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World Income Components:
Measuring and Exploiting Risk-Sharing Opportunities

By STEFANO G. ATHANASOULIS AND ROBERT J. SHILLER*

A method is constructed for decomposing the variance of changes in incomes in the
world into components, to indicate the most important risk-sharing opportunities
among people of the world. A constant absolute risk premium (CARP) model, an
intertemporal general-equilibrium model of the world, is presented to permit
optimal contract design. For a contract designer maximizing a social welfare
Junction, the optimal contracts maximize the equilibrium world real interest rate.
Securities are defined in terms of eigenvectors of a transformed variance matrix,
The method is applied using Penn World Table data on the G-7 countries, 1950

1992. (JEL F00, GO0, G10}

Because most people’s incomes originate pri-
marily from untradable sources such as labor
and difficult-to-trade sources such as real estate,
and because over long intervals of time the real
value of each individual’s income is substan-
tially uncertain, the dominant concern in the
design of risk-management contracts ought to
be alloewing people to share these income risks
as much as possible. To make such risk sharing
as effective as possible, it is logical to define
risk-management contracts in the form of secu-
rities based on these incomes themselves; these
securities could be defined by contracts that
represent long-term or perpetual claims on in-
comes or income aggregates.! Such securities
can be designed to correlate better than existing
assets with major risks and thus serve better as
hedging vehicles.

We cannot, however, have a market for con-
tracts on each individual’s income. There would
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! 'See Shiller (1993a) for a discussion of how such con-
tracts could be implemented.
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be far too many markets: the markets will have
to be markets for contracts on aggregates (or
indexes) of individual incomes. The question
then arises, and is the subject of this paper, how
shall we decide which aggregates to trade on
risk markets?

With billions of people in the world today,
there are a myriad of ways to define aggregates
of incomes that could be traded on our financial
markets. Our national income statisticians have
already chosen some aggregates, the simpie
sums of incomes of people within nations, but
they did so based purely on political boundaries
and without any concerns for risk management.
How do we know which aggregates would be
most important to create markets for? Is it pos-
sible to be systematic in our means of defining
new markets, seeking out the new markets that
maximize world welfare without regard for tra-
ditional definitions of contracts, letting an esti-
mated economic model define them?

We develop a constant absolute risk premium
{(CARP) model, an intertemporal general-
equilibrium model, that is designed to allow us
to see how we might answer these questions and
provides a framework for rigorous econometric
research on market design. The model repre-
sents a large number of people as trading in
riskless one-period bonds and in a small number
of risky (risk-management) contracts, It is a
risky endowment economy, where each individ-
ual has an exogenously given random income,
at first with no risk management beyond
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borrowing and lending possible. Then new con-
tracts representing claims on linear income
combinations (CLICs) will be injected. The
prices of the CLICs, their equilibrium expected
returns, the real interest rate, and the welfare
gain to creating markets are all derived. The
model then yields a method to define the
welfare-optimizing CLICs, the world income
components (WICs), to be used in the definition
of new securities. As an example, we apply the
model to the readily available data on world
incomes of advanced countries, data on national
incomes of the G-7 countries, as measured by the
real gross domestic product data of Robert
Summers and Alan Heston {1950-1992), based
on a simple model of the relation of individual
incomes to national incomes. In the future, fur-
ther econometric work combining the fragmen-
tary data we have on individuals around the
world in conjunction with this model might be
used to define better aggregates of individual
incomes on which to base the definitions of new
securities.

Qur method of identifying risk-sharing ar-
rangements [based on Athanasoulis (1995) and
Shiller and Athanasoulis (1993)] is related
to principal components analysis [see also
Gabrielle Demange and Guy Laroque (1995)].
Some of the securities that our method produces
can be described as insurance policies for cer-
tain groups of people; calling a security an
insurance policy is most appropriate when the
variation in the component is highly negatively
correlated with the income of one group of
people, and those people buy the security to
reduce their income risk. Some of the securities
can alse be described as swaps of income of
certain groups of people for income of other
groups; calling one of our securities a swap is
most appropriate when the component gives
negative weights to roughly half of the incomes.
However, our analysis does not start from any
preconceived notions whether the securities will
look like insurance policies or like swaps; our
method will derive the optimal form of the
contracts from the variance matrix of incomes.

Our study of risk-sharing opportunities
among individual incomes is potentially very
important. There is very little effective risk
sharing of individual income risks. There is not
even much diversification across nations today
[see, e.g., Maurice Obstfeld (1994a,b) and
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Linda Tesar and Ingrid Werner (19953)]. It is
obvious that national governments do not make
significant risk-sharing arrangements with each
other; even within the European Union, Xavier
Sala-i-Martin and Jeffrey Sachs (1992) esti-
mate, a one-dollar adverse shock to the national
income of one country creates, all things con-
sidered, less than a 0.005-dollar reduction of
that country’s tax payment to the European
Community. Although the family or village
units may share risks within a country, there are
stil important unexploited risk-sharing op-
portunities within countries [see for example
Robert M. Townsend (1994)].

Because there do not now exist any markets
for claims on any large income aggregates, and
because there 18 very little income risk sharing,
when we set up any such contracts we must
consider how they would work pretty much in
isolation. Existing markets for stocks, bonds,
and readily marketable real estate are markets
for claims on the rents of factors of production
other than labor or are residual claims, minor
components of national incomes, and there is no
reason to expect dividends in these markets to
correlate well with labor income. There 1s in-
stead some evidence that they do not correlate
well [see Shiller (1993b) and L. Bottazzi et al.
(1996)].

In attempting to define a small number of
WIC securities, we are essentially seeking to
define the best first world risk-sharing market to
set up, as well as the best second and/or third
markets. We confine our attention to only one or
a few contracts, in that it is useful for us to be
able to prescribe in simple terms the most im-
portant risk-management actions that should be
taken by large groups of people. Simple pre-
scriptions are what most people take from ex-
isting models. The capital asset pricing model
(CAPM) in finance, to which our method 1is
related, is most often used by practitioners not
to arrive at complicated definitions of optimnal
portfolios, but just for the simple prescription
that investors should hold the market portfolio
of investable assets, and we now have many
indexed funds that are designed to allow them to
do just this. The problem with this commonly
given prescription is that it is not really the
logical consequence of the foundations of the
CAPM, because it disregards the correlation of
investment returns with innovations in other
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income, other income that is much larger in the
aggregate than income from existing investable
assets. We seek here to devise a method to
replace this simple prescription associated with
the CAPM with a more sensible simple pre-
scription, though any such prescription cannot
be taken until the new securities are created.

We derive in Section II below an expression
for the risk premia of the CLICs in equilibrium.
The CLICs are then chosen so as to maximize
social welfare (Section IIT); this then defines our
WIC securities. It turns out that the WICs are
defined in terms of eigenvectors of a variance
matrix of deviations of individual incomes from
per capita world income. We also show that
with these securities, the world interest rate
achieves a maximum, the risk-optimal interest
rate. With constant absolute risk aversion
(CARA) utility, if the variance matrix of in-
comes does not change through time, then, even
if there are major shifts in endowments across
groups, the WICs will not change through time,
nor will the individuals’ optimal investments
change. The markets for WIC securities need to
be set up only once and people have to decide
only once how much to invest in each security.
Thus, the creation of the new WIC securities is
a relatively simple, and potentially very impor-
tant, step to achieve welfare gains. Having made
a specification of utility functions, we are able
to derive estimates of the welfare increase in
dollars generated by the creation of the new
contracts.

In Section IV we discuss how to apply our
method of defining the WIC securities to the
data. We present a model of individual in-
come, the three-level income model, that
allows estimation of a restricted variance ma-
trix of individual incomes for the G-7 coun-
tries. A discussion follows to interpret these
results as suggesting opportunities for poten-
tially important new contracts. In Section V
we conclude.

1. Definition of Contracts and Risk Structure

There are two kinds of securities that are
traded in the economy: CLICs, which are long-
lived securities, and riskless one-period bonds.
Both kinds of securities are in zero net supply:
for every long there is a short. All CLICs are
assumed to be traded (constructed) for the first
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time at time 0, and people immediately make
optimal use of these contracts from that date
onward. The construction of the CLIC securities
at time zero is unanticipated by all individuals
in the economy. In contrast, bonds are assumed
already traded: the bond market is the one pre-
existing market that we represent in our model.
Some methods that take account of other pre-
existing securities are outlined in Athanasoulis
and Shiller (2000). There are N kinds of perpet-
ual claims, and [/ individuals, where presumably
I'is much larger than N. Individuals are infinite
lived, and in each period ¢, from 0 onward,
reevaluate their hoidings of these securities in
view of the prices of the perpetual claims P,,,
n =1, .., N, and the interest rate r, from ¢ to
r+ 1,

The model takes as exogenous the income
process {y;},, for each individual i, i = 1, ...,
1. The date that bonds began to be traded is ¢, <
0. Income y,; is derived from sources other than
the risk-management contracts or bonds, let us
say labor; it may also be called the endowment
of individual i at time ¢. Let y, be the /-element
column vector whose ith element is y,;. We will
assume that y, is a Gaussian random walk:

ey Yi= Yot g,

where £, is independently and identically dis-
tributed (i.i.d.) normal, with zero mean and with
variance matrix X that is constant through time.
In the rest of the paper we use the convention
that vectors are either /-element column vec-
tors, N-element row vectors, and, when appro-
priate, matrices are { X N.

Each CLIC specifies both a riskless payment
and a risky payment that must be made from the
short in the CLIC to the long each time period
starting with time ¢+ = 1. We will call the sum
of the riskless and the risky payment the divi-
dend of the nth CLIC, D,,. We call the riskless
payment the risk premium D, paid on the nth
CLIC in each period ¢ = 1. We will choose D,,
below so that the CLIC has a zero price at time
0, Py, = 0. D, may thus be thought of as a
regular insurance premium paid by the shorts in
the CLIC or regular risk premium received by
the longs in the CLIC; no other payment or
compensation for risk bearing is expected at
time 0. The assumption that the risk premium
is constant through time is natural, given our
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assumption that the variance matrix % is con-
stant through time.

We will denote the risky payment made from
the short to the long in each period from time
t = 1 onward by X,,, which may be positive or
negative. X,, is defined in terms of individual
endowments in such a way that Eq(X,,) = 0
and Var, _ (X,,) = 1. Setting this variance to 1
is just a normalization rule to define the size of
one CLIC. To define the aggregates we assume
that an /-element column vector A, is defined in
the nth CLIC at time 0, and the CLIC specifies
that X,, = (¥, — ¥o)'A,. The risky payment is
defined as a linear combination of the (unex-
pected) changes in incomes, given that risk
management began at time 0. When A, is
chosen optimally, as will be defined below,
the risky payment X,, will be our nth world
income component (WIC). Our objective be-
low will be to define this random payment
stream optimally by choosing the best vector
A, . We adopt the convention that A, is defined
so that the risk premium D, is nonnegative. If D,
were negative we would multlply A, by minus
one. This is just a convention deﬁning who is
called long and who short. We may write the
processes for the dividend, the risky, and the risk-
less payment as

) D,=D, fort=1,
3y X, = (YI - Y(])’An forr=1,
(4 D,=D,+X, fort=1.

Commitments to make payments specified
in the CLICs last forever, and at each time
period ¢ one can avoid making future pay-
ments only by selling the CLIC that one is
fong in or buying a CLIC that one is short in;
there is no free disposal and no default. Thus,
the price P,, of the nth CLIC at time ¢ can be
either positive or negative after time 0, de-
pending on which way incomes turn. If price
becomes positive after time O it means that
the CLIC is valuable to longs because it is
expected to make positive risky payments to
them. If price becomes negative after time 0 it
means that the CLIC is valuable to shorts because
it is expected to make negative risky payments to
the longs. Knowing this, people will at time O try
to take positions in the CLICs that help them to
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offset their endowment nisks, and each period
thereafter will reevaluate the ability of the CLICs
to do this; prices of the CLICs after time 0 and the
interest rate will be determined by the market-
clearing condition.

Our timing convention is as follows: In
each period ¢ individual i’s endowment y,; is
realized. The individual also receives pay-
ments from his or her securities holdings, that
is, receiving both dividends and interest from
the CLICs and the one-period bond. Individ-
ual i then decides how much to consume and
how many of the CLICs and the riskless
bonds to buy or sell, taking account of ex-
pected future payoffs of the securities as well
as the prices P,,,, n = 1, ..., N, and interest
rate r, that are simultaneously determined in
the competitive market. At time 0, in contrast,
no dividends are received, and individual i
chooses quantities of the CLICs and the bond
1o buy or sell. The risk premium D, is chosen
by the contract designer so that equ111br1um
prices of the CLICs at time zero Py, n
1, ..., N, are zero. Thus, at time zero the very
important risk-sharing commitments are made
and the only resources that change hands are
those for the purchase and sale of bonds as
well as payment of interest and principal for
bonds issued at time ¢t — 1.

Let X, denote the N-element row vector whose
nth element is X,,. Then, X, = (y, — Eyy)'A,
where A is the I X N matrix whose nth column 18
A, Let P, denote the N-element row vector whose
nth clement is P,,; D denotes the N-element row
vector whose nth element is D,; D, denotes the
N-element row vector whose nth element is D,
Note that D, = D + X,. We also adopt the nor-
malization that A’2A = I where Lis the N X N
identity matrix. This is just a normalization that
does not restrict our contracts,

II. The Constant Absolute Risk Premium
(CARP) Model

In this section we develop a general-
equilibrium model of the world that has the
property that the risk premia are constant
through time in absolute (dollar) terms. This
property yields important simplifications for our
purposes because it makes possible a closed-
form solution with a constant investment oppor-
tunity set in dollars rather than in percent, the
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latter used in Robert C. Merton (1971) and
others. Thus, we will see that there are simple
relations such as P,, = X,/r, where r is a
constant riskless interest rate.

We will assume that each individual ¢ at time
! maximizes

o

Er 2 ur(cr-l--ri)/(l + P)T »

=0

S Us=

where u(c, . ;) is felicity, or instantaneous util-
ity, of individual i at time ¢ of consumption at
time ¢t + 7, and p is the discount rate (i.e., the
subjective rate of time preference). We assume
that the felicity u,(c, . ,;) is defined by a nega-
tive exponential (CARA) function:

(6} ur(Cr+rr‘) = v>0.

—exp(—yc, 4 ),
This felicity function will allow us to compute an
explicit  closed-form  general  equilibrium
solution.? We assume that In{1 + p) > %YL/
3., a2, where o2 is the variance of the
innovation to income for agent ;. As will be
seen below, this ensures a positive market-
clearing real interest rate. We also assume the
mterest rate process is bounded.

Let us define q,; as the N-element row vector,
whose nth element is the number of securities n
owned by individual i at time 7. Let us also
define bond demand (in units of the consump-
tion good) of individual i at time #, earning
interest from time 7 to time ¢t + 1 as B,,. The
budget constraint of individual { at time ¢ is

) Ci =¥ (1 +rr~1)Br—1f"—Bn‘
+q,.- li(P.r + Dr)’ - q”'P:,

which holds for ali , though we require that q,,
is zero for ¢+ < 0.° Individual i maximizes

* The only known closed-form solution to an individu-
al's problem, with expected utility preferences that are
increasing everywhere, for a discrete time intertemporal
economy where there is investment in one-period bonds is
for individuals with CARA utility, see Ricardo J. Caballero
(1990). Paul Willen: (1999) also studies such an economy
with risky financial assets included,

? We assume that agents are not aliowed to pursue dou-
bling strategies. One can formulate precise conditions on
trading strategies so that they are ruled out [see, e.g., Darrell
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expected lifetime utility (5), subject to the bud-
get constraint (7), initial conditions B,_,; and
¥,; are given, and the no-Ponzi-game condition,
which is

(8) lim Et (ql+1‘i :+'r+ B:+ﬂ‘)

T—m

X [T U+r, )" =0
k=0

Yi=0,

where q,P; + B, is nonlabor wealth at time
t and E¥; is the expectation under a probabil-
ity measure, which is equivalent to the sub-
Jjective probability measure of individual i
used by individual i to evaluate the present
value of future income streams.* Further dis-
cussion with references about the no-Ponzi-
game condition can be found in the Appendix,
which is available from the author, upon
request.

A solution to individual i’s problem must
satisfy the Euler equation for bonds,

_ 1+ r,
(9 exp(—vyc,) = 1—+_p E,[exp(—vyc,. 1,)];

the Euler equation for the I risky securities,

1
(10) P:EXP( “"’)’C,,-) = ]__F_}; E:[CXP(_ YCe+ l:')

X (P:+1 + D:+1)], t=0;

Duffie (1996) for conditions in a continuous time ecanomy].
It has been shown by Edward Omberg (1989) that for
negative exponential utility, in the Black Scholes economy,
pursuing a doubling strategy leads to negative infinite ex-
pected utility.

1 As is standard in this literature, we assume that agents
trade at equilibrium prices and there are no arbitrage op-
portunities. However, when markets are incomplete, there is
not a unigue way to evaluate one’s borrowing opportunities.
Thus we must define for each individual how to evaluate
future income streams [see Michael Magill and Martine
Quinzii (1994)].
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and the following condition, so that the trans-
versality condition is satisfied:

Tt

<) | =0

We can rewrite this condition, equation (11), as®

(11) hm E:|:u’(cr+w)(qr+ﬂP;1-¢+ B[+Tf)

Yir=0.

(]2) lim Eﬁ[(qf-‘—nP;-*T_'—Bth)

T—

X 1_[ (1 +rr+k—|)_ij| =0
k=0

Vi=0.

We conjecture that the equilibrium interest
rate is constant through time, r, = r, that
the quantities demanded of the CLICs are
constant through time, q,; = q;, that price
equals X, discounted by the riskless interest
rate P, = X,,/r, {B,;}¢ s a linear determin-
istic function of time for all i, and that con-
sumption follows a random walk with a drift.
These conjectures can be summarized as
follows:

(13) r,=r fort =0,
X
(14) Pm: r fOrf:—;O,n=l,...,N,
(15) Qi = 4; for1=0,
(16) B,=u; + bt fori =0,

where a; and b, are constants, and

(17) Cri;Cf—li—I—.u'r‘-’_v:i fDI'le,
where p, is a constant and v,; is an error term
with zero conditional expected mean and con-

® For the general theory and discussion of a transversal-
ity condition equilibrium for infinite horizon economies, see
Magill and Quinzii (1994).
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stant variance v, ~ N(0, 02). A disadvan-
tage of our negative exponential utility model
is that, for some individuals, consumption
will eventually become negative; we assume
that this will not occur unti] the distant future,
and so disregard this problem. There is no
tractable or simple model that avoids all prob-
lems of approximation.

Moreover, we conjecture that v,; is jointly
normally distributed with the innovation &, and
uncorrelated with lagged values. We shall
establish that these conjectures are consistent
with general equilibrium by assuming them, and
then checking consistency with conditions for
individual maximization and with market clear-
ing at all times.

Note that if the conjectures hold up and the
interest rate r turns out to be a “small” num-
ber, then prices of the CLICs will make large
swings from period to period relative to the
change in income, reflecting the changed ex-
pected present value of incomes out to infin-
ity, and thus large capital gains or losses on
existing holdings of the CLICs. But the
changes pose no crisis for individuals because
they have no incentive or need to retrade the
CLICs. The situation is somewhat analogous
to that of homeowners who say that they do
not care about the swings in the value of their
homes because they will live in them forever.
Despite the possibly large price changes, peo-
ple are always in a very comfortable situation:
our model represents people as, in effect,
paying a regular insurance premium —D,, at
all times, receiving a payment X, as a sort of
insurance claim reflecting their changed eco-
nomic circumstances since time 0. If they
chose their investments in the CLICs right,
offsetting the change in their income since
time O, they can forget about making any
further adjustments in their investment
positions.

Using the first-order condition (9), the con-
jectured interest rate process {13), and using the
process for consumption (17), we find that

11 1+ r
(18) wi=n l+pE,f:xp( VU4 1i) |-

We now find the optimal investments of the
individuals q,,. Using equations (9} and (13),
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we can rewrite the first-order condition (1)
6
as

(19 P(1+7) - B[P, + X, +D]
= =y Covlc,y i Py + X1l

Moreover, using our conjectured price pro-
cesses P, = X,/r, and noting that E,[X,, ] =
X,, we may rewrite equation (19} as

(20) ]_) =% COV!(C{+I£> Pr+l + x:+1)-

To use equation (20) in order to find the
individual’s optimal investments q,, we need to
solve for the innovation in consumption »,;, to
obtain an explicit solution for the covariance
term. Using the budget constraint (7), along
with our conjecture of constant investments
(15), our conjectured bond demand (16), and
our conjectured consumption process {17), we
see that the innovation in consumption is linear
in the innovation in income and in price, which
is in turn linear in the innovation in income,
and so
21) wv,=¢e,+ QA'g, fort = I;
thus, our conjecture that z,; is jointly normally
distributed with &, is confirmed. v,; will have a
smaller variance than g,; because of the success
of the risk-management contracts. Note that »,,
~ N(0, 0'3’,), where

(22) U'i, =2+ q.q; + 2X,Aq;,

where ¥, is the ith row of X% and % is the ith
diagonal element of X,

Using equations (3), (14), (17), (20), (21),
and (22) we obtain

1 r _

Let q be an I X N matrix with q; in the ith
row. We can wrile ¢ as

¢ We use the fact that for any two random variables x and
v, E{xy) = E(x)E(y) + Cov{x, y) and, assuming joint
normality, we use Stein’s Lemma (see Charles M. Stein,
1981), that Cov{f(x), v} = E(f (x))Cov(x, ).
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(24) q D — 2A,

Tyl 4
where ¢is af X 1 vector of ones. This confirms
our conjecture that q, does not depend on 1.

In equilibrium we must have ¢'q = 0, that is,
these contracts are in zero net supply. Using this
equilibrium condition and equation (24), we
obtain the following equilibrium risk premia:

1 147#

(25) D= 7Y VA

r

If we substitute equation (25) into equation
(24), we obtain ¢ = —MZXA, where M = I —
(1/He’. M is symmetric and idempotent,
MM = M, and M = 0. For any vector A that
defines the risky payment stream, and with the
corresponding defined price processes, we have
derived the optimal demands for individuals,
and the equilibrium risk premia. We have also
confirmed that the risk premia are constant over
time, hence the name constant absolute risk
premium (CARP) model. We still need to de-
rive the equilibrium interest rate and the equi-
librium borrowing and lending by individuals.
We begin with the equilibrium borrowing and
lending by individuals. To do this we take the
budget constraint, equation (7), rearrange it, and
use the constant investment conjecture, equa-
tion (15), to obtain

(26) B,_; = (Cn' — ¥Yu— q,(X; + [_))r)
1 1
“NTT7) BT
for f > 0.

Equation (26) does not hold for time ¢t = 0
because there are no dividend payments at time
zero and because the interest rate prior to time
zero, r_;, need not equal r, the equilibrium
interest rate from time zero on. Instead, the
budget constraint at t = 0 is

(27) By = yoi — cor + By

where By, is the initial value of bonds at time 0
just before trade, equal to B_ (1 + »_,). Once
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we solve for c,;, then from equations (17), (27),
and (26) we can obtain the path for borrowing
and lending for each individual i. If we take
expectations conditional on information at time
¢t and solve equation (26) forward, noting that
lim,_,. E,(B,, [1/{1 + r}]" = 0, and sub-
stitute equation (17) into the resulting equation
we obtain

1y? 1
(28) B,_; = “r‘ Mf"'?(f—'u_)’u‘

—gX,~qD') forr>0.
Substituting equation (27) into equation (28) for
t = 1 and taking expectation at ¢ = 0 and
solving for c,; we obtain

1 _
(29) Coi = Yo + 1+ 7 q.D’

1 r -
r Mt 1+, 2o
and fortr = 1,
(30) Ci = yut+ qfl—)’ + q.X;
i
+rB,_i — ',: M.

From (27) and (29) we have

_ 1
gD’ + —— B,.

1 1
31y By, = L+ 7

r'u"71+r

We can further show (see the Appendix) that

od

(32) B, = By + pabl

and thus, it u, is constant, we confirm our
conjecture that bond demands are a linear de-
terministic function of time with a; = By, and
b, = pr. We still need to derive what the
value of y,; is in equilibrium. We do this when
we find the equilibrium interest rate. To solve
for the equilibrium interest rate we note that all
bond demands by all individuals must sum to
zero or, by Walras® law, we can simply use the
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equilibrium condition in the goods market,
that is,

! !
(33) E c,y = 2 Y-

i=1 i=1

Recalling that 2/_, q; = 0 and Z/_, B,, = 0,
we have

!
i=1

Now substitute equation (18) into (34) to
obtain the equilibrium interest rate:

i .1
(ﬁ)mu+ﬂ=mu+m—5ff20;

i=1

The interest rate r will always be less than or
equal to the subjective discount rate p, and
strictly less so long as individuals still bear
some rtisk in equilibrium. Note that the interest
rate r_, before the CLIC securities are con-
structed is given by the same expression but
with o2 in place of o=.

Now ‘if we substitute equation (35) into (18)
we obtain

1 1 I
= — 2 2
(36) .“'f 2 FY( (rn,i ] 2 O-wj) »

i=1

which confirms our conjecture that u; is con-
stant through time.

A. Discussion

The equilibrium in the constant absolute risk
premium model can be summarized in just nine
equations. Consumption is given by a simple
difference equation (17), where the right-hand
term v,; is given by equation (21) and the term
., is given by equation (36). The initial condi-
tion for the difference equation, at time 0, is
given by equation (29). The demand for the two
kinds of securities is given by equation (32) for
bonds [with bond demand at time 0 given by
equation (31)] and equation (24) for the CLICs.
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The risk premia are given by equation (25) and
the interest rate is given by equation (35).

We can see from the consumption processes
(17) and the error term (21) that one of the
benefits from investing in the CLICs is the
possible risk reduction in one’s consumption
process. Let us for the moment assume that
there are no CLICs in the economy and only
bonds are traded. Then, of course, one will be
unable to reduce the riskiness of one’s con-
sumption process, though one is able to save
some of his or her income in case there is a bad
shock in the future, Because all of the shocks to
income are permanent shocks there is no possi-
bility of “smoothing” shocks over time through
borrowing and lending. This particular motive
for savings is the precautionary motive for sav-
ings.” Because transitory shocks can be
smoothed away with borrowing and lending,
CLICs would not be very useful if most of the
shocks in the economy were transitory. It is the
permanent component of the shocks that CLICs
are useful to hedge.

To interpret this savings motive in this model
we notice that the shock to consumption will be
identical to the shock to income when there are
no CLIC securities to trade the risks in the
economy. As such, given the consumption pro-
cess, we have that with only a bond market and
no CLIC securities, the drift term w; will de-
pend on one’s own consumption risk, which in
this case is equal to income risk, relative to the
average consumption risk in the economy (36).
In particular, individuals whose risk is larger
than average will iend to individuals whose risk
is less than average.

Our intuition tells us that this should be the
case: individuals with a riskier consumption
path will lend because there is a higher prob-
ability that a bad shock will be worse for them
than it will be for someone with a less risky
consumption path. We must keep in mind our
assumptions that lead to this result; all indi-
viduals have the same coefficient of absolute
risk aversion, all individuals have the same
raie of time preference, the third derivative of
the utility function is positive, and utility is

7 Caballero (1990) covers this precautionary motive for
savings for an individual when income follows general
ARMA processes.
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additive separable. It is known that when util-
ity is separable and the third derivative is
positive and one cannot insure their income
shocks, then an increase in the volatility of
the income shocks will reduce consump-
tion and increase savings today [see, e.g.,
Caballero (1990)].

Now, once CLIC markets are included in the
model, what will change is the variance of the
consumption process and the drift term in the
consumption process (because it is a function of
the variance in the consumption process), as
well as consumption at time zero. Thus when
there is only a bond market, an individual in the
economy may be a lender because he or she is
riskier than average, whereas the same individ-
ual in the economy when there is a bond market
and one CLIC market may be a borrower if his
or her consumption process is less risky than
average after taking positions in the CLIC mar-
ket. The reason why this may occur is that by
taking positions in the CLICs, if the CLICs are
well correlated with one’s endowment process,
then one will be able to hedge much of his or
her risk. As such, if one lays off much of his or
her risk, the precautionary motive for saving
(lending) declines.

We also see that consumption at time zero
changes when we include CLIC markets, not
only because the precautionary motive for sav-
ing changes, u,;, but also because we expect
future payments from the CLIC securities as
dividends (29), [1/(1 + r)}q,D’ and interest
payment from bonds at the new interest rate.
When we take positions in the available CLICs,
we expect at time zero to receive from time ¢ =
l, ..., © a dividend stream equal to the risk
premium, which is q,D’. This part of the divi-
dend component is riskless. The individuals will
also consume the risky part of their dividends as
well. To smooth the riskless part of one’s div-
idend stream over an entire lifetime, individual
i consumes [1/(1 + r)]q,D’ of it in each period
of his or her lifetime. Consumption at time zero
also changes because of the change in the in-
terest rate, the last term in equation (29),
[r/(1 + r}]1By,;. By, is the value of individual s
bonds held over from ¢+ = —1 at time zero.
Given that the interest rate changes from r_, to
r, we expect future interest payments on these
bonds from ¢t = 1, ..., = to be rBy;. To smooth
this over one’s lifetime, individual { consumes
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[1/(1 + r)]rB;,; of it in each period of his or her
lifetime.

Thus the savings decision is affected by the
new CLIC securities. From equations (32) and
(31) we see that savings decisions (buying
bonds) will depend on the precautionary motive
w;, and on a “smoothing” motive, the second
and third term on the right-hand side in equation
(31). Let us look at the demands by individuals
for the CLICs (24). We see that an individual
will demand more of a CLIC the higher its risk
premium D. An individual will demand more of
a CLIC the less the CLIC covaries with the
individual’s endowment, where XA is the row
vector of covariances of the CLICs with the
individual’s endowment. This is as we expect:
the higher the expected payoff of a security, the
higher will be the demand for that security.
The higher the hedging services of a security,
the more attractive is the security to an investor
and the more the investor will demand.

The risk premia will depend on the covari-
ance of the aggregate consumption processes
with the values of the CLIC security next period
[see equation (20)] and aggregate over i =
1, ..., I. This is a standard result in intertem-
poral capital asset pricing, which was first
clearly exposited by Douglas T. Breeden
(1979); the generality and robustness of this
result was indicated by Sanford J. Grossman
and Shiller (1982). Our conjectured processes
for prices and the risky component of dividends
ensures that the risk premia D will be constant
over time. In particular we have devised secu-
rities in which individuals will take positions at
time zero, consume the dividends forever, and
never rebalance portfolios. Given these prices
and dividends, individuals will always maintain
the same investment positions in the CLICs.

The equilibrium interest rate will depend in
part on the rate of time preference in the econ-
omy (35). One way to see how is to take a world
where there is no risk. Then the interest rate will
equal the rate of time preference and there will
be no borrowing or lending in the economy. We
can sce this because the drift term will neces-
sarily be zero in the consumption processes for
all individuals and, thus, the consumption and
income processes will coincide in this case and
both will be riskless. Given that the rates of time
preferences are the same across individuals, no
one will want to borrow or lend because of
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patience or impatience in this world, in that we
have effectively assumed this away by assum-
ing the same rate of time preference across
individuals.

Once we introduce risk in the economy, the
interest rate will still depend on the rate of time
preference but will also depend on the average
risk of consumption in the econcmy. As an
example, take a world where there is no risk in
the aggregate but individuals have some risk in
their endowment. Then in a world with only a
bond there is still a motive to save for precau-
tionary reasons and the average risk in the econ-
omy will also determine the interest rate. If
there were CLICs in the economy that allowed
all individuals to hedge their income risk per-
fectly, then the interest rate would once again
equal the rate of time preference and there
would once again be no borrowing or lending.

If we are in a world where there is some
aggregate risk, that is, market risk, then the
interest rate will always be less than the rate of
time preference. Even if everyone is perfectly
hedged, the interest rate could never equal the
rate of time preference. The reason for this is
that, as long as all individuals have some risk in
their consumption processes, they will have a
precautionary motive for saving. Thus if the
interest rate equaled the rate of time preference,
and all individuals held the market portfolio
(world portfolio), then all individuals would
want to save as a precautionary motive. How-
ever, the market for bonds would not clear
because all individuals would demand bonds.
Thus the interest rate would have to be lower
than the rate of time preference to offset this
precautionary motive for savings to clear the
bond market.

I11. Contract Designer’s Problem:
The Risk-Optimal Interest Rate

Let us now turn to the contract designer’s
problem, which is to define a small number,
N <€ ], of optimal securities, WICs, and to show
the designer wishes to maximize the inferest
rate, We assume that the contract designer
wishes to choose A to maximize a social wel-
fare function, which we assume is the negative
sum of the log of negative lifetime expected
utilities over all individuals, where the individ-
ual’s utilities are maximized, given equilibrium



VOL. 91 NO. 4

prices P, dividends D,, and interest rate r. The
contract designer maximizes

I
(37) So=—2 In(=U,),
i=1
subject to
(38) A'ZA=1

By assuming that the social welfare function is
loglinear, we achieve much simplification of
expressions. It is also the social welfare func-
tion that results in the same contract design
problem as in the one-period mean-variance
case under similar assumptions.®

To solve the problem for the contract de-
signer, we must derive an expression for the
lifetime expected utility for the individuals in
the economy. We can show (sec the Appendix
for derivation) that lifetime expected utility at
time zero U, can be expressed as

1+ r

(39) Uy = — exp(—ycy:),

and so, using equations (33) and (39) and sub-
stituting into equation (37) we can rewrite the
social welfare function as

(@0) So= -2, (In(L + r) — In(r) — vyyy).

i=1

One will notice that the social weifare func-
tion is monotonically increasing in r. Thus to
define new contracts all we need to do is to
maximize r or In{l + r) with respect to A,

* In social welfare theory, it is normally assumed that the
social welfare function is an increasing and concave func-
tion of individual utilities [see, e.g., Andrew Mas-Colell et
al. {1995)]. Ours being convex in individual utilities, and
utilities being negative exponential, effectively offsets di-
minishing marginal utility and results in our maximizing
risk sharing, that is, minimizing consumption variance,
without regard to income levels. In practice when we ex-
perimented with concave social welfare functions, optimal
contracts were in effect designed for people in the poorest
regions of the world. These are the regions where we
suspect that innovative risk-sharing institutions are least
likely to succeed in practice.
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subject to the normalization constraint (38).
Equivalently, using equation (35), we can max-
imize tr(q'q) or, in terms of the A matrix, we
can maximize the expression®

41) S, = (A’SMZA),

where we have defined M = T — (1/D)ud’,

We set up the Lagrangian that represents the
constraint that diagonal elements of Var(X,) =
A'ZA equal 1 and off-diagonal elements equal
0. The Lagrangian is

(42) L = tr(A’SMZA)
N n

- z E (A:HZAH - e(m’ n))Amn

n=1m=1

where

0 whenm+# n
43)  elm, n) = { 1 whenm = n.

First-order conditions for a maximum are

aL
(44) ——— = 3M3IA, — ZA,A,,

IA,
N n
- 2 2 2"Am’\mn=0:’
n—1m=1
n=1, .., N;
45) = ALSA,— 10
( ) a)l,m_ n n o L T W,
n“_la 3N7
and
oL
(46) =A'SA =0, m#n

ar,,

In this case, we need consider explicitly only
the diagonal constraints in A'XA = T because
the off-diagonal elements will be zero even if
unconstrained. This particular result is shown in

® To obtain this particular expression see the Appendix.
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J. N. Darroch (1965) and in Masashi Okameoto
and Mitsuyo Kanazawa (1968). In matrix form,
the first-order conditions reduce to

47 MZA = AA,

where A is a diagonal matrix whose nth diag-
onal element is A,,,. Thus, the columns of the
desired matrix A are determined as N eigenvec-
tors of the matrix M2, whose ijth element is the
covariance between the deviation of individual
i’s income from world-average income and in-
dividual j’s income. To find which eigenvectors
should be included in A, we premultiply (47)
by A'% and using A'2ZA = I, find that
A'SM3A = A, which is diagonal. Comparing
this with (41) we find that the objective function
equals the sum of the cigenvalues of the in-
cluded eigenvectors. Thus the social planner
chooses the N ecigenvectors with the largest
eigenvalues to define the WICs, We will ar-
range the columns of A in order of decreasing
eigenvalues, so that the more important con-
tracts are toward the left.

We now show that al of our optimal WIC
securities will be essentially swaps. Postmultl-
plying (47) by A~', one finds that A =
MZXAA ™. Given that M is idempotent, MA =
MMZ2AA ! = A It follows, given that ¢'M =
0, that 'A = 0. Thus, the sum of the elements
in each column of A equals zero.

Given that MA = A, we can rewrite (47) as

(48) MIMA = AA.

A is just the matrix of the N eigenvectors of
M2M corresponding to the highest eigenval-
ues. MZM is the variance matrix of deviations
of individual endowments from the world en-
dowment. If we substitute equation (25) into
equation {24), we obtain ¢ = —MZ2A. Because
we have that q = —MZA, from (47) we also
see that @ = — AA. Note also that, because A is
an eigenmatrix of a symmetric positive-semi-
definite matrix, A’A is a diagonal matrix. Given
that A’SA = I, the diagonal elements of A’A
are inversely proportional to the corresponding
eigenvalues.

We can now, using the risk-optimal interest
rate model, produce measures that place a dollar
value on the availability of these WIC securi-
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ties. The amount of (certain) endowment in-
crease per period for individual i to be as well
off without the N WIC securities as with the N
WIC securities is given by F. Define ¢;; as
the consumption stream for individual i if WIC
securities were never constructed, and only a
bond market exists. Also, define r_, in contrast
to the risk-optimal interest rate, as the interest
rate that would obtain if there were no WIC
securities; it is the interest rate prior to the
construction of the new WIC securities. Then
F,y is the solution to

=

(49)  Eo| > uoler + Fi)l(1 + p)”

=0

o

=L, 2 ugle (1 + p)7 |,

T=0

where F,,; is a constant. We can solve for F,,,

aSlU

1
(50) Fuy = (co; — cqi) + ;(lﬂ(?’)
—In(l1+ 7)) —In(r_) + In{l + r_)).

We see that the welfare gain measure depends
on two terms, the first of which is the change in
time zero consumption from before to afier risk
sharing. The second term takes into account the
change in the interest rate, which will be posi-
tive here, given that > r_, Note that for some
individuals the first terms will necessarily have
to be negative so that the goods market will
clear at time zero.

One of the interesting results in this section is
that the contract design problem (under the as-
sumption that the welfare function, which is the
sum of the negative logs of negative expected
utilities), results in the contract design problem
that is identical to that in a one-period mean
variance world, where agents have identical co-
efficients of absolute risk aversion [compare
equation (47) with Athanasoulis and Shiller

19 gee Appendix for derivation.
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(2000} Theorem 1]. As such, we are able to
make simple prescriptions on how optimal
contracts are to be chosen. One estimates a
variance matrix and uses equation (47) to
choose the A matrix. One will notice that
under the assumptions in this model, if the
contract designer were allowed to change the
A matrix after time zero, the designer would
not because that same A matrix would still be
optimal. Thus the contracts designed here are
time consistent.

IV. An Application: The G-7 Countries

As an example of our methods we apply it to
the G-7 countries: Canada, the United States,
Japan, France, Germany, Italy, and the United
Kingdom. These are representative of the devel-
oped world where innovative risk management
contracts are most likely to succeed today. To
apply our methods we need estimates of the
variance matrix 3, the real risk-free interest rate
r, the coefficient of absolute risk aversion v,
and the rate of time preference p.

A few points are very important in the un-
derstanding of the results below. First, the vari-
ance matrix is the only parameter that will affect
the WIC securities and the optimal demands for
the WIC securities. The choice of the nterest rate,
the coefficient of absolute risk aversion, and the
rate of time preference will have no effect on
these, although they will affect the welfare gains.
In that we are able to formulate the contract design
problem as, in effect, a one-period problem, dis-
counting does not matter in the estimates of con-
tracts, although clearly discounting will affect the
contracts” worth to individuals.

A, A Three-Level Income Model
of Individual Income

We are able to estimate the matrix ¥ for
individuals in these countries, even though its
dimensions are very large (the combined popu-
lation of these countries in 1992 was
644,594,000), by assuming that all individuals
within a country have the same income (endow-
ment) process and using a model of the changes in
incomes of individuals that implies that the entire
matrix is determined by four parameters, Qur
three-level income model represents the change in
individual i’s income from ¢ — 1 to # is taken to be
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the sum of three components representing three
levels of income comovement:

(51) Ayrr' = By = Up, + U, + Uy,

where u,,, is a world shock, common to all
people in the world; u,., ¢ = 1, ..., 7, is a
country shock, common to everyone in country
¢ but uncorrelated with the country shock of
individuals in other countries; and u,,, 5§ =
1, ..., 7, is a spatial shock that is common to
everyone in country s but correlated with the
spatial shock of individuals in other countries
according to a spatial model."! Each of the three
shocks is assumed to be normally distributed
with zero mean and constant variance through
time, serially uncorrelated, and uncorrelated
with the other two shocks. Note that the ex-
pected changes to income is zero, which is also
the case in the estimation.

With this method of estimating 3., we impose
prior restrictions that all individuals have the
same mean (zero) and variance of changes in
real per capita income (endowment), and that
covariances are determined by a spatial compo-
nent of risk between countries and a common
component of risk, These prior restrictions
make it possible to estimate a sensible variance
matrix with limited data, one that represents
world, idiosyncratic, and spatial shocks, but that
otherwise represents countries symmetrically.

Our prior assumptions for estimating the
variance matrix of changes in real per capita
national incomes are represented by the follow-
ing formulas for the clements of 3:

(52) oy, = exp(a”) + exp{a’) + exp(a’)

i=1,..,1
o, ; = exp(a”) + exp(a’)exp(—éd, ;)

i#]j,

' If we were to expand this model to a four-level income
model by adding an individual specific shock, that is, a
shock specific to each individual in each country, the results
of this section would be unchanged. From equation (47) and
using the fact that MA = A, one can see that if we add an
identity mairix times a constant to 2, then the equations are
solved by the same A matrix, whereas the eigenvalues are
each increased by an amount equal to the constant,
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where d;; is the distance between countries (indi-
viduals) { and j, measured as air miles between the
major city in the respective countries. We used the
air mile distances between the major cities Mon-
treal, New York, Tokyo, Parts, Berlin, Rome, and
London. The parameters to be estimated are o,
o, and o, which are associated with the world,
country, and spatial components, and 8. The cor-
relation between the spatial shock of individuals in
country  with the spatial shock of individuals in
country j is exp(—dd, ;). Because & is positive, the
farther away the major city of two countries, the
fess is the covariance of per capita income be-
tween the two countries. This formula corre-
sponds to a valid (i.e., the variance matrix is
nonnegative definite for any placement of cities)
isotropic (i.e., the model is invariant to rotations of
the coordinate system) spatial model where the
cities lie in RR* [see Noel Cressie (1991 p. 86)].
The formula also corresponds to a valid isotropic
spatial model where the cities lie on the surface of
a sphere and distances are measured along great
circles, as in our application to the earth. More-
over, the variance matrix is strictly positive
definite unless two cities coincide.

This formulation restricts all covariances to
be positive, The prior restriction that all covari-
ances are positive may seem strong, but it is
maintained here as a sort of commonsense prior
notion that there is really no reason in general
for any pairs of countries to tend to move op-
posite each other. This restriction may serve (o
reduce the possibilities for diversification, by
eliminating the negative correlations that diver-
sifiers seek. The effect of the restriction will
tend to be to make it more difficult to make a
case for the WIC securities.

We estimate all parameters in the variance
matrix with data on per capita gross domestic
products in 1985 U.S. dollars from the Penn
World Table [see Summers and Heston (1991)
updated to 1992 from http://www.nber.org]. A
maximum likelihood estimate is taken using the
42 observations on per capita income changes
for each country. Future work will examine
similar models of the variance matrix with other
“commonsense” priors.

B. Calibration of r, v, and p

In this section we specify the real risk-free
interest rate # and the coefficient of absolute risk
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aversion y. Once we specify these two param-
eters, the subjective rate of discount p is deter-
mined by equation (35). Empirical studies have
found wildly different estimates of the coeffi-
cient of relative risk aversion parameter (and the
discount rate), depending on the kind of circum-
stances that generate the data [see Richard H.
Thaler (1990)). Values of the coefficient of rel-
ative risk aversion have been estimated in the
100°s, but these may be regarded as implausibly
high; we choose it equal to three as representing
a sort of consensus by many who work in this
literature as a reasonable value to assume. To
obtain the coefficient of absolute risk aversion
v, we take the average income in 1992, y =
14783.43 (see Table 1) and setting y = 3/y,
we obtain y = 0.000203.

To obtain an estimate of r, we use the data
from J. Huston McCulloch and Heon-Chul
Kwon (1993) for one-month maturity zero
coupon bonds for the whole sample, 1946:12-
1991:2 for the nominal interest rate. To obtain
an inflation series we use the CPI-U not season-
ally adjusted from the U.S. Bureau of Labor
Statistics (BLS). We take the geometric average
of the real interest rates and obtain r = 0.49
percent as the annualized real interest rate. With
these values of » and <y we obtain from equation
(35) that p = 0.0077.

C. Results

The estimated parameters of (52) are dc':” =
11.05, @& = 9.88, & = 10.82, and & =
0.00017. These imply a standard deviation of
annual per capita income change of $364.60,
and a standard deviation of the 25-year income
change of $1,823. Of the three components, the
most variable is the world component, which
has no effect on our WICs because the world
component cannot be hedged away. The spatial
component is somewhat more important than
the country-specific component: its standard de-
viation 1s 1.6 times larger. The estimate of &
implies that the correlation between the spatial
components of the United States and Canada
(320 miles) is 0.95, whereas the correlation
between the spatial components of the United
States and Japan (6740 miles) is 0.32.

We show, for N = 2, the elements of A for
individuals in each country in Table 1. Because
each individual within a country gets the same
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TABLE 1—PoPULATION, 1992 GDP pER CAPITA, OPTIMAL CONTRACTS, AND OPTIMAL INVESTMENTS

1992 population 1992 GDP Ay A,
Country {in 000’s) (per capita) (%1079 (<1079 qQ, 4
Canada 27,445 316,362 6.04 —0.60 —58.44 3.99
(1.32) (0.84) (17.2) (5.2)
United States 255,000 $17.945 i4.62 —4.40 —141.48 2941
{1.05) (3.23) (9.5) (19.2)
Japan 124,000 $15.105 —16.33 —24.21 157.97 161.81
(320 (14.03) (27.7) (79.7)
France 57,372 $13,918 -7.41 17.79 71.67 —118.94
(2.27) (9.64) (22.%) (54.1)
Germany 65,120 $14,709 —8.54 17.24 82.59 —115.24
(1.73) (9.30 (18.5) (52.3)
Ttaly 57,809 $12,721 —8.34 17.33 80.71 —115.86
{1.61) (9.09) (17.6) 5Ly
United Kingdom 57,848 $12,724 —7.03 17.20 68.06 —-114.94
{(2.24) (9.33) (22.4) (52.3)
Nores: The A,, columns, n = 1, 2, give the ith element of A,, if individual 7 is in the country shown in the leftmost column.

The A;, elements shown therefore give the weight given 1o the income of each individual in a country in determining the
dividend paid on one contract #. The numbers in the optimal investment columns q,, , # = 1, 2, are the numbers of contracts
# individual / will buy according to the theory if the individual is in the country shown in the leftmost column. $ denotes 1985
U.8. dollars. The risk premia are D; = $1.76 when one WIC is constructed and D, = $1.69 and D, = $0.41 when two
WICs are constructed in 1985 dollars. Standard errors, in parentheses, were obtained with Monte Carlo methods.

weight, we need not display all 644,594,000
rows of A: we show only one of the rows for
each country. Looking at the first column of the
A matrix, in Table 1 we see that the first con-
tract is essentially a U.S. versus Japan swap.
This contract weights individuals in the United
States and individuals in Japan in the opposite
direction with the highest weights. In this con-
tract there are also weights on the core Euro-
pean Union {Core-EU) countries, which we
define as France, Germany, Italy and the United
Kingdom, and these are on the same side as
Japan with similar weights, although they are
about half that of Japan’s. Canada has a positive
weight, as does the United States, with less than
half the weight that is given to U.S. individuals.
As such we expect that the U.S. and Japanese
individuals will gain the most benefit from this
contract.

From the second column of A in Table | we
see that contract 2 is essentially a Japan versus
(Core-EU) swap. The two contracts also span,
approximately a U.S. versus (Core-EU) swap.
This can be achieved by taking a long position
in the first WIC and about two-thirds of a short
position in the second.

With these two WIC contracts it is possible
for the United States, Japan, and the Core-EU as
a group, to achieve “most” of the risk sharing

possible between them. We see in the next two
columns of Table 1, the first two columns of the
q matrix show that the largest investment posi-
tions in the first W1C are taken by individuals in
the United States and in Japan. The United
States takes a negative position in the contract
because it has a positive weight in the contract,
so that it sells off some of its own income
(endowment) risk. Japan on the other hand
takes a positive position because it has a
negative weight in the WIC. Thus the indi-
viduals in the United States pay a premium
when they take positions in the WIC, given
that we normalize D to be positive, whereas
individuals in Japan receive a premium. The
investments by the Core-EU are about half
that of Japan and for Canada about one-third
that of the United States. One can see similar
results in the second column of g with the
United States and Canada being insignificant
in that WIC.

As mentioned earlier, only the variance ma-
trix matters for contract definition and invest-
ment positions in the WIC securities. As such
there are two effects that are driving these re-
sults. One is the differences in populations,
whereas the second is the correlation between
countries. One way to investigate this is to
lock at the WICs if the variance matrix: (a)
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TABLE 2—WELFARE (GAINS IN DOLLARS AND AS PERCENT OF 1992 CONSUMPTION

F.ICy FplCy F/Cy
Country Fi Fj Fie {percent) (percent) (percent)
Canada $ 75.59 % 88.76 $688.57 0.46 0.54 4.21
(3 40.26) {$ 41.99) (3 54.84) (0.25) (0.26) (0.34)
Untited States $398.85 $415.12 $422.94 222 2.31 2.36
($ 51.28) {$ 47.53} (% 48.55) (0.29) (0.26) (027
Japan $495.00 $980.96 $968.95 3.28 6.49 6.41
($155.9) ($127.4) ($125.2) {1.03) (0.84) (0.83)
France $109.11 $385.25 $706.13 0.78 2.77 5.07
($ 73.09) (3 67.14) ($ 66.76) (0.53) {0.48) (0.48)
Germany $141.91 $400.53 $718.99 0.96 272 4.89
($ 64.24) ($ 59.62) ($ 72.15) (0.44) (0.41) {0.49)
ltaly $135.92 $397.43 $775.28 1.07 312 6.09
($ 58.52) (3 60.04) ($ 75.71) (0.46) (0.47) (0.60)
United Kingdom $ 9928 $358.27 $696.95 0.78 2382 548
(3 68.71) ($ 62.88) ($ 68.89) (0.54) (0.49) {0.54)

Notes: F,y, F», and F, are welfare gains in 1985 U.S. dollars each year if 1, 2, or 6 WICs are created. Under our assumptions,
with 6 WICs risk sharing is complete, and so F 4 represents the total possible welfare gain from risk sharing. £,,/Cy . F,./Cy .
and F,/Cy are welfare gains in 1992 as a percent of 1992 consumption. For these calculations we used r_ = 0.49 percent,
v = (L.0002029, and consequently p = 0.0077. The equilibrium interest rate when one, two, and six WICs are constructed
is .52, 0.54, and 0.56 percent, respectively. Standard errors, in parentheses, were obtained with Monte Carlo methods.

had only a world component and country
component and (b) had only a world compo-
nent and a spatial component. In case a, given
the model for the preceding variance matrix,
what would drive the results is the differences
in populations across countries. In general the
first eigenvector will pick up, ronghly speak-
ing, a swap between the country with the
largest population versus all other countries;
the second will be a swap, roughly speaking,
between the country with the second largest
population and the remaining countries with
smaller populations and so on. Thus in con-
tract one, the United States and Canada would
enter with opposite signs because Canada has
the smallest population and the United States
the largest. In case (b), where spatial correla-
tions drive the results, one finds that the
United States and Canada in the first and
second contracts have very similar (positive)
weights with the same sign. The other coun-
tries have similar (negative) weights as in the
contracts in case a. Thus one may ask why the
United States and Canada in Table 1 have
such different weights: it is because, when
comparing them according to spatial correla-
tions, they are the most similar countries but
comparing them according to populations,
they are the most different countries.

We could extend our estimated variance

matrix to include some of the smaller EU
countries, Belgium or Denmark for example,
and using their distances to fill out the vari-
ance matrix with the estimated parameters.
Then the incomes of individuals in these
countries would receive smaller weights than
do the Core-EU countries in the columns of
the A matrix, just as individuals in Canada get
smaller weights than do individuals in the
United States. As such these smaller EU
countries would not be significant in the first
few contracts,

The welfare gain for the couatries involved
are given in Table 2. The first three columns of
numbers report the endowment increase needed
each period to make individuals as well off
without risk sharing as they would be with risk
sharing using N contracts. The last three col-
umns report the first three columns as a percent-
age of consumption that would have been
realized at time zero if no risk sharing
occurred.'?

12 Note that adding securities need not increase the wel-
fare for each country: for Japan, F, is less than F, in Table
2. Adding WIC securities does not always raise social
welfare in each country. Adding securities changes interest
rates and risk premia in existing markets, which may have
an adverse effect on individuals in some countries even
though risk-sharing opportunities are increased.
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The welfare gains are quite substantial. No-
tably, creating the first contract alone creates a
welfare gain for Japan of $495.00 per capita and
for the United States of $398.85 per capita, each
year in perpetuity. The reason for the large
welfare gain is that the United States and Japan
are geographically far apart, and hence the vari-
ance matrix has them little correlated with each
other, so there is substantial opportunity for risk
sharing between them. The random walk as-
sumption means that these independent year-to-
year discrepancies between U.S. and Japanese
income levels accumulate and may result in
large differences in standards of living between
the two countries, in the absence of the risk-
sharing contract,

Creating the second contract increases the
welfare gain for Japan by another $485.96, but
has little extra benefit to the United States,
which attains an additional welfare gain of only
$16.27. The second contract is, in effect, de-
signed to exploit the large geographical distance
between Japan and Europe, which is nearly as
great as the distance between Japan and the
United States. Because of the relative geo-
graphic proximity between the United States
and the Core-EU, the contract designer effec-
tively left the United States out of this contract.
Although the Core-EU is substantially corre-
lated with the United States, the United States
can derive little extra benefit from a (Core-EU)-
Japan swap, given that it already has essentially
a U.S.-Japan swap, and so those in the United
States buy very little of this contract and hence
achieve little welfare gain from it.

Welfare gains for the other countries from the
first two contracts are also substantial, around
$400 for each country except Canada. Canada
achieves less benefit than the other countries
from the first two contracts. Because of Cana-
da’s relatively small population, the contract
designer effectively gives relatively little weight
to Canada in designing the first two WICs, and
thus these offer little opportunity for Canadians to
hedge their country-specific shocks and achieve
little welfare gain for Canada.

D. Discussion of Possible Biases in the
Calibration Results

The results presented here are meant to be
illustrative and plausible as a first pass. But we
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are aware of possible weaknesses in our as-
sumptions and of possible arguments for other
calibration parameters. In the risk-sharing liter-
ature, there is a wide variety of assumptions
about the risk-free rate, the risk-adjusted growth
rate, the parameters of risk aversion, and the
measures of risk [see, e.g., Eric van Wincoop
(1999)]. There are also differences in functional
form of the utility function: a CRRA utility
function is often assumed instead of our CARA
utility, and some studies use nonexpected utility
preferences to separate the coefficient of rela-
tive risk aversion from the elasticity of inter-
temporal substitution, such as those found in
Larry G. Epstein and Stanley E. Zin (1989) and
Philippe Weil (1990).

Given the wide variety of assumptions, it is
difficult to summarize the reasons for differ-
ences between our results and theirs. Still, some
exercises with our model in which we adjust
some of our calibration parameters to values
found in other studies are suggestive. We focus
here on the impact of these assumptions on
welfare gains, not on the contract definition as
embodied in the A matrix. In our model, the A
matrix depends only on the estimated one-
period varniance matrix and not on the parame-
ters of the utility function,

For brevity, we will single out for compari-
son one study by Karen K. Lewis (2000) that
uses the same data set and the same set of
countries as ours, but that arrives at lower esti-
mates of the welfare gains from risk sharing.
Because her study, as well as many others,
stresses the welfare gains from full risk sharing
(i.e., creating all six markets in this paper), we
will be comparing our welfare results for creat-
ing all six markets to her numbers. That is we
compare the column Fs/cy in Table 2 with her
Table 2, the column where ¥ = 6 = 2 and all
countries have the same mean growth rate.!
The unweighted average of the welfare gains in
Lewis (2000) is 0.59 percent. In our Table 2 the
unweighted average of the welfare gain across
countries is 4.93 percent, a much higher welfare
gain.

Her model appears different from ours in

"* Because she uses Epstein and Zin (1989) preferences,
it becomes CRRA preferences with a coefficient of relative
risk aversion of 2 when v = @ = 2,
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several dimensions. Hers is based on assump-
tions of CRRA utility (when she parameterizes
the utility function with y = 8 = 2), a nonzero
growth rate (the same for all countries), and she
uses consumption rather than income for her
endowment process. Her shocks are persistent
in log endowment (the log endowment follows
a random walk with a drift), whereas ours are
persistent in levels. We still believe that there
are some basic similarities that make it possible
to compare our results with hers if we align
some parameters with hers. Although we do not
have expected growth in our model, if we match
the risk-free interest rate in our model with her
appropriate overall discount rate (risk-free rate
less risk-adjusted growth rate) and/or we match
the coefficient of relative risk aversion, the
comparison is reasonable.

In our parameterization for Table 2 we used a
coefficient of relative risk aversion of 3,
whereas Lewis assumed 2. Lowering this pa-
rameter in our model to 2, and making no other
changes in our calibration, our revised Table
2 gives an unweighted average welfare gain
across countries of 3.42 percent. The welfare
gain has been reduced by 1.51 percent simply
by lowering the coefficient of relative risk aver-
sion. We think, however, that the higher coef-
ficient of relative risk aversion is more in accord
with the evidence. There are some studies that
find very high coefficients of relative risk aver-
sion, much higher than the value of 3 implicitly
assumed here [see Robert B. Barsky et al.
(1997)].

In our parameterization, we used a risk-free
rate of (.49 percent, whereas in Lewis the risk-
free rate is 6.6 percent. Because in Lewis there
is growth in the economy, we should subtract
the risk-adjusted growth rate from her risk-free
interest rate to obtain a comparable interest rate
for an economy with no growth.'® Her risk-
adjusted growth rate is 2.3 percent and thus a

14 In her model, infinite horizon economy with growth, if
the risk-free interest rate is less than the risk-adjusted
growth rate, then expected utility is infinite. Thus she must
have the risk-free interest rate greater than the risk-adjusted
growth rate. Equating our risk-free interest rate to her risk-
free rate less risk-adjusted growth rate guarantees a positive
risk-free interest rate for our econcmy. If the risk-free
interest rate in our medel were negative, and greater than
—1, then we would obtain negative infinite expected uvtility
[see equation (A13)).
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comparable interest rate for an economy with no
growth is 4.3 percent. Increasing our risk-free
interest rate from 0.49 to 4.3 percent, while
keeping the coefficient of relative risk aversion
at 2, results in an unweighied average welfare
gain of 0.40 percent. This is a further reduction
of the welfare gain by over 3 percent. Thus,
even though our shocks are persistent, if we
discount the future enough, the welfare gain
today of these future shocks will not be as
important.

Much of the discussion of the parameteriza-
tion of the utility function is intimately tied to
the equity premium puzzle [see R. Mehra and
E. C. Prescott {1985)] and the risk-free rate
puzzle [see Weil (1989)]. When parameterizing
the CRRA utility function with the coefficient
of relative risk aversion equal to 3 and a sub-
jective discount factor equal to 0.98, the subjec-
tive discount factor in this paper is 1/(1 + p),
leads to a risk-free rate predicted by the model
that is too high and an equity premium predicted
by the model that is too low. If one were to use
such a parameterization to calculate the welfare
gains, one would discount the future by more
than we should. Thus to match the risk-free
interest rate and the equity premium to those
found in the data, one can raise the coefficient
of relative risk aversion to obtain an appropriate
equity premium and set the subjective discount
factor to match the risk-free interest rate [see
Narayana R. Kocherlakota (1996) for an exam-
ple].'® Doing this would have a positive effect
on the welfare gain. Lewis (2000) has some
exercises along these lines with Epstein and Zin
(1989) preferences and it greatly increases her
welfare gains numbers.'® One reason for sepa-
rating the coefficient of relative risk aversion
from the elasticity of intertemporal substitution
is to try to match the equity premium and the
risk-free interest rate with a parameterization of
the utility function that is believable. Others
have tried to match these by placing different

15 See Kocherlakota (1990) for the existence of equilib-
ria in growth economies when the subjective discount factor
is greater than one. The subjective discount factor will need
to be greater than one to match the risk-free nterest rate.

'¢ She matches the equity premium ang the risk-free
interest rate by appropriately setting the coefficient of
relative risk aversion and the elasticity of intertemporal
substitution.
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types of frictions in their models as well as
modeling the stochastic processes governing in-
come in a judicious manner [see John Heaton
and Deborah J. Lucas (1996) and George M.
Constantines and Duffie (1996)]. There is still
much research to be done in this area. These
results suggest that the welfare gains properly
measured may not be low at all.

In our parameterization, we assumed a zero
expected change in incomes for all countries
and serially uncorrelated income shocks,
whereas in Lewis (2000), there was an esti-
mated positive growth rate, the same for all
countries, and persistence in the shocks to the
log of endowments. Thus, she made quite
different assumptions about the endowment
process. Other studies show yet more of a
variety of assumptions about endowment pro-
cesses. Athanasoulis and van Wincoop (2000)
compare five studies to their own method
{Harold L.. Ceole and Maurice Obstfeld (1991);
van Wincoop (1994); Linda L. Tesar (1995);
van Wincoop (1999); and Lewis (2000)] by
estimating the welfare gains from risk sharing
when only the stochastic process for endow-
ments differs across models, imposing a
common utility function, CRRA, and param-
eterization for all of them. They concluded
that varying the assumptions about the sto-
chastic process for endowments has a large
effect on welfare gains from risk sharing. In
general the more persistent are the shocks, the
larger are the welfare gains.!” One additional
reason why the welfare gains are large in this
paper, in addition to the parameterization of
the utility function, is that our shocks to the
endowment process are persistent.

One question that may arise is whether the
gains from risk sharing are as large as estimated
because we use income rather than consumption
as the endowment process. Consumption takes
account of nisk sharing that has already taken

7 The results of John Y. Campbell and N. Gregory
Mankiw (1987) suggest that even the random-walk assump-
tion of our medel may cause our method to understate,
rather than overstate, the welfare gains. In the Campbell-
Mankiw estimated time-series model for per capita real
national income not only was there a unit root, but also
shocks to national income build for a while after being first
experienced.
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place in the economy. If we use consumption as
the endowment process, it will let us know how
much risk sharing is left. For sensitivity analy-
sis, we reestimated the welfare gains for all six
contracts using consumption from the Penn
World Table and we obtained an unweighted
average welfare gain across countries of 4.14
percent. When income is the endowment pro-
cess the unweighted average is 4.93 percent,
resulting in a .79 percent reduction in welfare
gain, Thus the contracts are stili potentially very
valuable,

Another possible problem in interpreting
our results is suggested by the investors’
“home bias” that has been described by a
number of authors, notably Tesar and Werner
{1995), as well as Lewis {1996) and Marianne
Baxter and Urban Jermann (1997). The fact
that most people appear to be reluctant to
invest much abroad in today’s markets may
reflect some misrepresentation of investor
preferences in our model. This would tend to
suggest that our contracts would not be as
important as estimated. On the other hand, the
home bias is by some accounts a reflection of
current institutions and political uncertainties,
and investors’ current lack of knowledge
about foreign investments. In the future, some
of these obstacles to foreign investment are
likely to diminish.

V. Summary and Conclusion

We have presented a constant absolute risk
premium model of the world economy that
takes as given preferences and income pro-
cesses, and shows how risk premia and the
world real interest rate are determined in equi-
librium. We have shown a correspondence be-
tween the world real interest rate and social
welfare, and we have shown which risk-
management contracts should be created to
achieve the risk-optimal interest rate; they are
the WIC contracts.

The application, using the three-level in-
come model, to per capita income data on
countries and derivation of WIC contracts
illustrates some very important risk-manage-
ment contracts that might be considered to be
traded on new markets. We believe that the
derivation of the WIC contracts, although
based on limited data, are suggestive enough
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that we can consider creating something ap-
proximating the first two WIC contracts. In
application it would be a good idea to
simplify them, such as equalizing the weights
that are similar and setting the small weights
to zero. That is, we should consider a U.S.
versus Japan and a U.S. versus Core-EU per
capita income swap. Our analysis indicates that it
would be better rot to lump other countries into
these first contracts, not to do a swap involving the
entire EU on one side, for example. Further
econometric work should be conducted to confirm
or reject the conclusions from the simple econo-
metric analysis here.

Qur theoretical framework has the potential
to provide the foundation for econometric work
that will suggest other, and better, definitions of
WICs. The variance matrix, estimated from the
three-level income model, may be further re-
fined and account may be taken of other factors
in income risks besides country factors. Further
work may also generalize the assumptions
about the stochastic process of income, may
move to an overlapping-generation framework,
or may incorporate endogenous investments in
physical capital.

APPENDIX: No-PoNzI-GAME
CoNDITION—DISCUSSION

The no-Ponzi-game condition simply states
that the present value of one’s wealth at time
T as T approaches infinity must be nonnega-
tive. If it were allowed to be negative, then
one would always incur debts and never repay
them. To write the no-Ponzi-game condition
as in equation (8), we follow Magill and
Quinzii (1994), who use the concept of com-
petitive price percepticns of Sanford J. Gross-
man and Oliver D. Hart {1979). Competitive
price perceptions mean that agents use their
own inter-temporal marginal rate of substitu-
tion to evaluate future income streams. We
can then show that the equivalent probability
measure under which individual i takes ex-
pectations in equation (8), are consistent with
first-order conditions.'® We can further show

'® See Chi-fu Huang and Robert H. Litzenberger (1988)
for an example of how to construct this measure.
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that under this new probability measure,
prices plus total accumulated dividends after
a normalization follows a martingale, which
is well known.'”

Derivation of Equation (32)

To obtain equation (32) we begin by solv-
ing equation (26) backward to time zero to
obtain

(AD)

t— 1

Brf = E (yf—'.ri + in:—'r_‘_ qf]_)’ - Ct—'ﬂ')
=0

X (1 + V)T"‘ (1 + r)rBUi-

We can write the consumption and income pro-
cesses as

=T

(A2 e—i=p{t— 1)+t et E Uiy
k=1
i—T
(A3) Yiori = Yo E Eri»
k=1
and
t=1
(Ad) X, .= 2 A'g.

k=1

Substituting equations (A2)-(A4) and (29) and
(31) into equation (Al) we obtain

" For the general theory of equivalent martingale
measures and no arbitrage, see J. Michael Harrison and
David M. Kreps (1979). Duffie (1996) also covers this,
though in a different fashion. For a less terse handling of
these issues see Huang and Litzenberger {1988). For a
discussion of equivalent probability measures in an infi-
nite horizon setting, see Huang and Henri Pages {1992).
An unpublished Appendix available from the authors
provides a further discussion on the budget constraint and
the no-Ponzi-game condition.
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-1

(A5) B;= 2 {)’0:‘ + q,D’

r=0

1

— = 1) —yy - T+ fo)'

1 r
+ - 1+ By (1+r)

r

+ (1 + r)f(_l_ﬁqjﬁ’

+ (1 + r)'[% 2+
=0

{ I -
_ gﬂ 1‘(1 +r) }+1—“_—|_'—r30,-.

Noting that u (1 + '[N ZL_o (1 + )77
= 2 (1 + 17T = (1Unplt + 1) gives
us the resuit.

Derivation of Equation (39)

To obtain equation (39} we begin with ex-
pected lifetime utility at time zero as

(AT) Uy

= B,| 2, (—exp(—ye N1 + p)"

=0

and the consumption process

I3

(A8) Ci = pit + g + E Ygi-

k=1
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If we substitute (A8) into (A7) we obtain

(A9) Uy = —exp(—ycy;)

= 1 T
{35
X cxp( _')"(#57 + ¢y + i vkz)):"

Noting that v,; is normally distributed with
mean zero and variance o"f,' for all k, one can
rewrite equation (A9) as

(AIO) Ug,‘ = _exp(“‘TCm‘)[ 2 (1 + p)

X exp(—'yuﬁ + % 720'3,,1')].
We can see from equation (18) that
(All) vy,
=In(t + r) — In(1 + p) + %yzaﬁi.
Note also that
(A1Z) (1 + p) "=exp(—7In(l + p)).

Substituting equations (A12) and (All) into
(A10) we obtain

—exp(—vyeo) 2 (1+1)7,

=0

(AI3) Uy =

and evaluating the infinite sum gives us the
desired result,

Derivation of Equation (41)

First substitute {22) into (35). Because we
are maximizing In(1 + r) with respect to A
and p is unaffected by the choice of A, we can
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see that we will be minimizing the one-period
average variance of consumption in the econ-
omy. Note now that we can rewrite the aver-
age variance of consumption in the economy
as

1
(Al4) 7 ([ 2] — u[A'TMZA]).
Because Y, is not affected by the choice of the
contract designer, the result follows.
Derivation of Equation (50)

To derive this equation we use equation (39)
to obtain the following two equations:

(A15) U= — L exp(—yep;)
and
(A16) Uy;

1+r

= == expl—yeq)exp(— vFu).

When we equate these two expressions, as in
equation (49), U,; = Uy;, we obtain
(A1) exp(—vFuy)

B {(t+nr
= exp(—v{coy — o) m

Taking the natural logarithm of both sides and
dividing by <y gives the desired result.
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