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Abstract
This paper reports a novel bistable microelectromechanical system for energy harvesting
applications. In particular, we focus here on methodologies and devices for recovering energy
from mechanical vibrations. A common energy harvesting approach is based on vibrating
mechanical bodies that collect energy through the adoption of self-generating materials. This
family of systems has a linear mass–spring damping behaviour and shows good performance
around its natural frequency. However, it is not generally suitable for energy recovery in a wide
spectrum of frequencies as expected in the vast majority of cases when ambient vibrations
assume different forms and the energy is distributed over a wide range of frequencies.
Furthermore, whenever the vibrations have a low frequency content the implementation of an
integrated energy harvesting device is challenging; in fact large masses and devices would be
needed to obtain resonances at low frequencies. Here, the idea is to consider the nonlinear
behaviour of a bistable system to enhance device performances in terms of response to
external vibrations. The switching mechanism is based on a structure that oscillates around
one of the two stable states when the stimulus is not large enough to switch to the other stable
state and that moves around the other stable state as soon as it is excited over the threshold. A
response improvement can be demonstrated compared to the classical linear approach. Indeed,
both a wider spectrum will appear as a consequence of the nonlinear term and a significant
amount of energy is collected at low frequencies. In this paper the bistable working principle
is first described and analytically modelled, and then a numerical study based on stochastic
differential equations (SDE) is realized to evaluate the behaviour of a MEMS device. A
micromachined SOI prototype has been realized and a measurement campaign validated the
nonlinear mechanism. As expected, the study shows that the nonlinear system exhibits a low
pass filter behaviour suitable for harvesting ambient energy at low frequency.

(Some figures in this article are in colour only in the electronic version)

1. Introduction

Energy harvesting materials and systems have emerged as
a prominent research area and continue to grow at a rapid
pace. A wide range of applications are targeted for harvesters,
including embedded and implanted sensor nodes [1], refilling
the batteries of large systems [2], self-powered sensors [3],
powering unmanned vehicles [4], human–powered energy
harvesting [5] and smart systems [6]. The most common
sources for ambient energy are solar power, thermal gradients,
acoustic and mechanical vibrations. In particular the latter

usually offers a significant amount of energy and it is a
potential power source that is abundant enough to be used;
moreover, it is extremely interesting in view of applications
based on MEMS technology where different renewable
power sources can be combined into autonomous integrated
devices.

Vibration energy can be converted into electrical power
through piezoelectric materials (e.g. PZT), electromagnetic
and electrostatic transducers. Most vibration energy harvesters
are based on a mechanically resonant device that collect a
narrow band of vibrations, hopefully matched with the source.
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However, in the vast majority of cases the ambient
mechanical vibrations come in a vast variety of forms (induced
oscillations, seismic noise, vehicle motion, thermal noise,
multi-tone vibrating system and more generally, all noisy
environments and equipments). Energy is then distributed
over a wide spectrum of frequencies, typically ranging from
dc up to a few thousands of Hz [7]. Several methods for
optimization have been explored, relating to increasing the
converted and extracted energies or improving the transduction
mechanisms. Recently, a resonance frequency tunable energy
harvester based on a magnetic force technique and a variable
beam stiffness system [8, 9] has been proposed in order to
obtain a wide spectrum response and to adapt the harvester
to the vibration source. Moreover, an approach based on a
PZT multi-frequency converter array has been recently studied
[10]; it combines multiple linear converters with different
frequency responses to obtain a wider equivalent bandwidth.
A similar approach based on the electromagnetic principle
is presented in [11], where power is generated by means
of electromagnetic induction using a magnet and serially
connected coils placed on resonating multi-length cantilever
beams. In addition, methods to obtain mechanical frequency
upconversion are being investigated. Other novel approaches
have been presented in the literature; the common point is to
increase the energy recovery capability of the system. An
energy harvester based on a magnetic levitation principle
[12] has been designed to tune the resonance frequency
of the oscillator; furthermore, another example is given in
[13], where a frequency upconversion in a PZT bimorph
cantilever has been proposed. In [14], the authors present
the use of magnetic arrays to rectify the incoming frequency
to a higher frequency combined with energy conversion via
the piezoelectric effect. In [15], an energy harvester that
combines PZT and magnetic materials with a tuning system
in order to be able to react to small and slow variations
of temperature has been proposed. In [16], the authors
analytically studied the power–benefit of an additive periodic
force to a vibrationally excited energy harvesting mechanism,
exploiting the stochastic resonance theory.

A different approach is presented here: it is based on
the exploitation of the properties of ‘nonresonant’ oscillators
characterized by a nonlinear dynamic response. For these
oscillators, it is not possible to define a transfer function,
and thus a properly defined resonant frequency, even if the
power spectral density can show one or more well-defined
peaks. Furthermore, a wider spectrum is predicted [17, 18]
for a nonlinear system with respect to the linear oscillator;
this represents an interesting result in the perspective of a
single harvester system. Several works have been presented in
the literature concerning nonlinear macro-oscillators based on
bistable dynamics. For example in [17] the authors present a
nonlinear energy harvester based on magnetic interactions in
order to create an inertial generator with a bistable potential
energy function; instead in [19] a nonlinear vibration energy
harvester has been used to improve the operative range
considering also a chaotic motion. A scaling approach has
been proposed such as presented in [20], where a compliant
bistable mechanism driven by electromagnetic force has been
validated.

In this paper, a MEMS tunable bistable oscillator for
energy harvesting application will be presented. The principle
has been previously demonstrated on macro cantilever
prototypes and millimetre scale [21–24], while this work
describes downscaling to a microscale. Numerical analyses
have been conducted by using a nonlinear stochastic solver
for differential equations implementing a nonlinear oscillator
equation. The Itô’s stochastic calculus has been used to solve
the MEMS model by using a stochastic process in order
to emulate external vibrations. The goal of this study has
been to relate external noisy vibrations to device displacement
and device velocity. In fact, these latter quantities will
be crucial in the mechanical-to-electrical conversion step;
therefore whatever the final mechanism used for producing
electrical energy, higher magnitudes for displacement and
velocity will result in higher power. A bistable BESOI–
MEMS (back etched SOI) device has been fabricated and an
experimental campaign has been realized. The results are in
accordance with the mathematical model of the system, thus
demonstrating suitability of the proposed novel approach.

2. Device modelling

Most vibration harvesters are based on linear oscillating
devices that provide the maximum efficiency when operated
at resonance [10]. The resonance condition in vibration
bandwidth (<1 kHz [7]) is difficult to match with the
microscale dimensions of the converter, and it is hard to
maintain when the excitation is not controllable or when
vibration frequency moves over a broad bandwidth. This is
counterproductive in terms of harvester efficiency.

The approach that will be pursued in this work is based
on the exploitation of the dynamic properties of nonlinear
oscillators, in particular bistable systems [21, 22]. Especially,
we demonstrate that a MEMS bistable oscillator [25] in the
presence of an optimal level of noise can provide better
performances compared to a linear oscillator when vibrations
range over a wide spectrum of frequencies.

Several research papers have reported successful
realization of bistable mechanical devices [26–28] where the
switching between both stable states is driven by internal
signals and statically verified. Figure 1 shows the nonlinear
mechanism implemented here. The bistable principle has
been realized using a cantilever beam with a permanent
magnet deposited onto the top surface. A fixed magnet has
been placed in front of the cantilever tip at a distance �,
under a repulsive magnetic force condition. The linear case
can be assumed for a large distance between both magnets.
Furthermore, the nonlinear case is assumed when low distance
between magnets occurs. The fixed magnet generates a force
dependent on � that opposes the elastic reaction force of the
beam. Under the action of the external vibrations, the system
oscillates.

As a result, the system can assume two different dynamics.

• When the magnetic repulsive force is negligible (large
value of �), the system behaviour can be assumed to be
a linear oscillator, so a resonance response is expected
and a second-order model with parabolic potential energy
function can be assumed.
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(a)

(b)

Figure 1. Cantilever beam (a) immune to magnetic repulsive force, therefore linear and (b) subject to magnetic repulsive force; dL and dNL

represent the displacement of the beam in the linear and nonlinear cases, respectively.

(a) (b)

Figure 2. (a) High value of � (distance between the two magnets). The system can be assumed to be linear and the parabolic function
describes the energy. (b) Small value of �, a bistable energy function appears and dictates the system dynamic. Two equilibrium states x1

and x2 will appear, while x0 represents the instable condition. In the linear case only a stable state exists (x0).

• When the fixed permanent magnet is close to the tip of the
beam (small value of �), the behaviour can be described
by a nonlinear model. In fact new equilibrium positions
appear, so a bistable potential energy function imposes
the dynamic.

The latter case raises high interest; indeed it is then
possible to use the wider bandwidth (dictated by the nonlinear
energy function) to collect more energy from the ambient
vibrations.

The wide spectrum response is a feature of several
nonlinear systems (bistable, multi stable, etc) whereas linear
systems do not exhibit high yields in applications where a large
spectrum is required (e.g. vibrations, white noise, random
sources, etc). The nonlinear system has been modelled
considering a classical mass–spring damper system with an

additive nonlinear term described by a bistable (double well)
potential energy function:

mẍ + dẋ + � = f (t), (1)

where m represents the mass of the cantilever beam, d is
the damping coefficient and f (t) is the stochastic source,
in order to mimic the external vibrations to be harvested; x
represents the displacement of the cantilever. The velocity
and the acceleration have been expressed as ẋ

(
∂x
∂t

)
and ẍ

(
∂2x
∂t2

)
,

respectively. � represents the nonlinear term, consequence of
the bistable behaviour, and includes the elastic constant term
k (figure 2) as will be expressed in equation 3 [29]:

�
�= ∂U(x)

∂x
= U(x). (2)

Different types of bistable potentials can typically be used
[30, 31].
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(a) (b)

Figure 3. (a) Displacement of the cantilever beam in the linear case and under the optimal condition for the nonlinear system at σ = 50 mN,
(b) displacement spectrum. The simulation parameters are the following: k = 70 000 kg s−2, d = 1 kg s−1, m = 0.001 kg.

(1) Standard quadratic equation: U(x) = −αx2 + βx4, with

stable fixed points at x = ±(
α

2β

) 1
2 and the barrier of the

potential is U0 = α2

4β
, and x denotes the distance parameter

of potential energy function. The two parameters α and
β determine the potential shape (bistable or monostable).

(2) Analog Hopfield neuron: U(x) = αx2 − β ln cosh(x),
where x(t) denotes a cell membrane voltage. The same
nonlinearity has been used by the authors [32] to describe
the behaviour of residence time difference of fluxgate
magnetometers.

(3) Rf squid loop: U(x) = αx2β cos(2πx), where x(t)

denotes the magnetic flux in the loop.

The choice of the potential U(x) among various possible
expressions is closely related to the considered physical system
and to the particular mechanism assumed. The model of the
system has been assumed as a nonlinear pendulum governed
by a double well nonlinearity [21]. Hence the potential energy
function correlated to the oscillator is as follows:

U(x) = kx2 + (ax2 + b�2)−
3
2 + c�2. (3)

Taking into account the expression of �:

� = U(x) = ∂

∂x

[
kx2 + (ax2 + b�2)−

3
2 + c�2

]
= 2kx +

[
− 3

2 (ax2 + b�2)
1
2 2ax

(ax2 + b�2)3

]

= −3ax(ax2 + b�2)−
5
2 + 2kx, (4)

where x represents the displacement of the cantilever beam, k
the elastic constant, � is the distance between the two magnets
(the first deposited onto the cantilever surface and the second
in the external part of the system and maintained fixed) and a, b
and c represent constants correlated to the physical parameters
of the systems [21].

The model is represented by a stochastic differential
equation, which can be expressed in Itô’s form [33] that
represents a standard nomenclature used to study a dynamic
system with stochastic forcing. The beam model can be
expressed as follows:

dx = f (x) dt + g(x) dWt , (5)

where f (x) represents the drift part of the Itô’s model, g(x) is
the diffusion term and Wt the Wiener process. The stochastic
differential equations that describe the bistable mechanism
have been implemented through a mathematical system:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

dx1 = x2 dt = f1(x) dt

dx2 =
⎡
⎣− d

m
x2 +

3ax1
(
ax2

1 + b�2
)− 5

2

m

− 2kx1

m

]
dt +

σ

m
dWt

= f2(x) dt + g2(x) dWt .

(6)

The system of equations is composed of two first-order
Itô’s equations with two drift terms: (1) f 1(x) represents the
velocity (x2) of the cantilever tip and (2) f 2(x) depends on the
damping, the elastic constant and a nonlinear term.

g2(x) represents the diffusion term, it is function of the
vibration amplitude (σ ) and is also correlated to the mass of
the system; x1 is the displacement of the beam and t is the
time.

The diffusion term g1(x) has been assumed to be zero,
indeed the system is excited by a single source, so only one
diffusion term is included in the model.

In the following section a numerical study based on the
SDE Toolbox of Matlab R© [34] will be presented in order to
simulate the behaviour of a millimetre system and afterwards to
evaluate the scaling effect applied to a micromachined device.
In fact the validity of the model in a micrometric scale is
prominent in the perspective of a MEMS energy harvester
realization.

3. Numerical analysis of the nonlinear MEMS
mechanism

Itô SDE equations have been implemented adopting the SDE
toolbox of Matlab R©. A first analysis has been applied to
a millimetre system: a cantilever beam having a length of
20 mm, a width of 4 mm and a thickness of 2 mm. A
homogeneous beam material (aluminium) has been assumed.
The mass of the system corresponds to 1 g. The Euler–
Maruyama method has been used to evaluate the dynamic
behaviour [35]. Figure 3 shows the displacement of the

4
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(a) (b)

Figure 4. (a) Root mean square of the displacement; the spike denotes the optimal condition for the bistable system; the linear behaviour
has been obtained through a simulation in the absence of the external permanent magnet. The value tends to be equal to the displacement
assuming a high value of �. (b) Qualitative analysis of the potential energy function shape tuning the distance �; h denotes the barrier of
potential. Typically the optimal condition in terms of bandwidth is assumed for small values of h.

(a) (b)

Figure 5. (a) Root mean square of the displacement and (b) commutations number versus distance between the two permanent magnets for
three different values of standard deviation. The system numerically simulated consists in a cantilever beam realized in a millimetre scale.

cantilever beam in the linear case (absence of the external
permanent magnet) and in the nonlinear case (distance of
2.0746 mm between the two magnets), respectively; moreover,
the output evinces a wider spectrum when the energy
function assumes a bistable shape, so more energy can be
saved adopting a bistable dynamic. Simulations have been
realized considering a vibration source (Gaussian white noise)
having a standard deviation (σ ) of 50 mN. As shown in
figure 4(a), a maximum value of the displacement tip exists for
�∼ 2.0746 mm, which corresponds to the peak condition. The
graph shows the ac part of the signal. Taking smaller values
of � implies higher interactions between the two permanent
magnets, high potential energy barrier and, consequently,
oscillations inside a single well of the potential energy
function. Furthermore, a high distance � between the two
permanent magnets implies a zero barrier of energy with a
parabolic energy function as shown in figure 4(b). P1 and P2

represent the two stable states. The transition between one
stable state and the other one occurs only when vibration level
is high enough to pass from P1 to P2 and vice versa.

The behaviour has been analysed considering different
amplitudes of vibrations. Figure 5(a) shows the root-mean-

square (rms) value of the displacement as a function of �;
as a consequence of the amplitude source decrement a more
selective tuning of � is required. Figure 5(b) shows the
number of transition around the zero for different amplitudes
of a noise source (σ = 10, 30, 50 mN); lower amplitudes of
excitation are counterbalanced by a sharp switching between
the linear and the bistable condition increasing the selectivity
of tuning. Small amplitude of vibration and compactness of
the structure are important characteristics especially in the
perspective of a MEMS device. For this reason a downscaling
of the system has been considered and the validation of
the model will be demonstrated. Different kinds of MEMS
cantilever beam have been studied and different technologies
pursued; here a cantilever beam based on a SOI substrate is
reported. Simulations have been realized using the same solver
as for the previous analysis and implementing the stochastic
differential equation (6). Figure 6(a) shows the results for
a micromachined cantilever based on MEMS technology; a
silicon-on-insulator (SOI) beam having a length of 2000 μm
and a width of 800 μm has been studied. The results are
in accordance with the cantilever beam of a millimetre scale
previously simulated; two values of σ have been accounted

5
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(a) (b)

Figure 6. Root mean square of the displacement (a) for two different values of σ (17 and 20 μN) and (b) for a railroad vibration source
(40 pN distributed over a bandwidth of 2 MHz).

Figure 7. Velocity power spectral density. The value � = 1.7485 mm corresponds to the optimal repulsive force in terms of maximum
velocity of the nonlinear system (σ = 20 μN).

(a) (b)

Figure 8. Single tone analysis of a MEMS cantilever based on SOI technology: (a) displacement of the beam excited by a sinusoidal
waveform with an amplitude magnitude of 17 μN (rms value) at 70 Hz and (b) at 7 kHz.

for (17 and 20 μN). Moreover, a noise source with a standard
deviation of 40 pN has been considered in order to mimic a
railroad vibration (figure 6(b)) [36].

Figure 7 shows the PSD of velocity, from the perspective
of a PZT material deposition, where the harvested performance
is correlated to the oscillator commutation velocity; a spring
constant of 15 kg s−2 and an inertial mass of 2.6 × 10−6 kg
have been considered. In the linear case the power is mostly

collected around the natural resonance of the moving part,
whereas in the nonlinear case the power is efficiently collected
from 0 up to 100 Hz. This clearly shows that the nonlinear
system is more suitable for typical noisy environment where
energy is scattered below few hundred of Hz. Finally, the
micromachined device has been simulated using a Dormand–
Prince ODE 45 (ordinary differential equation) solver of
Matlab R© and driven by a sinusoidal force. Figure 8(a) shows

6
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(a) (b)

Figure 9. (a) Bulk and etched silicon on insulator (BESOI) technology selected as the realization process of the nonlinear oscillator,
(b) layout of the cantilever beam and other structures used as test. The die size is 7 mm × 7 mm.

(a) (b)

Figure 10. Microscope image of the MEMS cantilever with the permanent magnet deposited at the tip; in front, the tunable magnetic stack:
(a) first stable state, (b) second stable state.

Figure 11. Conditioning circuit: Rv represents a variable resistor
used to balance the Wheatstone bridge, R1 is the integrated strain
gauge of the MEMS device having a static value of 390 	 and RG

represents the gain of the instrumentation amplifier. R2 = R3 =
R4 = 390 	. The supply voltage is ±5 V.

the transient behaviour; a sinusoidal waveform with a rms
amplitude of 17 μN at 70 Hz has been applied as a source. The
response of the nonlinear system evinces the short oscillation
condition in a single well of the potential, moving to the second
one when bias exceeds the potential barrier.

Figure 8(b) shows the displacement of the MEMS beam
using a higher frequency of vibrations (7 kHz), in this case a

low pass behaviour dominates the response, as a consequence
the system remains in a stable state position (equilibrium) and
it oscillates inside a single well. In general, dealing with a
second-order non–autonomous nonlinear dynamical system, a
large variety of different behaviours can be expected including
chaos [18]. The chosen well of the bistable energy function is
dictated by the initial conditions. The presented simulations
demonstrate the possibility of considering not only the device
vibrations but also the nonlinear behaviour of a bistable
system to enhance device performances. The advantage of
the nonlinear mechanism has been demonstrated by numerical
analysis on a millimetre device and on a MEMS cantilever
beam driven with different vibration sources including low
signals in order to mimic the environment noise. In the
next section an experimental campaign will be presented and
the bistable mechanism applied to a micromachined device
designed and realized.

4. MEMS prototype and experimental results

The micromachined device is a cantilever beam, realized by
using a BESOI (bulk and etched silicon-on-insulator) process,
realized at the Centro Nacional de Microelectronica (CNM)
in Barcelona, Spain. This technology offers more robustness

7
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(a)

(b)

Figure 12. (a) Experimental setup for the validation of the nonlinear mechanism, (b) zoom of the packaged micromachined device with the
permanent magnets stack for the tuning.

(a) (b)

Figure 13. (a) Natural frequency of the BESOI cantilever beam having an inertial mass of ∼2.6 × 10−6 kg. Through the second-order model
inversion, the spring constant (15 kg s−2) and the damping coefficient (2.2 × 10−4 kg s−1) have been estimated, (b) frequency response.

than standard processes. It is based on a SOI wafer with
a 15 μm c-Si layer, 450 μm carrier substrate and 2 μm of
buried oxide; a front and backside DRIE etching technique has
been used. Functional materials such as metal and polysilicon
have also been added to increase the stoutness of the MEMS
device as shown in figure 9(a). A silicon cantilever beam
having a length of 2000 μm and a width of 800 μm has been
realized. The stacked materials are composed of a 15 μm thick
silicon layer, several oxide layers (diff, cont, pad), a polysilicon
layer and a metal layer. Figure 9(b) shows the layout of the
device: the polysilicon layer has been used to realize the
piezoresistor for the readout of the bistable mechanism; a
passivation layer completes and protects the stack. Figure 10
shows the micromachined cantilever in the presence of the
permanent magnet successfully deposited at the tip; the two
stable states have been statically verified. The switching has
been imposed through an external permanent magnet. The
permanent magnet deposited consists in a cylindrical shape of
NdFeB material having a radius and height of 500 μm. The

distance between the fixed magnet stack (figure 10) and the
tip of the beam represents the parameter �, used as a tuning
variable.

The die has been glued in a PCB package and the
polysilicon strain gauge has been bonded. The conditioning
circuit consists in a Wheatstone bridge followed by a low-
noise amplifier, as shown in figure 11. The experimental
setup (figure 12) consists of a board to support the packaged
device, a micro translator for sustaining the fixed magnet
stack and tuning the potential barrier. Finally, a shaker has
been used as a vibration source driven by a signal generator.
An accelerometer has been used as a feedback element and
the output of the conditioning circuit has been connected
to an acquisition system. The first analysis consists of the
natural frequency estimation. The shaker has been driven by
a square waveform. The evolution of the natural oscillations
is shown in figure 13; a frequency of about 400 Hz has been
detected. The value measured is in accordance with magnetic
mass deposited onto the beam (500 μm of width); in fact, a

8
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Figure 14. Output signal for different values of � at σ = 20 μN. The values 1.5 and 4.5 mm represent the lower and the upper limit of the
distance between the two magnets, respectively. The lower case is imposed by the microtranslator, while the upper case represents the
breaking limit of the device. The optimal condition for the nonlinear is about 1.7 mm of distance between the two magnetic sources. The
lower limit of distance � is 1.4 mm, this value in given by the breaking limit of the beam.

(a) (b)

Figure 15. Experimental results: (a) displacement of the cantilever tip and (b) displacement spectrum with σ = 20 μN.

substantial mass added to the structure implies a relatively low
natural frequency.

The campaign has been realized using two vibration
values (σ = 17 and 20 μN, that correspond to 6.5 and
7.7 m s−2 of acceleration, respectively). The output voltage of
the conditioning circuit has been analysed; moreover, by using
a displacement measurement system, the correlation between
the output voltage and the displacement of the cantilever
beam has been estimated. Figure 14 shows the output signal
analysis for different values of � and a Gaussian white noise
source having a standard deviation of 20 μN. The results
are coherent with the theoretical analysis and evince the
possibility of adopting a nonlinear mechanism applied to a
MEMS prototype.

Basically the different graphs denote the effect of the
repulsive force given by the magnets. A value of about
1.7 mm has been experimentally detected as the optimal
condition for the nonlinear system. In fact an analysis around
this value shows the single stable state in the presence of a
bistability with high potential barrier � ∼ 1.5 mm, whereas
high values of � evinces the single stable state dictated by
the parabolic shape of the energy function. A condition exists
where the switching mechanism between the two stable states
is assumed, with a so-obtained improvement in displacement
and velocity of vibration. This represents an interesting
result in the perspective of energy harvesting applications.
Figure 15(a) shows the evolution of the displacement, while
figure 15(b) shows the displacement spectrum. Both the
figures show the improvement of the nonlinear system in

9
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(a) (b)

Figure 16. (a) Root mean square of the output voltage; considering the uncertainly, about 2019 commutations have been detected in 1 s and
(b) velocity power spectral density comparison (σ = 20 μN): the improvement (in terms of velocity PSD) for the nonlinear system is about
twice compared to the classical linear oscillator (the bandwidth considered corresponds to 1 kHz).

(a) (b)

(c) (d )

Figure 17. Experimental results: (a) displacement of the cantilever tip and (b) the displacement spectrum with σ = 17 μN. (c) Root mean
square of the output voltage; considering the uncertainty, about 1170 commutations have been detected in 1 s. (d) Single tone analysis:
comparison between experimental and simulation results for the same beam’s parameters; a sinusoidal bias at 70 Hz has been used as
suprathreshold force (σ = 17 μN).

terms of displacement and spectrum that appear wider with
respect to the linear case as a consequence of the nonlinear
dynamic.

Figure 16 shows the output voltage as a function of the
distance between the two magnets. The nonlinear system has

been compared with the linear system (without the permanent
magnets stack). The results are in agreement with the theory
and the nonlinear system tends asymptotically to the linear
system in the presence of a high value of �. Furthermore,
the power spectrum density appears wider compared to the
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Table 1. Comparison of this paper with other published works.

Piezoelectric Total geometric Vibration Output Amplitude of Improvement MEMS
thickness (μm) characteristics (mm) characteristic (Hz) power (μW) acceleration (g) factor technology Reference

2 0.80 × 1.2 870 1.4 2 – Yes [37]
0.48 0.26 × 0.17 13.9k 1 10.8 – Yes [38]
267 17 × 5 100 80 0.23 – No [39]

∼50 23 × 20 80 2 23 – No [40]
250 10 × 40 120 500 0.1 – No [41]
860 60 × 5 Correlated noise 3.2 (nonlinear) 0.0079 400% No [21]

1/τ = 1/0.1
0.8 (linear)

400 ∼60 20–100 ∼28k (nonlinear) 4 130% No [42]
∼22k (linear)

– 2 × 0.8 Gaussian white noise – 0.78 200% Yes This work

linear case; consequently, it is possible to save more energy
by using the nonlinear MEMS mechanism. Figure 17
shows the experimental results in the case of σ = 17 μN.
Table 1 presents a comparison of this paper (last row) with
other published works. In particular the last three rows concern
nonlinear devices. It must be observed that the proposed
MEMS oscillator presents an improvement factor of 200%;
it has been evaluated integrating the velocity power density
over a bandwidth of 1 kHz in the linear and the nonlinear
cases. It appears for the same input acceleration that the
nonlinear device collects two times more power with respect to
the linear case. It is worth noting that this improvement factor
of 2 depends on the input noise characteristics. With a smaller
input bandwidth the improvement will increase because the
power will be at lower frequency than the resonance.

5. Conclusions

In this paper, a nonlinear bistable mechanism, implemented
through a modified MEMS cantilever, has been presented. The
bistable device presented here is intended to be used in energy
harvesting systems to scavenge energy from mechanical
vibrations in the environment. The principle demonstrated
an enhancement of the performance, with respect to linear
harmonic oscillators for a nonlinear oscillator, when the
response to external vibrations is considered. This is
interesting in the perspective of integrated energy harvesting
systems.

In fact, conventional energy harvesting approaches are
based on linear resonators with a transduction energy system
(e.g. piezoelectric output) for collecting energy. However, it
must be observed that in the vast majority of cases the ambient
vibrations assume different forms and are characterized by
energy distributed over a wide spectrum of frequencies. Hence
the linear system, characterized by a resonance spike, around
the natural mechanical frequency, does not represent the most
appropriate approach to collect the energy.

The presented approach is based on a nonlinear dynamical
system whose particularity consists of bouncing between two
stable states as a response to external solicitations. This type
of system has a dynamic response to a wide spectrum signal
which is interesting to collect energy from external vibrations.
A numerical analysis has been realized by implementing a

second-order equation with an additive nonlinear and bistable
term; moreover, a noise source has been used as an excitation
bias. The stochastic model has been simulated starting from a
millimetre beam and finally to a micrometric device.

An improvement in terms of collected energy has been
demonstrated for both systems and bistable behaviour has
been verified. Therefore, a micromachined BESOI device
has been designed and realized. A measurement campaign
has been conducted by using a micromachined cantilever with
a magnetic material successfully deposited on the tip.

The obtained experimental results confirmed the
achievement of the nonlinear bistable behaviour principle
applied to a MEMS device, moreover, it has been demonstrated
(in accordance with the simulation results) as the achievement
of a significant improvement in terms of conversion of kinetic
energy form the external wideband vibrations when compared
to a linear resonant device. These results represent a major
advance with respect to the state-of-the-art in the energy
harvesting area; in fact the device that has been designed,
realized and validated in this work can be highly efficient
for scavenging energy from a large range of vibration sources
with different natures and therefore different spectral contents.
The advantage of the nonlinear mechanism has been validated
using the testing data obtained through the piezoresistive
transduction mechanism. Moreover, a measurement campaign
for a sol–gel PZT-based device and its modelling will be
conducted.
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