/2

√
Ĵββ , θ̂±zδ/2

√
Ĵθθ and b̂±zδ/2

√
Ĵbb,

where zδ/2 is the upper (δ/2)th percentile of the standard normal model.
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The elements of the observed information matrix are given in Appendix
B. Overwhelmingly with lifetime data, we encounter censored observations.
There are different forms of censoring: type I censoring, type II censoring,
etc. Here, we will consider the general case of the multi-censored data: there
are n subjects of which n0 are known to have failed at the times x1, ..., xn0 , n1
are known to have failed in the interval [sj−1, sj ] , j = 1, ..., n1, n2 survived
to a time rj , j = 1, ..., n2 but not observed any longer, where n0+n1+n2 = n
and that type I censoring and type II censoring are contained as particular
cases of multi-censoring. The log-likelihood function for Θ is

ℓn(Θ) = n log (β) + n log (θ) +

n0∑
i=1

log g (xi; ξ)

− (θβ + 1)

n0∑
i=1

logG(xi; ξ)−
n2∑
i=1

[
1−G(ri, ξ)

θ

G(ri, ξ)θ

]β

+

n1∑
i=1

log


(
1− exp

{
−
[
1−G(si,ξ)

θ

G(si,ξ)θ

]β})
−
(
1− exp

{
−
[
1−G(si−1,ξ)

θ

G(si−1,ξ)θ

]β})


+ (β − 1)

n0∑
i=1

log
[
1−G(xi; ξ)

θ
]
−

n2∑
i=1

[
1−G(xi; ξ)

θ

G(xi; ξ)θ

]β
.

The normal equations are given in Appendix C.

5.2 Simulation Studies
We used computer software R Core Team (2016) for the simulation study.
For each combination of specific parameters, we simulated a sample data.
MLEs are computed based on this data using R function optimx (see John
and Ravi, 2011). To maximize the log likelihood function, Nelder and
Mead (1965) method is used as it provides more robust results than other
methods. Finally, standard errors (SE) of the estimates are obtained from
the Hessian matrix provided by optimx. All values in this study are gener-
ated by using R package ggplot2 (see Hadley, 2009).
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5.2.1 Choice of Parameters

A thorough investigation has been carried through to pick the parameters
for the simulation study. We observed that for WGW density β = 0.5, 1, 1.5,
θ = 0.5, 1, 1.5 and b = 1, 2 and 3 produce most different varieties of shapes
as shown in Figure 3. Thus we chose to run the simulation based on the 27
combinations of these parameters. For each simulation sample sizes n =200,
300 are considered. The densities in Figure 3 are used to simulate data
based on which parameters are estimated with their standard deviations as
shown in Table 4. For Weibull Generalized Lindley (WGLi) distribution we
considered β = 0.5, 1, 1.5 and α = 1, 2, 3. For each simulation sample sizes
n = 200, 300 are considered as well. The densities of all these 9 parameters
are shown in Figure 4. The densities in Figure 3 are used to simulate data
based on which parameters are estimated with their standard deviations as
shown in Table 5.

Figure 3. WGW densities for different combinations of parameter β, θ and b.
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Figure 4. WGLi densities for different combinations of parameter β and α.

5.2.2 Simulation Results

The results of the simulated study for WGW distribution are shown in Fig-
ure 4 and presented in Tables 4 and 5. For WGLi distribution, the results
are shown in Table 6. Tables 4-6 are given in Appendix D. Actual true PDF
(continuous line) is overlaid along with PDF generated using MLE (dotted
line). The parameters and their standard errors (SE) are shown in Tables 4
and 5.

6 Data Analysis
In this section, we provide three applications to real data to illustrate the
importance of the WGW family presented in Section 1. The MLEs of the pa-
rameters for these models are calculated and three goodness-of-fit statistics
are used to compare the new family with its sub-models. We compared the
fits of the WGW distribution with some of its special cases and other models
such as Weibull (W) (Weibull, 1951), exponentiated Weibull (EW) (Mud-
holkar and Srivastava, 1993 and Mudholkar et al., 1995), Kumaraswamy
Weibull (KwW) (Cordeiro et al., 2010), beta Weibull (BW) (Lee et al.,
2007),Transmuted Weibull (TW) (Aryal and Tsokos, 2011) and McDonald
Weibull (McW) (Cordeiro et al., 2014) distributions given by:

• W:

f(x) = bxb−1 exp
(
−xb

)
,
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Figure 5. Histograms of simulated data from WGW densities for different combinations of
parameters.
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• EW:

f(x) = αbxb−1
[
1− exp

(
−xb

)]
α−1 exp

(
−xb

)
,

• BW:

f(x) = bxb−1 exp
(
−βxb

) [
1− exp

(
−xb

)]
α−1B−1(α, β),

• KwW:

f(x) = αβbxb−1 exp
(
−xb

) [
1− exp

(
−xb

)]
α−1

×
{
1−
[
1− exp

(
−xb

)]
α
}

β−1,

• TW:

f(x) = bxb−1 exp
(
−αxb

){
1 + λ− 2λ

[
1− exp

(
−αxb

)]}
,

• McW:

f(x) = γbxb−1 exp
(
−βxb

) [
1− exp

(
−xb

)]
αγ−1

×
{
1−
[
1− exp

(
−xb

)]
γ
}

β−1B−1(α, β).

The 1st data set consists of failure times for a particular windshield
model including 88 observations that are classified as failed times of
windshields. These data were previously studied by Murthy et al.
(2004). The 2nd real data set represents the survival times of 121
patients with breast cancer obtained from a large hospital in a period
from 1929 to 1938 (Lee, 1992). The data was examined by Ramos et
al. (2013). The 3rd real data set corresponds to an uncensored data
set from Nichols and Padgett (2006) on breaking stress of carbon fi-
bres (in Gba). In order to compare the fitted models, we consider
some goodness-of-fit measures including the Akaike information crite-
rion (AIC) and Bayesian information criterion (BIC) as
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Table 1. The MLEs and the goodness-of-fit statistics for the 1st data set.
Distribution Parameter Estimates AIC BIC K-S p-value

W(b) 2.562 331.9 334.4 0.303 0.000
EW(b, α) 1.316, 3.595 286.7 291.6 0.121 0.163
BW(b, α, β) 1464.1, 3.52, 2014.8 282.7 290.1 0.103 0.319
KwW(b, α, β) 80.66, 2.41, 3351.1 268.9 276.2 0.069 0.816
TW(b, λ) 1.749, -0.996 297.6 302.5 0.185 0.050
McW(b, α, β, γ) 3.73, 0.256, 27.80, 8.68 269.2 279.0 0.076 0.703
WGW(b, θ, β) 7.12, 1.68, 1.79 264.1 271.4 0.066 0.847

AIC = −2ℓ̂+ 2p and BIC = −2ℓ̂+ p log (n) ,

where p is the number of parameters, n is the sample size and ℓ̂ is the
log-likelihood function evaluated at the MLEs. The smaller the values
of these statistics, the better are the fits. Upper tail percentiles of the
asymptotic distributions of these goodness-of-fit statistics were tabu-
lated in Nichols and Padgett (2006). Tables 1, 2 and 3 list the MLEs
of the model parameters and the numerical values of the model selec-
tion statistics AIC, BIC, A∗, W ∗ and K-S. We note from the values
in Table 3 that the WGW model has the lowest values of the AIC,
BIC, A∗, W ∗ and K-S statistics (for the 1stdata set) as compared to
their submodels, suggesting that the WGW model provide the best fit.
The histogram of the 1stdata and the estimated PDFs and estimated
CDFs (ECDFs) of the WGW model and its sub-models are displayed
in Figure 6. Similarly, it is also evident from Table 2 that the WGW
gives the lowest values the AIC, BIC and K-S statistics (for the 2nd
data set) as compared to their sub-models, and therefore these models
can be chosen as the best ones. The histogram of the 2nd data and es-
timated PDFs and CDFs of the WGW distribution and its sub-models
are displayed in Figure 7. In addition, it is clear from Table 3 that
the WGW gives the lowest values the AIC, BIC and K-S statistics
(for the 3rd data set) as compared to their sub-models, and therefore
these models can be chosen as the best ones. The histogram of the 3rd
data and estimated PDFs and CDFs of the WGW distribution and its
sub-models are displayed in Figure 8.
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Histogram of Failure Times Data
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Figure 6. Histogram (left) and ECDF (right) of the failure times data.

Table 2. The MLEs and the goodness-of-fit statistics for the 2nd data set.
Distribution Parameter Estimates AIC BIC K-S p-value

W(b) 46.35 1172.2 1175.1 0.120 0.061
EW(b, α) 36.03, 1.515 1166.1 1173.7 0.080 0.407
BW(b, α, β) 12635.4, 1.492, 406.1 1165.6 1173.9 0.076 0.490
McW(b, α, β, γ) 169.4, 0.508, 9.05, 2.28 1166.0 1177.2 0.058 0.847
WGW(b, θ, β) 10.06, 0.126, 0.957 1165.5 1172.8 0.055 0.865
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Figure 7. Histogram (left) and ECDF (right) of the survival times data.
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Table 3. The MLEs and the goodness-of-fit statistics for the 3st data set.
Distribution Parameter Estimates AIC BIC K-S p-value

W(b) 2.261 394.7 397.3 0.321 0.000
EW(b, α) 0.987, 7.788 296.3 301.5 0.107 0.196
BW(b, α, β) 1008.8, 5.953, 2288.6 292.4 300.2 0.093 0.346
KwW(b, α, β) 47.941, 2.883, 3420.7 288.9 296.7 0.059 0.871
TW(b, λ) 1.307, -0.92 304.1 309.4 0.184 0.003
McW(b, α, β, γ) 10.791, 1.033,92.96, 3.124 290.6 301.0 0.064 0.806
WGW(b, θ, β) 5.197, 1.196, 2.017 287.4 300.2 0.055 0.892
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Figure 8. Histogram (left) and ECDF (right) of the breaking stress data.

7 Conclusions

A new class of distributions called the Weibull Generalized-G family with
two extra positive shape parameters is introduced and studied. We provide
some mathematical properties of the new family including ordinary and in-
complete moments, generating function, stress-strength model, residual life
and reversed residual life functions. Characterizations based on a ratio of
two truncated moments, in terms of hazard function and based on certain
functions of the r.v. are presented. The maximum likelihood method is used
for estimating the model parameters. We assessed the performance of the
maximum likelihood estimators in terms of biases and mean squared errors
by means of a simulation study. Finally, the usefulness of the family is illus-
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trated by means of three different real data sets. The new models provide
consistently better fits than other competitive models for these data sets.
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Appendix A

The components of the score vector

Uβ =
n

β
− θ

n∑
i=1

logG(xi; ξ) +

n∑
i=1

log di −
n∑

i=1

log zi

z−β
i

,

Uθ =
n

θ
− β

n∑
i=1

logG(xi; ξ) + (β − 1)

n∑
i=1

mi

di
− β

n∑
i=1

pi

z1−β
i

,

and (for r = 1, ..., q)
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Uξr =
n∑

i=1

g′r (xi; ξ)

g (xi; ξ)
+ (θb+ 1)

n∑
i=1

G′
r (xi; ξ)

G(xi; ξ)

+ (β − 1)

n∑
i=1

wi,r

di
− β

n∑
i=1

qi,r

z1−β
i

,

where

mi = −G(xi; ξ)θ logG(xi; ξ), g′r (xi; ξ) = ∂g (xi; ξ) /∂ξr,

wi,r = θG(xi; ξ)
θ−1G′

r (xi; ξ) , G
′
r (xi; ξ) = ∂G (xi; ξ) /∂ξr,

qi,r = G(xi; ξ)
−θ
[
wi,r − θsiG

′
r (xi; ξ)G(xi; ξ)

−1
]
, and

pi = G(xi; ξ)
−θ
[
mi − di logG(xi; ξ)

]
.

Appendix B

The elements of the observed information matrix are

Uββ =
−n
β2

−
n∑

i=1

(log zi)
2

z−β
i

,

Uβθ = −
n∑

i=1

logG(xi; ξ) +

n∑
i=1

mi

di
−

n∑
i=1

1 + β log zi

p−1
i z−β+1

i

,

Uβξr = θ
n∑

i=1

G′
r (xi; ξ)

G(xi; ξ)
+

n∑
i=1

wi,r

di
−

n∑
i=1

1 + β log zi

qi,rz
−β+1
i

,

Uθθ =
−n
θ2

+ (β − 1)
n∑

i=1

−diG(xi; ξ)θ
[
logG(xi; ξ)

]2 −m2
i

di

− β

n∑
i=1

[
(β − 1)

p−2
i z2−β

i

+

(
∂pi
∂θ

)
zβ−1
i

]
,
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Uθξr = β

n∑
i=1

G′
r (xi; ξ)

G(xi; ξ)
− β

n∑
i=1

 (β − 1)

z2−β
i (piqi,r)

−1
+

(
∂pi
∂ξr

)
z1−β
i


+ (β − 1)

n∑
i=1

{
G′

r (xi; ξ)G(xi; ξ)
θ−1

di
[
1 + θ logG(xi; ξ)

]−1 − miwi,r

di

}
,

and

Uξrξr =
n∑

i=1

g (xi; ξ) g
′′
r (xi; ξ)− [g′r (xi; ξ)]

2

g (xi; ξ)
2

+ (θb+ 1)

n∑
i=1

G(xi; ξ)G
′′
r (xi; ξ) + [G′

r (xi; ξ)]
2

G(xi; ξ)2

+ (β − 1)

n∑
i=1

di (∂wi,r/∂ξr)− wi,r

di

− β
n∑

i=1

[
(β − 1) qi,r

z2−β
i

+
(∂qi,r/∂ξr)

z1−β
i

]
,

where

g′′r (xi; ξ) =
[
∂2g (xi; ξ) /∂ξ

2
]
and G′′

r (xi; ξ) =
[
∂2G (xi; ξ) /∂ξ

2
]
.

Appendix C

The normal equations are

∂ℓn(Θ)

∂β
=
n0
β

− θ

n0∑
i=1

logG(xi; ξ)

−
n2∑
i=1

[
1−G(ri, ξ)

θ

G(ri, ξ)θ

]β
log

[
1−G(ri, ξ)

θ

G(ri, ξ)θ

]
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+

n0∑
i=1

log
[
1−G(xi; ξ)

θ
]
−

n0∑
i=1

log
[
1−G(xi;ξ)

θ

G(xi;ξ)θ

]
[
1−G(xi;ξ)θ

G(xi;ξ)θ

]−β

+

n1∑
i=1



[φ (si)− φ (si−1)]
(
1− exp

{
−
[
1−G(si,ξ)

θ

G(si,ξ)θ

]β})
−
(
1− exp

{
−
[
1−G(si−1,ξ)

θ

G(si−1,ξ)θ

]β})



.

∂ℓn(Θ)

∂θ
= β

n2∑
i=1

logG(ri; ξ)

G(ri; ξ)θ

[
1−G(ri, ξ)

θ

G(ri, ξ)θ

]β−1

+ β

n0∑
i=1

logG(xi; ξ)

G(xi; ξ)θ
[
1−G(xi;ξ)θ

G(xi;ξ)θ

]1−β

+

n1∑
i=1



[ψ (si)− ψ (si−1)]
(
1− exp

{
−
[
1−G(si,ξ)

θ

G(si,ξ)θ

]β})
−
(
1− exp

{
−
[
1−G(si−1,ξ)

θ

G(si−1,ξ)θ

]β})



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+
n0
θ

− β

n0∑
i=1

logG(xi; ξ)

− (β − 1)

n0∑
i=1

G(xi; ξ)
θ logG(xi; ξ)

θ[
1−G(xi; ξ)θ

] ,

and (for r = 1..., q)

∂ℓn(Θ)

∂ξ
=

n0∑
i=1

g′r (xi; ξ)

g (xi; ξ)

+ (θβ + 1)

n0∑
i=1

G′
r (xi; ξ)

G(xi; ξ)

+ θ (β − 1)

n∑
i=1

G′
r (xi; ξ)G(xi; ξ)

θ−1[
1−G(xi; ξ)θ

]
− βθ

n2∑
i=1

G′
r (ri; ξ)G(ri; ξ)

θ−1

G(ri; ξ)2θ

[
1−G(ri, ξ)

θ

G(ri, ξ)θ

]β−1

− β

n0∑
i=1

[
1−G(xi; ξ)

θ

G(xi; ξ)θ

]β−1
θG′

r (xi; ξ)G(xi; ξ)
θ−1

G(xi; ξ)2θ

+

n1∑
i=1



[ζ (si)− ζ (si−1)]
(
1− exp

{
−
[
1−G(si,ξ)

θ

G(si,ξ)θ

]β})
−
(
1− exp

{
−
[
1−G(si−1,ξ)

θ

G(si−1,ξ)θ

]β})



,
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where

φ (si) = exp

{
−
[
1−G(si, ξ)

θ

G(si, ξ)θ

]β}[
1−G(si, ξ)

θ

G(si, ξ)θ

]β
log

[
1−G(si, ξ)

θ

G(si, ξ)θ

]
,

φ (si−1) = exp

{
−
[
1−G(si−1, ξ)

θ

G(si−1, ξ)θ

]β}[
1−G(si−1, ξ)

θ

G(si−1, ξ)θ

]β

× log

[
1−G(si−1, ξ)

θ

G(si−1, ξ)θ

]
,

ψ (si) =
−β logG(si; ξ)
G(si; ξ)θ

[
1−G(si, ξ)

θ

G(si, ξ)θ

]β−1

exp

{
−
[
1−G(si, ξ)

θ

G(si, ξ)θ

]β}
,

ψ (si−1) =
−β logG(si−1; ξ)

G(si−1; ξ)θ

[
1−G(si−1, ξ)

θ

G(si−1, ξ)θ

]β−1

× exp

{
−
[
1−G(si−1, ξ)

θ

G(si−1, ξ)θ

]β}
,

ζ (si) = βθ
G′

r (si; ξ)G(si; ξ)
θ−1

G(si; ξ)2θ
exp

{
−
[
1−G(si, ξ)

θ

G(si, ξ)θ

]β}[
1−G(si, ξ)

θ

G(si, ξ)θ

]β−1

,

and

ζ (si−1) = βθ
G′

r (si−1; ξ)G(si−1; ξ)
θ−1

G(si−1; ξ)2θ
exp

{
−
[
1−G(si−1, ξ)

θ

G(si−1, ξ)θ

]β}

×
[
1−G(si−1, ξ)

θ

G(si−1, ξ)θ

]β−1

.
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Table 4. MLEs obtained using simulated data from WGW density for different parameter
settings with n = 200.

Appendix D

True MLE SE

β θ b β̂ θ̂ b̂ β̂ θ̂ b̂

0.5 0.5 1 0.35 0.43 1.39 0.06 0.08 0.21
0.5 0.5 2 0.37 0.49 2.57 0.08 0.10 0.52
0.5 0.5 3 0.42 0.34 3.91 0.09 0.09 0.78
0.5 1 1 0.35 1.14 1.39 0.06 0.11 0.21
0.5 1 2 0.37 1.19 2.57 0.08 0.11 0.52
0.5 1 3 0.42 0.85 3.91 0.09 0.09 0.78
0.5 1.5 1 0.37 1.99 1.28 0.08 0.27 0.26
0.5 1.5 2 0.42 1.43 2.60 0.09 0.15 0.52
0.5 1.5 3 0.35 1.62 4.49 0.07 0.17 0.80
1 0.5 1 0.56 0.38 1.80 0.12 0.07 0.36
1 0.5 2 0.59 0.43 3.26 0.16 0.09 0.85
1 0.5 3 0.80 0.39 4.02 0.29 0.10 1.37
1 1 1 0.59 1.32 1.63 0.16 0.17 0.43
1 1 2 0.80 0.98 2.68 0.29 0.09 0.91
1 1 3 0.60 1.10 5.28 0.17 0.10 1.38
1 1.5 1 0.59 2.56 1.63 0.16 0.74 0.43
1 1.5 2 0.80 1.68 2.68 0.29 0.45 0.91
1 1.5 3 0.60 2.24 5.29 0.17 0.57 1.38
1.5 0.5 1 0.74 0.38 1.98 0.24 0.09 0.62
1.5 0.5 2 1.15 0.39 2.81 0.53 0.11 1.28
1.5 0.5 3 0.79 0.31 6.01 0.29 0.10 2.09
1.5 1 1 0.74 1.49 1.98 0.24 0.30 0.62
1.5 1 2 1.15 1.04 2.80 0.53 0.17 1.28
1.5 1 3 0.79 1.26 6.02 0.29 0.21 2.09
1.5 1.5 1 1.15 1.84 1.40 0.54 0.78 0.64
1.5 1.5 2 0.79 2.83 4.01 0.29 1.26 1.39
1.5 1.5 3 1.46 1.60 3.02 0.66 0.57 1.34
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Table 5. MLEs obtained using simulated data from WGW density for different parameter
settings with n = 200.

True MLE SE

β θ b β̂ θ̂ b̂ β̂ θ̂ b̂

0.5 0.5 1 0.62 0.53 0.84 0.15 0.07 0.19
0.5 0.5 2 0.53 0.57 1.81 0.10 0.06 0.31
0.5 0.5 3 0.48 0.52 3.01 0.08 0.06 0.45
0.5 1 1 0.62 0.94 0.84 0.15 0.06 0.19
0.5 1 2 0.53 1.07 1.81 0.10 0.07 0.31
0.5 1 3 0.48 1.05 3.01 0.08 0.07 0.45
0.5 1.5 1 0.53 1.54 0.90 0.10 0.16 0.15
0.5 1.5 2 0.48 1.58 2.00 0.08 0.16 0.30
0.5 1.5 3 0.57 1.36 2.83 0.13 0.15 0.61
1 0.5 1 1.59 0.56 0.65 0.75 0.06 0.31
1 0.5 2 1.08 0.55 1.78 0.35 0.06 0.56
1 0.5 3 0.89 0.49 3.27 0.23 0.06 0.79
1 1 1 1.08 1.01 0.89 0.35 0.11 0.28
1 1 2 0.89 1.05 2.18 0.23 0.09 0.53
1 1 3 1.29 0.91 2.46 0.52 0.09 0.98
1 1.5 1 1.08 1.45 0.89 0.35 0.31 0.28
1 1.5 2 0.89 1.64 2.18 0.23 0.31 0.53
1 1.5 3 1.29 1.28 2.46 0.52 0.29 0.98
1.5 0.5 1 1.68 0.54 0.85 0.79 0.07 0.40
1.5 0.5 2 1.25 0.48 2.35 0.42 0.07 0.77
1.5 0.5 3 2.04 0.53 2.31 1.11 0.08 1.27
1.5 1 1 1.68 0.98 0.85 0.79 0.15 0.40
1.5 1 2 1.25 1.08 2.35 0.42 0.14 0.77
1.5 1 3 2.04 0.91 2.31 1.11 0.12 1.26
1.5 1.5 1 1.25 1.73 1.17 0.42 0.50 0.39
1.5 1.5 2 2.04 1.24 1.54 1.11 0.38 0.84
1.5 1.5 3 2.30 1.13 1.96 1.52 0.35 1.31
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Table 6. MLEs obtained using simulated data from WG- Li for different parameter settings
True MLE SE

n β α β̂ α̂ β̂ α̂

200 0.5 1 0.53 1.06 0.034 0.064
0.5 2 0.43 2.40 0.029 0.176
0.5 3 0.48 3.11 0.032 0.222
1 1 0.88 1.10 0.054 0.045
1 2 0.96 2.04 0.058 0.083
1 3 1.10 3.12 0.066 0.118
1.5 1 1.33 1.07 0.079 0.030
1.5 2 1.44 2.03 0.085 0.057
1.5 3 1.66 3.08 0.097 0.080

300 0.5 1 0.49 1.01 0.026 0.051
0.5 2 0.55 1.86 0.029 0.094
0.5 3 0.48 3.11 0.026 0.176
1 1 1.07 0.97 0.051 0.027
1 2 0.95 2.07 0.046 0.069
1 3 0.94 3.00 0.047 0.106
1.5 1 1.59 0.98 0.074 0.019
1.5 2 1.43 2.05 0.067 0.048
1.5 3 1.41 3.00 0.068 0.074
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