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ABSTRACT

Let p(n) denote the number of wunrestricted partitions of n, and let
Ap(n) = p(n) - p(n-1), A¥ p(n) = A(A*"1 p)(n). This note answers several
questions about the behavior of the k-difference AX p(n) by proving that if k is large

enough, there is an integer ng (k) such that AX p(n) alternates in sign for n < ng (k)

6

— k? (log k)? as

and is nonnegative for n = ng (k). It is aso shown that ng (k) O

kK - oo,
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1. Introduction

If f(n) is any function on the nonnegative integers, define its first difference Af by
Af(n) = f(n) - f(n-1) for n = 1, Af(0) = f(0). The k-th difference A f of f is
then defined recursively by AK f = A (AK™1 f). A few yearsago, |. J. Good [5a] asked
about the behavior of A¥ p(n), where p(n) denotes the number of unrestricted partitions
of n. He initialy conjectured [5a] that if k > 3, then the sequence AX p(n),
n=20,1,..., dternates in sign. However, computations by R. Razen and
independently by 1. J. Good and his associates [5b] found counterexamples to this
conjecture, and led to a new conjecture, namely that for each fixed k, AX p(n) > Oforn
sufficiently large. 1. J. Good [5b] even made the stronger conjecture that for each k, there
is an ng (k) such that A¥ p(n) aternates in sign for n < ng (k), and AX p(n) = 0 for
n=ng (k). He aso suggested that 6(k-1) (k-2) + k3/2 might be a good
approximation to ng (k). Some further computations by R. A. Gaskins led |. J. Good to
revise his conjecture about the size of nq (k), and suggest that 1t k®2 might be a good

approximation to it [5c].

At about the same time as the first publication of I. J. Good's problem, the same
question about the sign of AK p(n) was also raised independently by G. E. Andrews, and

was answered by H. Gupta [6]. Gupta noted that Ap(n) > O for al n, and gave asimple



proof of the result that A% p(n) = 0 for n = 2, while A? p(0) = 1, A% p(1) = -1.
Gupta also noted that it can be shown easily using the Hardy-Ramanujan-Rademacher
series [1,2,3,7,8] for p(n) that for each k, AK p(n) > 0if nissufficiently large. In fact,
this result can be obtained from some of the earliest of the Hardy-Ramanujan

approximations [7] to p(n):

L 9 (it ep(Chy)) + O(ep((Cl2+e)nt2)),  (L1)

p(n) = 75

forevery € > 0, whereC = m(2/3)Y?2 and A, = (n - 1/24)Y2. Thek-th difference of
the second term on the right side of (1.1) is of the same order of magnitude as that term
(for k fixed, n — ), while the k-th difference of the first term is very close to its k-th

derivative. Thus we obtain the estimate
A<p(n) =C, n Y2 pn) (1 +0( Y?) as n - o, (1.2)

where Cy = (T/V6)X. (Gupta's asymptotic estimate of AK p(n) in [6] is incorrect.)
Gupta’'s computations led him to the same conjecture as Good's about AK p(n)
aternating up to some ng (k) and then immediately becoming positive, but Gupta

conjectured that ng (k) O k3 ask — oo.

Another easy proof that AX p(n) is positive for large n can be obtained by applying
the theorem of Bateman and Erdos [4]. They showed that if pa (n) denotes the number
of partitions of n into summands taken from some set A of positive integers (repetitions
allowed), then A¥ p, (n) = 0 for all large n if and only if the greatest common divisor
of each subset B [0 A with CA\ Bl= kisequa to 1. The Bateman and Erdds result is

far too general, though, to provide information about initial segments of AK p (n).



This paper carries the investigation of A¥ p(n) further, and largely settles the Good-

Gupta conjectures. The main result is the following.

Theorem. There is a kg so that if k > kg, then there is an integer ng (k) such that
(-1)" Afp(n) >0 for 0<n<ng(k and AKp(n) =20 for n=ng (k).

Furthermore,

6

no (k) 0 —

k? (logk)?> as k — o . (1.3)

With more work it would probably be possible to establish the above result for al k.
Such an extension would require replacing various O-estimates by explicit numerical
bounds. We should note that the above result does not exclude the possibility that
AX p(n) = 0 might occur. In fact, the proof shows that for each large k, AX p(n) = 0
can hold for at most one value of n, and it can be shown with more effort that values of k
for which AX p(n) = 0 occurs for some n are very rare. It is probably true that
AX p(n) = 0 has only finitely many solutions among all pairs k,n, but this conjecture

seems to be hard to prove.

The asymptotic approximation (1.3) is not very accurate for small k. For example,
from the computational results quoted in [5c], it appears that ng (30) = 15416. Now
for k = 30, Tk®? = 15486.49..., while 6 T2 k? (log k)®> = 6329.32.... The proof

of (1.3) can be used to obtain more accurate estimates of ng (k), however.

2. Intuitive explanation of result

If F(z) denotes the generating function of p(n),



F(z) = 5 p(n) 2", 2.1)
-0

n

then it iswell known (and easy to see) that

F(2) = [ (1-2z™7t. 2.2)

m=1

If we define F (2) to be the generating function of AK p(n),

Fe(@= Y Ap(n) 2", 2.3)
n=0
then
Fe@=0-2"F@ =0-2% ] 1-2zm7". (2.4)
m=1

The theorem could be proved by investigating the analytic behavior of Fy (z), but we

will only use F (z) to explain why the Good-Gupta conjectures are true.

The basic philosophy in the use of generating functions for asymptotic analysisis that
the singularities of the function determine the behavior of the coefficients. Generaly
speaking, a dominant singularity (i.e., one near which the function grows faster than near
other points) at 1 corresponds to a monotone increasing sequence, while a dominant
singularity at -1 corresponds to an aternating sequence. The function F(z) has the unit
circle as its natural boundary. However, as was shown by Hardy and Ramanujan [7],
F(z) ismost singular (i.e., grows fastest) near 1, is next most singular at -1, and is much
better behaved away from those two points. This led them to the following refinement of

(1.2):



1 d

p(n) = S73 @

A= 12 epena)) + DT 4 -1 g2
(An exp(CAn)) T d_n( n- eXp(CA,/2))

+ O(exp(nY? (CI3 + ¢))) (2.5)

for any € > 0. (Taking other points on (0= 1 into account led Hardy-Ramanujan to
their famous asymptotic series[7].) The first term on the right in (2.5) comes from z=1,

the second from z = —1, and the remainder is the contribution of the rest of the circle.

The importance of the fact that z=1 is the dominant singularity of F(z) and z = -1
is next most dominant is that when we study AK p(n), we deal with the generating
function Fy (z) = (1-2)* F(2). The effect of multiplying F(z) by (1-2)¥ is that the
singularity at z = -1 increases in influence, as the function is increased by about 2X near
z = —=1. On the other hand, the singularity at z=1 diminishes in influence. Since F(2z)
grows much faster than any polynomial in (1-z)"* asz — 1, this diminution is fairly
small very closeto z =1, and therefore for large n, the size of AX p(n) largely reflects the
influence of the singularity at z=1. However, for small n, this diminution is nontrivial,
and allowsz = —1to dominate. All the other points on [z[0= 1 make contributions that
are still smaller than that of z = —1. The reason that the transition from alternation of
signs to positivity is very sharp is that in the transition zone, the singularity at z =1

begins to dominate very rapidly. Let uswrite
A p(n) = a(n) + (-1)" b(n) + c(n),

where a(n) is the positive contribution from z = 1, b(n) is the absolute value of the
contribution from z = -1, and c(n) is the remainder. Then in the transition region
a(n+1) — a(n) is about 2(b(n+1) - b(n)), and is much larger than c(n), so that

once A¥ p(n) becomes nonnegative, it stays nonnegative.



The above presents an intuitive explanation of the mechanism that causes the Good-
Gupta phenomenon of alternation followed by abrupt transition to positivity. This
explanation could be developed into a rigorous proof, using relatively simple analytic
methods. The estimates in the transitional region between alternation of signs and
positivity would in fact be fairly simple, using the rough estimates of [7]. However, the
need to cover the range of small values of n requires more delicate analysis, and so the
proof presented below uses the Rademacher convergent series expansion for p(n)
[1,2,3,8]. The explanation above presents an intuitive picture of what’s happening which
is not obvious from the proof below, in which the analytic behavior of the generating

function shows up only indirectly in the form of the Rademacher expansion (3.3).

3. Detailed proof
We first use a very simple argument to show that for k large, A¥ p(n) alternates in
sign for n up to about k/2.
Proposition 3.1. For any ¢ 00 (0, 10~ 19) there is a ky (€) such that if k > k4 (€) and
0<sn< (/2 - g)k, then
(-1)" Ak p(n) > 0.

Proof. Notethat intherange0 < n < (1/2 - ¢)Kk,

(-1)" & p(n) = éo (-ni 5 ¥ Beai -

Nowif0 < j <n,



=1+ €.

K ‘1_k—n+j+1>k—n+1
j n-j - n

By the Hardy-Ramanujan approximation (1.1), we seethat p(j+1) / p(j) < 1 + efor

j = 2mg (€). Hencefor every m; = mg we have

(3.1)

n . Ch/20 [] O
> (-0 gKEei)z 3 g%_k2m5p<2m)—Eh_z‘;n_lgp@mu)gw

j=2m, m=m,
since each term is positive.

To deal with the remaining sum, we note that

2m1_l 2m1_1

i Ok Onriy = KO _ni Ok OkOt
Eo DV 5Z50P0) = 5 J_:ZO D' gljomo PO

NowforO<j<2my—-landn < (1/2 - g)Kk,

(the constant in the O-notation depending on m; and €), so

2m1_1 2m1_1

. _ 0.0
_qyi Ok OKO ey = —11535 i) + O(k™1) . (3.2
3 OCDIESEEG P = T (0T G0 p() + 0 L@2)

The infinite sum (2.1) for F(z) does not vanish on the segment [- (1/2 - ¢€), 0]
because it has the convergent infinite product (2.2) in which all the terms are nonzero,
and therefore for some o6 = &¢€) >0, we must have F(z) 2o for
zUO[-(1/2 - €), 0]. Since the partial sums of the infinite sum in (2.1) converge to

F(z) uniformly on compact subsets of the unit disk, there is some m, such that for al



m=2my,-1andalz0O[-(1/2 - €), 0],

p(j)z = 3/2.

J

SIM3

We now select m; = max(mg, m,), so that m; depends on € alone, and discover from

(3.2) that for k > ky (€),

am-1  On0
2 (=1 B0 p() + O(k™*) = 3/4,
=0 oKD

which proves the proposition.

O

We next consider dlightly larger values of n. First we recall the Rademacher

convergent series expansion for p(n) [1,2,3,8]. Asbefore, welet
C = m(2/3)Y2 | A, = (n - 1/24)V? .
Then, foranyn = 1,

_ 1 - 12 d o1 o -1
p(n) = T2 mél Amp (n)m Hﬁ(}\” snh(Cm™" Ap)) , (3.3)

wherethe A, (n) satisfy

A;(n) =1land Ay, (n) = (-1)" for n>1, (3.9

(Am (N m foral mn=1. (3.5)
(The Ay, (n) are known explicitly in terms of Dedekind sums|[1,2,3,7,8].)

Wedefine, for m,n > 1,



f () = Y2 (f_n (Ar! sinh(Cm 1 A,)) | (3.6)

andf,, (0) = 0, and welet

Ro= 5 Am(n) fm(n), (37)
m=3
s0 that
0 0
p(n) = wt27Y2 £ (n) + (-1)" o (n) + RyO. (3.8)
0 0
Lemma3.2. Foralln = 1,
3
R 2 f2 (n) (3.9)
and
R,k 10 f5 (n) . (3.10)

Proof of Lemma. The estimates (3.9) and (3.10) can be verified numericaly for
1< n<50 by computing p(n), f; (n), and f, (n). (Tables of values of p(n) are
contained in [1,7], for example, or they can be computed using the recurrences in
[1,3,7].) For n > 50, we use the estimate [3; pp. 191-192]

o 0 O
0S An(n) fn (N 2C2 N\t CCAL/12 + 2571 sinh(C A, /4)0
O O

m=5

together with the explicit formulas for f3 (n) and f4 (n) to prove (3.9) and (3.10).
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The estimate (3.9) istight only for very small n, while the constant 10 in (3.10) could

easily be decreased with slightly more careful work.

We next investigate A¥ p(n) for ranges of n not covered by Proposition 3.1.

Proposition 3.3. There are constants ¢, ko, and € > 0 such that if k > k,, then the

following estimates hold:

(@ For2k/'5<n<k - 2,

k 1/2 kO
[A f]_ (n)DS C1 k o

() Fork-1<n<k+1,
DK f, (N ¢y k® exp(cy k¥?) .
(o Fork+2 < n,
DK f, (N c; n~ Y10 exp(cy nt?) .

(d) For (1/2 - e)k < n < k/2,

K 23 kO
akf (s o 5

(3.11)

(3.12)

(3.13)

(3.14)

Proof. From the proof of Rademacher’s convergent series (3.3) (see [2; p. 109], for

example) we find that

a
2T ®)

fa(n) =

where

[ 752 exp(t + yAZtTh) dt,

(3.15)
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a=m"?26"3%  y=r1tl6, (3.16)

B isany constant with 3 > 0, and (3) denotes the straight linefrom 3 — i o to3 + i .

Therefore, if
xOeY® < 1, (3.17)

then

Z fl (n)zn = L J’ t~ 5/2 exp(t _ y/(24t)) Z ZzNn eyn/t dt
n=1 2 TUi B) &
(3.18)
- _Ga - 5/2 23y dt
= t t + ’
2T (J[;) Z exp( 24t ) 1 - ze't
and so
Gk (2) = 3 z" A"y (n)
n=1
(3.19)
a (1-2)" - 52 23y dt
= _\" =7 t t + .
2T ('L) Z exp( 24t ) 1= zet

The expansion (3.18) has been obtained only under the assumption (3.17), but the
integral on the right hand side of (3.18) is analytic in al of T\ [e” YP, ) (i.e, the
entire complex plane with a it along the positive real axis from e~ *P to infinity
removed). Thus (3.19) gives an analytic continuation of Gy (z) to the domain

T\ [1,0), provided that when zisreal, z 0 (0,1), wechoose 3 > -vy/log z

We now use (3.19) to obtain bounds for A¥ f; (n). If Re(z) < 1, (l-z> 1/100,

we choose 3 = 1000, and then for Re(t) = B we have



-12 -

23y

Dzex(t+ )D
D P 24t DSCZ

b Tt
N 1-zeY 0

for some constant c, > 0. Thereforefor somecz > 0,
Gy () cg OL-z¥ (3.20)
holdsfor all zwith Re(z) < 1, [-z[> 1/100.
Suppose next that Re(z) <1, 0 < [A-z< 1/100. In this case we let
w=1-Re(z)andB = 2y/w. Then x> 1-w, &Yk eV?,

Erl _ Zev/tgz (1-w) e"'2 - 1> w/10,

and so

Gy (2)< CW“ (- z% exp(2 y/w) . (3.21)

We now use the estimates (3.20) and (3.21) to bound AX f; (n). We have

1 dz
A% £, (n) = Z_T“js Gy (2) AT (3.22)

where Sis any simple closed curve around the origin in the domain € \ [1,0). We will
select aradiusr > O later. Given r, we choose Sto consist of S, that portion of the
circle (¥0= r that lies to the left of the line Re(z) = 1 — (2 y/n)Y2 (which might be
all of that circle) together with S,, the straight line segment formed by the intersection of
the disk [z r and the line Re(z) = 1 - (2y/n)Y?2 when there is such an

intersection. By (3.20), we find that
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ot 1+r)K o
2T .[ Gk (2) Zn+1DS Cs ( : )" . cs N2 1007 r =" exp((2 y n)Y/?) .
0 S, ]

01 dz U 11—z
= [ Gy (z 0< cg N2 exp((2 yn)Y/2 [z
EPa ,lz k (2) R 6 p((2yn) ),gz =T

Hence we conclude that for any r > 0,

DK f, (N c7 (1+0)Kr™ + c7 nY21007K r =" exp((2 y n)¥?)

(3.23)

w -1 2\k/2
2yn - +v9) dv
+ cg nY? exp((2 yn)¥? ( :
8 p((2 yn) )_[) (1= 22 yImTZ + 2y/n + v2) D72

where

g ifr<1-(2y/n)Y?,

w =[] (3.24)
or2 = 1+2(2ymY? - 2yin)Y2 if r > 1 - (2y/n)Y2 .

n/(k—n). We have for k sufficiently large

For 2k/5 < n < k-2, wenow select r

andfor0 < v < w,

(1_2(2yn_1)1/2 + 2y/n + VZ)(n+1)/2 - (1_2(2yn—1)1/2 +2yin + 032)(n+1)/2
/2
0, .of
g™ -1
Y R

r

so that
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DK f (N cg (L+0)Kr ™™ + cionY2 (r2 - 1)Y2 171 exp((2 y n)¥?)

ey (1+0)Kr" < ¢pp k2 E'h‘g. (3.25)

IN

N

k and obtain from (3.23) the bound

Fork-1<n<k+1 wesdectr
/2

a(z‘lm

DK f, (N c13 k™" + cqq k32 exp((2 y K)Y?) T

< c45 k® exp((2y k)Y?) . (3.26)

Finaly, for k+1 < n, we let r - o and obtain, for

a=1-22ynH¥2 +2yn1,

¢ 2yn~t + v2)K2 gy
DKt (0= oy nY2 exp((2y MY?) [ 2y )

o (1 -22yn HY2 + 2y/n + v2)(M*D2 -

Now theintegral on theright side aboveis (for largek and n = k +2)

- 1/10 0

J’ (2 n- 1/5)k/2 dv . dv
0 (1 _ 2(2yn—1)1/2)(n+1)/2 e (1 _ 2(2yn—1)1/2 + V2)(ﬂ+1—k)/2

n

IN

2K 0~ K10 exp(cyr nY2) + F a2 gy
n- s (]_ - 2(2yn—1)1/2 + U)(n+1_k)/2

IN

< 2k n- k/10 eXp(C]_7 nl/Z) + (1 _ 2(2yn—1)1/2 +n” 1/5)— (n-1-k)/2 ’

and this yields the estimate

DK f; ()< cig n~ K10 exp(cig NY?) . (3.27)

To complete the proof of the proposition, we consider (1/2 — €)k < n < k/2, where

e 0 (0, 10719) will be selected later. We use the same contour of integration as before,
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withr = n/(k—n), except that we let

O 0
Ss=x0OS k+rix k™ 130. (3.28)
0 0

Then, by using estimates similar to those developed earlier, but bounding [ -Zzon

S\ S3; more carefully, we obtain

[ Gy (z [
L lr(1+(1) dzo<cyr™" mex [L-zf
DZm s\s, Z 5 zOS\'S,
(3.29)
+ Cy N2 (r2 = 1)M2 17" exp((2 y n)¥?) .
Now for z [0 S\ S3, and k sufficiently large,
-z (1+r) (1 - k™?3/10) ,
and so for k large,
0 Gy (z 0
0t "+(1) dzo< cop (1+1)K 1" exp(— kY4) . (3.30)
02m qys, 2" 0

We next estimate the integral over Sz by the saddle point method. Using (3.19) and

interchanging orders of integration, we obtain

1 Gk (2) a -5/2
. dz = — t exp(t +
2 TUi -gs zn+1 2 TUi (J[;) P

23y

ﬁ)dt -g(n, zt), (3.31)

where

1 z(1-2)%  dz
n,zt) = - .
g(n, z, 1) 2T ‘L 1-zeYt zn*1




-16 -

Making the change of variablez = — r €'®, - 8, < 8 < 8y, where 6y Or 1 k™ Y3 as

k = oo, wefind that

8o

(_1)n—1r1—n (1+rei6)k
2T _eol+re|9+y/t

g(n, z,t) = e ("~ 49 . (3.32)

We now select 3 = 100, say. Then y/t is bounded for al t on the linefrom 3 — i o to

B +io,andl + r exp(i® + y't) isbounded away from O. Furthermore,

Lare®=(14r) a6 - _LomP). (333

7 O i

where the constant in the O-term is independent of r. (Recall that 1 - 107> <r < 1)

Nextkr/(1+r) = n#,so

r k 82 .
0, e&Xp(- ——— + O(kBP) +i0) dt
(. 21) = (-1)" " rl T (1+r)k IO P( 2(1+r)? ( ) )
an, z, 21T 6, 1+re|e+V/t
(3.34)
_ (_1)n—1 rl—n (1+r)k+l 1 + O(k— 1/3)
V2 1r k 1+ eVt
and therefore
23y
_ _ exp(t + —-)
Ak gy (n) = 2CDT L asntt 1 t~ 5/ 24t
v2T1r k 2 i B) 1+ et
(3.35)

+ O(k™ %6 (1+r)kr™) .

Let
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h(r) = — [ t=572 dt . 3.36
(r) > (IB) T o (3.36)

Then h(r) isacontinuous function of r for 0 < r < 2, say, and we will evaluate h(r) for
r < 1 but close to 1. Consider first r > 1. Then we have (using the usual Bessel

function expansions that come up in Rademacher’ s proof)

exp(t + ﬂ)
h(r) = —= [ t=572 24t dt
2 T ®) reV/t (1+ r-l e y/t)
_ 1 - 5/2 23y - m-1 .-m —-my/t
== [t t + =2Y -1 VIt it
5T (IB) exp( 24t)m§1( )T e
=y (-pmtpm ZL [ 752 exp(t - (m - 23/24)y/t) dt
m=1 T ()
= 5 (D™ M Ign (Nm) (Nw/2)” %2
m=1
B _ o -1 m—lr—m Dgn(n ) 0
= 2yt 5 (-1) r— O ™~ cos(Nm)d, (3.37)
m=1 m- =2 ] Nm U]
24
wheren, = 2 y¥2 (m - 23/24)Y2. Now
O] 1 —m O - 3/2
o2 (D™t Msen(nn) g 1 © O 230
o2 I v LA S L 7 4t
dn—lOOO nm (m - 54_) 5 m=1000 [] ]
(3.38)
1 C_ap 12 - 1/2
< u du = 998~ 12 < 0.025 .
2 yl? Jgs Y

On the other hand, for somev [0 [m, m+1]
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rr™cos(Nm) r ™ tcos(Nm+1) d r Ycos(n U)B
o 23 e L ~du 230
24 24 24 U=y
cos(nv) y“2 sin (n,) . r=Y (logr) cos(ny)
3, 23 — 23 ’
V=) Vo) Voo
soforr O (1, 1 + 10719),
O - 0
0 % (-1" lCOS(f]m)D< ® E 1 yl/? L log r U
O - 23 - 4 20 - 1)2 2q — 1)32 2q - 1
= 1000 _ g=500 (29 - 1) (29 - 1) 0
0" M-y O
(3.39)
c du ¢ yY2du ¢ r 2 du
< — + —— t+ (logr) S——
zi[as (2u)®  eg (2u)*'? zi[as 2u
< 0.042 .
Thereforeforr O (1, 1 + 10™%0),
h(r) = Y2y (A +B),
where
98 (_1\ym-1,.-m [Ign 0
A=y D07 5 (Mm) _ cos(n )0 = 1.415972...
m=1 m — E 0 Nm 0
24
by direct caculation, and [Blk 0.042 + 0.025 < 0.07. Hence for
rO(1, 1+ 10719),
0.46 < h(r) < 0.51 , (3.40)

Since h(r) iscontinuousfor 0 < r < 2, we must have
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(h(r)(kx 0.6 for 1-e<r<1/2 (3.41)
if ¢ < 10719 jssmall enough.

We now combine all the above estimates to obtain the claims of the proposition, valid
for ¢, and k large enough and € small enough.

O

We now proceed to the proof of the theorem. We select an € given by Proposition
3.3. Then, applying Proposition 3.1 with this value of & we see that
(-1)" Ak p(n) >0 for al n, 0<sn< (1/2 - gk, and al

k > ks = max(ky (€), ko).

Next, fork = kg and (1/2 — €)k < n < k/2, we have

(-1)" A% p(n)

j:io(—l)" S0

O+ (-t 272 Ak £y (n) (3.42)

n
-1 5-1/2 Ok O - _a\n-i p.
P2 S (e () DT R
By Lemma 3.2, each term in the n-term sum above is> 0, while by (3.14),

PR 3
1 1/2 Ak (kO
M~ 2 A° fq (n)O< T mo- (3.43)

Therefore (-1)" A p(n) > 0in thisrange aso.

Consider now k/2 < n < k—2. In thisrange, in view of Lemma 3.2, it suffices to

show that



G= 3 gXEL 0

satisfies (GO> 3@ K f; (n)J However, by (3.11) we have 3K f; (n)O< cy3 2K

On the other hand, if J =

= [h - k/i2 + 10 then for k sufficiently large,

J+ kY <j<d+ 2kY4

Ok O 1 12 ok
[hjmzlo k™ 2

and so

k
> szﬂ fy (J + %M% > 2¢ exp(10~1 C k¥8) | (3.44)

which gives the desired result for k > k4 = k3. The same lower bound for G holds aso

fork—-1 < n < k, and so by (3.12) we obtain the result of the theorem for that range also
if k2 kg = Kky.

Next, consider n = k+1. By Lemma 3.2, to obtain (-=1)" AX p(n) > 0 it suffices
to show that if

K
H= 2 Ejk fo (n-j),

then H satisfiesH > 3 A X f, (n)J However, f, (m) = 1073 foral m = 1, so

k
H210‘3z%< = 1073 2k,

and by (312) and (3.13), we have (-1)" Afp(n) >0 for all

n with
k+1 < n <1073 c72 k? (log k)?, provided k = kg = Kkj.
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Before proceeding to consider the range n > 1072 ¢72 k? (log k)2, we make the

following general observation. If f(x) isaC* [1/2, o) function, say, then for x > 3/2,
X
Af(x) = f(x) - f(x-1) = I fr(t) dt. (3.45)

x-1

More generaly, for x > k+1/2,

[0e]

Af(x) = [ £0 (u) xk (x-u) du, (3.46)
1/2
where
Xk () = X2 *..* X1 (V) (3.47)

is the k-fold convolution of the characteristic function of the unit interval,

0<t<1,
X1 (t) =0
g) otherwise.

The formula (3.46) reduces to (3.45) for k = 1. For higher values, it is easily proved by

induction. If we assume that (3.46) holdsfor k—1 = 1, then (since (Ag): = Agr)
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A f(x) = [ (a1 (L)) dt
x-1

= [ (@* () dt
x-1

X [
= [ dt [ O (u) xk-1 (t-u) du
x-1 1/2

[ee]

X
= [ f® (udu [ xXk-1(t-u) dt
1/2 x-1

= [ 0 (u) xx (x-u) du,
1/2

which proves (3.46) for k.

All that we will need to know about the X (t) is that X (t) = 0, X« (t) = 0 for

t < Oandt > k, and
| k() dt=1. (3.48)

To deal with the remaining range, n = 1072 ¢72 k? (log k)?, we need to investigate
the derivatives of 1 (x) more precisely than before. Let g(y) = f1 (y + 1/24), so that

{0 (x) = g (x - 1/24). Weconsiderr? log r < y. Then

dr+1 O

0
-1/2 o 1/2
0y sinh O
dy" "t (Cy )D

g™ (y)

© CHM ()1
— j-r-1
=2 T Y : (3.49)

j=0

where
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(D) = 2(z-1) -+ (z- m+1) .

Let a; denote the j-th term in the sum in (3.49). By looking at theratio a;+1/a;, we see

that the maximum occursforj = J + O(1), where
— O
3= Jr + (C?y +r2)12)120, (3.50)

and that form = j-J, Ok J%°,

O O
a; 2 " omo- 1 O h 00O oh I
- - 1/3,1J Coy

L =5 4 o 0 0O ] oL+ O + i
2 o D@ * -0y w0 @  ITon  23m
O O

O 2 O

_ - 0 m< (J-r/2
- Erl + O( 1/3)Dexpg— J((J—r) )D'

while

0 JIZZE 35/9 4 = O(J_l ) -

Therefore we concludethat fory > r2 logr,r = 2,

g (v) = guig”® a, (1 + Oy~ ¥9)) (351)

where the constant implied by the O-notation is independent of y and r, and J = J(y,r)

isgiven by (3.50). Furthermore, if infacty > (r +1)? log (r +1), then
[O(y, r+1) - J(y,r)0= 0O(1) ,

and therefore
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+ J—r -
gt " (y) = 5 g (y) (1 + O(y™ Vy)
= _C g (y) (1 + O(y" Y6 + ryV2))
2y172 '

Also,
CO(y+r, r) = J(y,r)0= O(1) ,
sofor0<t<r,
g (y+t) =g (y) (1 + Oy~ ¥®)) .
We firss show that if nO(0,1072) is given,
1072 ¢1? k? (log k)? < n < (1-n) 612 k? (log k)?,
{9 (n) < (1 + O(k™ ¥%))2% £, (n-k)~M10) |
and that for (1+n)61 2 k? (log k)? < n,

i (n-k) > (1 + O(k™ 3))2% f, (n)(2*n/100)

(3.52)

(3.53)

then for

(3.54)

(3.55)

We consider only (3.55) in detail. Suppose therefore that n O (0, 10~?) is given, and

we have

n=(1+n)6m 2 k?(logk)?,

(3.56)

where we can take k very large. We define J by (3.50) withr = k, y = n—-k-1/24.

Then
J:%Cn1’2+%k+o(k) as k - o

with n satisfying (3.56), and
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(9 (n-k) 2a; 2371 €% ((29)1) 7" (Dk+1 (n-k-1)77K1
> J—2 CZJ 2—2J J—ZJ e+2J Jk+1 r]J—k—l . T,

where

T= Erl - k+1g_k_l : ﬁ EIL - EBZ exp(~— Co4 k (log k)™1) .

0 n g m=10 90
Furthermore,
229 32 n7d = ¢ exp(k + o(k)) ,

SO

f{K (n-k) = n~2 J* n"K exp(C n¥2 1 + 0(2))

\}

n~K2-2 2=k ck exp(Cn¥? 1 + 0(1)) as k - o,
which now implies (3.55) (subject to (3.56)) for large enough k.
Given (3.54) and (3.55), itisclear that for k = kg = kg (n) (kg = kg)

(-1)" A¥p(n) >0 for 0<n<(1-n)6m 2 k? (log k)?,

A<p(n) >0 for n= (1+n)6m 2 k? (log k)? ,
since by (3.46) and the monotonicity of f{X (x) we have
i (n-k) < A% £y (n) < {0 (n),

while

fa (n-j) < 2%y (n),

M=

2ty (n-k) < 3 KO
2( ) OEID

i

and by Lemma 3.2,
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||M;¢

E‘;DRn [0< 10 - 2% f5 (n) .
j

Since this holds for every n O (0, 1072) (with kg depending on n), this shows that if

No (k) exists, thenng (k) 061 2 k? (log k)? ask — c.

At this point, to complete the proof of our theorem it only remains to show that one
can choosen O (0, 10™2) so small that for k = k; = k7 (1), A¥ p(n) will aternate in
sign and then become nonnegative and stay nonnegative as n rangesover n; < n < no,

where
ng = E{l—n) 61 2 k2 (log k)zg,
Ny = J1+n) 612 K2 (log k)27
Let

k
s = 3 G2 (0= -

Then we know that for any n O (0, 10~2) and k large enough (depending only on )

A f1 (ny) <1072 S(n,) ,

AX 1 (ny) > 1078 S(ny) ,
whileforany n O [n4, n»],
Ak R,O< n™ 19 g(n) .

Now it is easy to see from the explicit definition of f, (n) that it is monotone increasing,

and
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3C
f2 (n'kl) = f2 (n) + TESHTET f2 (n)

for large enough n, so that if kislarge enoughandn [0 [n4, n5], then

S(n) < S(n+1) < S(n) + CS(n)/(3nt?) .

On the other hand, by (3.46),

A f (n+1) — A £, (n) = A*L £, (n)

n
= [ 1D (Uu) Xke1 (n-u) du
n-k-1

f{+D (n-k-1),

\}

and by (3.46) and (3.53), this last quantity is

> 2C(AK £, (n))/(5 nY2)

provided k is large enough. It is now easy to conclude the proof of the Theorem. Let N

be the least integer > n; such that AX f; (N) = S(N). Then, by the above discussion,

k
A fL(n) + S Ejkgmn_jm S(n)
j=0

foraln < N, n = ny, so that (-1)% AX p(n) > 0for n < N. On the other hand, for

n > N,n < ny,

kO
[jl:'mn_jlj,

M=

A £, (n) > S(n) +
j

0
so that AX p(n) > Ofor al n > N. Finally, AX p(N) can only be negative if N is odd.

This completes the proof of the theorem.
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