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Preface

An L-function, as the term is generally understood, is a Dirichlet series in one com-
plex variable s with an Euler product that has (at least conjecturally) analytic contin-
uation to all complex s and a functional equation under a single reflection s — 1 —s.
The coefficients are in particular multiplicative.

By contrast Weyl group multiple Dirichlet series are a new class of Dirichlet series
with arithmetic content that differ from L-functions in two ways. First, although the
coefficients of the series are not multiplicative in the usual sense, they are twisted
multiplicative, the multiplicativity being modified by some n-th power residue sym-
bols — see (1.3) below. Second, they are Dirichlet series in several complex variables
S1,-++, 8. They have (at least conjecturally) meromorphic continuation to all C”
and groups of functional equations that are finite reflection groups.

The data needed to define such a series in r complex variables are a root system
® of rank r with Weyl group W, a fixed integer n > 1, and a global ground field F’
containing the n-th roots of unity; in some of the literature (including this work) the
ground field F' is assumed to contain the 2n-th roots of unity. Twisted multiplica-
tivity implies that it is sufficient to describe the prime-power coefficients of such a
series.

In this work we consider the case that ¢ is of Cartan type A,. In this case a
class of multiple Dirichlet series, convergent for R(s;) sufficiently large, was described
in [10], where the analytic continuation and functional equations were conjectured.
Their definition is given in detail in Chapter 1 below. The prime-power coefficients
are sums of products of n-th order Gauss sums, with the individual terms indexed
by Gelfand-Tsetlin patterns. It is not clear from this definition that these series have
analytic continuation and functional equations. However it was shown in [9] that
this global property would be a consequence of a conjectured purely local property
of a combinatorial and number-theoretic nature.

Specifically, two distinct versions of the Gelfand-Tsetlin definition were given. It
is not apparent that they are equal. Either of these definitions is purely local in that
it specifies the p-part of the multiple Dirichlet series, and this then determines the
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global Dirichlet series by twisted multiplicativity. It was proved in [9] that if these two
definitions are equivalent, then the analytic continuation and functional equations
of the multiple Dirichlet series follows. The argument from [9] is summarized in
Chapter 5 below. It is ultimately based on the analytic continuation in the rank
one case, which was treated by Kubota using the theory of Eisenstein series on the
metaplectic covers of SLy. The reduction to the rank one case makes use of Bochner’s
tube domain theorem from several complex variables. In this work we establish the
desired local equality, that is, the equality of the two definitions of the p-part.

The assignment of number-theoretic quantities to a given Gelfand-Tsetlin pat-
tern can be described representation-theoretically; to do so it is helpful to pass to
an alternative description presented in [7], where the coefficients were reinterpreted
as sums over crystal bases of type A,. After translating our main result into the
language of crystals, this equivalence takes on another meaning. The crystal basis
definition of the multiple Dirichlet series depends on one choice — that of a “long
word,” by which we mean a decomposition of minimal length of the long element
wq of the Weyl group into a product of simple reflections. Once this choice is made,
there is, for every element of the crystal a canonical path to the lowest weight vector.
The lengths of the “straight-line” segments of this path (in the sense of Figures 2.1
and 2.2) are the basic data from which its number-theoretic contribution to the
Dirichlet series is computed. See Chapter 2 for details.

The desired local equality turns out to be equivalent to the equality of the local
factors obtained from two particular choices of long word. Comparing the contri-
butions from these two choices, we prove that there exists a bijection preserving
the number-theoretic quantity attached to “most” vertices in the crystal. However,
there is no bijection on the entire crystal (or equivalently, on all Gelfand-Tsetlin
patterns of fixed top row) preserving the number-theoretic quantity — exceptional
vertices that cannot be bijectively matched appear on the boundary of the polytope
that parametrizes a weight space in the crystal, although the bijective matching
works perfectly on the interior of this polytope. It is only after summing over all
contributions from vectors of equal weight that the equality of the two definitions
results. Moreover the equality is more than just combinatorial, since it makes use of
number-theoretic facts related to Gauss sums.

There are many long words; for type A,., with » = 1,2,3,4,---, there are
1,2,16,768, - -- words, respectively. For each rank, only two of these are actually
needed for the proof of the analytic continuation. In some sense these two decom-
positions are as “far apart” as possible; for example, they are the first and last such
decompositions in the lexicographical order. Our proof demonstrates equivalent def-
initions of the multiple Dirichlet series for several additional decompositions of the
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long word along the way, and it is probable that one can extend the results proven
here to the set of all reduced decompositions of the long element.

Some progress has been made in establishing similar results for other Cartan
types. For n sufficiently large (the “stable case”) the authors have given a satisfactory
theory in [6, 8]. For the remaining small n, the situation is more difficult but also
extremely interesting. There have been two distinct approaches to developing a
theory for general n: one based on a novel variant of the Weyl character formula
due to Chinta and Gunnells [18], and the other, the subject of this book, based
on crystal graphs (or Gelfand-Tsetlin patterns). Proving that the two approaches
actually define the same Dirichlet series is a central problem in this field. Chinta and
Gunnells treat all root systems. At this writing, the crystal graph approach can be
used to define Weyl group multiple Dirichlet series for Type C, (with n odd) as in
Beineke, Brubaker and Frechette [1] and in Type B, (with n even) as in Brubaker,
Bump, Chinta and Gunnells [5] whose conjectured analytic properties can be proved
in a number of special cases for both types.

We believe that ultimately the crystal graph approach will be extended to all root
systems, all n, and all long words. We hope to extend this theory to all Cartan types
and ultimately to symmetrizable Kac-Moody root systems. The alternative approach
of Chinta and Gunnells [18] also should lend itself to the Kac-Moody case, and though
the two approaches are different, it is to be expected that they will eventually be
unified in a single theory. For a connection between the two approaches in certain
cases, see Chinta, Friedberg and Gunnells [16].

A first case of multiple Dirichlet series having infinite group of functional equa-
tions (the affine Weyl group DS) in Kac’s classification) may be found in the work
of Bucur and Diaconu [11]. (Their result requires working over the rational function
field; it builds on work of Chinta and Gunnells [18].) If one could establish the an-
alytic properties of such series in full generality, one would have a potent tool for
studying moments of L-functions.

It is expected that Weyl group multiple Dirichlet series for finite Weyl groups
can be identified with the Whittaker coefficients on metaplectic groups. For example
in [7] we show that the multiple Dirichlet series of Type A, can be identified with
Whittaker coefficients of Eisenstein series. Also, working locally, Chinta and Of-
fen [19] relate the Chinta-Gunnells construction to metaplectic Whittaker functions
on GL,41(F) when F' is nonarchimedean. However there is reason to avoid identify-
ing this program too closely with the question of metaplectic Whittaker functions.
For if the theory of Weyl group multiple Dirichlet series is to be extended to infinite
Kac-Moody Weyl groups, one will not have the interpretation of the multiple Dirich-
let series as Whittaker functions of automorphic forms, so a combinatorial approach



will be necessary. The results of this work are a proof of concept that a combinatorial
approach based on crystal graphs should be viable.

The first six chapters provide a detailed introduction and preparation for the
later chapters. The first chapter gives the two definitions of the Type A, Weyl group
multiple Dirichlet series in which the p-parts are sums over Gelfand-Tsetlin patterns.
In Chapter 2, these two definitions are translated into the language of crystal bases.
Chapter 3 considers the special case n = 1, and Chapter 4 describes variants of
these definitions and an interesting related geometric property of crystals. Return-
ing to the main theorems, Chapter 5 outlines the proofs, which will occupy most
of the book. This chapter introduces many concepts and ideas, and several equiv-
alent forms of the result, called Statements A through F. Each statement is purely
combinatorial, but with each statement the nature of the problem changes. The first
reduction changes the focus from Gelfand-Tsetlin patterns to “short” Gelfand-Tsetlin
patterns, consisting of just three rows. This reduction, based on the Schiitzenberger
involution, is explained in Chapters 6 and 7. A particular phenomenon called reso-
nance is isolated, which seems to be at the heart of the difficulty in all the proofs.
In Chapters 8 through 13, a reduction to the totally resonant case is accomplished.
Now the equality is of two different sums of products of Gauss sums attached to the
lattice points in two different polytopes. On the interior of the polytopes, the terms
bijectively match but on the boundary a variety of perplexing phenomena occur.
Moreover, the polytopes are irregular in shape. It is shown in Chapter 14 by means
of an inclusion-exclusion process that these sums can be replaced by sums over lat-
tice points in simplices; the terms that are summed are not the original products
of Gauss sums but certain alternating sums of these. Although these terms appear
more complicated than the original ones, they lead to an intricate but explicit rule
for matching terms in each sum. This results in a final equivalent version of our main
theorem, called Statement G, which is formulated in Chapter 15. This is proved in
Chapters 16 through 17. See Chapter 5 for a more detailed outline of the proof.

We would like to thank Gautam Chinta and Paul Gunnells for helpful comments,
and in particular for pointing out the relevance of Littelmann [31], which was the
beginning of the crystal basis approach. We would like to help Maki Nakasuji with
some help in Chapter 3. Both SAGE and Mathematica were used in the investi-
gations. In particular, SAGE has good support for crystals now and was used to
make some of the figures. This work was supported by NSF grants DMS-0354662,
DMS-0353964, DMS-0652609, DMS-0652817, DMS-0652529, DMS-0702438 and by
NSA grant H98230-07-1-0015.
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Chapter 1

Type A Weyl group multiple
Dirichlet series

We begin by defining the basic shape of the class of Weyl group multiple Dirichlet
series. To do so, we choose the following parameters.

e ® a reduced root system. Let r denote the rank of ®.
e 1, a positive integer,
e [ an algebraic number field containing the group ps, of 2n-th roots of unity,

e S, a finite set of places of F' containing all the archimedean places, all places
ramified over 4, and large enough so that the ring

os ={x € Fllz|, <1forv ¢S}
of S-integers is a principal ideal domain,
e m = (my,---,m,), an r-tuple of non-zero S-integers.
We may embed F and og into Fg = [, .4 F, along the diagonal. Let (d, ¢), s € pn

denote the S-Hilbert symbol, the product of local Hilbert symbols at each place
v €S, defined for ¢,d € F§. Let U : (Fg)" — C be any function satisfying

U(erer, - 66) = [ [ (e cins {H(% )ns } ey, 5 cp) (1.1)

i=1 i<j
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for any €1, ,&, € 05(Fg™") and ¢; € F&. Here (Fg™) denotes the set of n-th
powers in F§. It is proved in [6] that the set M of such functions is a nonzero but
finite-dimensional vector space.

To any such function ¥ and data chosen as above, Weyl group multiple Dirichlet

series are functions of r complex variables s = (s1,--- ,s,) € C” of the form
H(c;m)V
Zi (5:m; B) = Zy(s;m) = 3 (e;m)¥(e) (1.2)

—2 _ )
o NCI 1., NCT‘ 28y
C:(Cla"'7CT)E(US/°S )"
¢; #0

where Nc is the cardinality of 0g/cos, and it remains to define the coefficients
H(c;m) in the Dirichlet series. In particular, the function ¥ is not independent
of the choice of representatives in 0g/0%, so the function H must possess comple-
mentary transformation properties for the sum to be well-defined.

Indeed, the function H satisfies a “twisted multiplicativity” in e, expressed in
terms of n-th power residue symbols and depending on the root system ®, which spe-
cializes to the usual multiplicativity when n = 1. Recall that the n-th power residue
symbol <§)n is defined when ¢ and d are coprime elements of 0g and ged(n,d) = 1.
It depends only on ¢ modulo d, and satisfies the reciprocity law

).~ (2).

(The properties of the power residue symbol and associated S-Hilbert symbols in our
notation are set out in [6].) Then given ¢ = (¢y,--- ,¢,.) and ¢ = (¢}, -+, ) with

>
ged(eq - - ey -+ @) = 1, the function H satisfies

H(erdy, - endim) g e\ fe ol A A
H(c;m) H(c;m) :H(‘) (‘) H(‘) (_) ’

1<J

(1.3)

where a;, 2 = 1,--- ,r denote the simple roots of & and we have chosen a Weyl group

invariant inner product (-, -) for our root system embedded into a real vector space of

dimension r. The inner product should be normalized so that for any «, 3 € ®, both

l|a||* = (@, a) and 2{«a, 3) are integers. We will devote the majority of our attention

to @ of type A,, and will assume the inner product is chosen so that all roots have
length 1.

The function H possesses a further twisted multiplicativity with respect to the pa-

rameter m. Given any ¢ = (¢1, - ,¢.), m = (my,--- ,m,) and m’ = (m},--- ,m.)
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T

N\ —llaall? /N —llarll?
H(c;mlmll,---,mrm;):(&) (ﬁ) H(e:m).  (1.4)

C1 n Cr n

with ged(m) ---m.,c;---¢.) = 1, H satisfies the twisted multiplicativity relation

As a consequence of properties (1.3) and (1.4) the specification of H reduces
to the case where the components of ¢ and m are all powers of the same prime.
Given a fixed prime p of og and any m = (mq,--- ,m,), let [; = ord,(m;). Then
we must specify H(p*, .- pF;plt ... plr) for any r-tuple of non-negative integers
k = (ki,--- ,k.). For brevity, we will refer to these coefficients as the “p-part” of H.
To summarize, specifying a multiple Dirichlet series Z\(I,")(s; m; ®) with chosen data
is equivalent to specifying the p-parts of H.

Remark 1 Both the transformation property of V in (1.1) and the definition of
twisted multiplicativity in (1.8) depend on an enumeration of the simple roots of ®.
However the product H-V is independent of this enumeration of roots and furthermore
well-defined modulo units, according to the reciprocity law. The p-parts of H are also
independent of this enumeration of roots.

The definitions given above apply to any root system ®. For the remainder of
this text, we now take ® to be of type A, and provide a definition of the p-part of
H for these cases. In fact, we will propose two definitions of H, to be referred to
as Hr and Ha, either of which may be used to define the multiple Dirichlet series
Z(s;m; A,). Both definitions will be given in terms of Gelfand-Tsetlin patterns.

By a Gelfand-Tsetlin pattern of rank r we mean an array of integers

Qoo ao1 Qo2 te Qor
a1 a12 ay
T = , o (1.5)
aTT
where the rows interleave; that is, a;_1j—1 > a;; > a;—1;. Let A = (A,--- ,\;) be
a dominant integral element for SL,,q, so that \y > Ay > --- > A.. In the next

chapter, we will explain why Gelfand-Tsetlin patterns with top row (A, -, A, 0)
are in bijection with basis vectors for the highest weight module for SL,,(C) with
highest weight .

Given non-negative integers (I, - - - ,[,.), the coefficients H(p*',--- , pFr:ph, ... p'r)
in both definitions Hr and Ha will be described in terms of Gelfand-Tsetlin patterns
with top row (or equivalently, highest weight vector)

)\+p:(ll+l2+"'+lr+ra"' 7l7‘—1+l7‘+27l1”+170)' (16)
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We denote by GT(A+ p) the set of all Gelfand-Tsetlin patterns having this top row.
Here p = (r,r —1,---,0) and A = (A1, -+, Apy1) Where \; = 3o 1.

To any Gelfand-Tsetlin pattern ¥, we associate the following pair of functions
with image in Z%:

k‘r(g) = (kF,l(T)7 T ,k’r,r(s))v ]fA(T) = (ij,l(g)v T 7kA,T‘(T>>7

where
kri(%) =Y (a5 —ao;) and kas(T) = Y (aojr1ri— ri1ig).  (L7)
=i j=rl—i

In the language of representation theory, the weight of the basis vector corresponding
to the Gelfand-Tsetlin pattern ¥ can be read from differences of consecutive row sums
in the pattern, so both kr and ka are expressions of the weight of the pattern up to
an affine linear transformation.

Then given a fixed r-tuple of non-negative integers (l1,---,[,), we make the
following two definitions for p-parts of the multiple Dirichlet series:

Hy(p*, - pfrsph, - ) = > Gr(%) (1.8)

TeGT(A+p)
kr(%) = (k1, -+ ,kr)

and
Ha(p", - ph5ph, - ph) = > Ga(%), (1.9)
Te GT(A+p)
Ea(%) = (k1,- -+ ,kr)
where the functions Gr and Ga on Gelfand-Tsetlin patterns will now be defined.
We will associate with ¥ two arrays ['(¥) and A(T). The entries in these arrays
are

r J

Ly =T;(%) = Z(Gi,k — Qi-11), Aij =A%) = Z(aifl,kfl —a;y), (1.10)

k=j k=i

with 1 < ¢ < j < r, and we often think of attaching each entry of the array I'(%)
(resp. A(%)) with an entry of the pattern a;; lying below the fixed top row. Thus
we think of I'(¥) as applying a kind of right-hand rule to ¥, since I'; ; involves entries
above and to the right of a;; as in (1.10); in A we use a left-hand rule where A; ;
involves entries above and to the left of a;; as in (1.10). When we represent these



arrays graphically, we will right justify the I' array and left justify the A array. For
example, if

12 9 4 0 )
10 5 3
T= 7 4

6 Vs

then -~
5 4 3 2 6 7

['(%) = 31 and AR)=1]3 4
2 1

To provide the definitions of Gr and G corresponding to each array, it is con-
venient to decorate the entries of the I' and A arrays by boxing or circling certain
of them. Using the right-hand rule with the I' array, if a;; = a;—1 ;-1 then we say
I'; ; is bozed, and indicate this when we write the array by putting a box around it,
while if a; ; = a;_1; we say it is circled (and we circle it). Using the left-hand rule
to obtain the A array, we box A;; if a;; = a,_1; and we circle it if a; ; = a;_1 j_1.
For example, if

12 10 4 0

{E':

then the decorated arrays are

OYE: 2|7 8
| a2 2|56
1

1

(%)

We sometimes use the terms right-hand rule and left-hand rule to refer to both the
direction of accumulation of the row differences, and to the convention for decorating
these accumulated differences.

If m,c € og with ¢ # 0 define the Gauss sum

= 3 (%), v (). a

a mod ¢

where 1 is a character of Fg that is trivial on 05 and no larger fractional ideal. With
p now fixed, for brevity let

g(a) = g(p* ", p"), h(a) = g(p®, p"). (1.12)
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These functions will only occur with @ > 0. The reader may check that g(a) is non-
zero for any value of a, while h(a) is non-zero only if n|a, in which case h(a) = (¢ —
1)g®~' = ¢(p*), where q is the cardinality of 0g/pog. Thus if n|a then h(a) =

the Euler phi function for p®og. Let

g(L';;) if I';; is boxed but not circled in I'();
F . . . .
B q if I';; is circled but not boxed,;
Gr(%) = 1<1:[< h(L';;) if T';; neither circled nor boxed;
SR if I';; both circled and boxed.
We say that the pattern T is non-strict if a; ; = a; ;41 for any 4, j in the pattern. It
is clear from the definitions that ¥ is nonstrict if and only if I'(T) has an entry that
is both boxed and circled, so Gp(%) = 0 for nonstrict patterns. Also let

g(A;;) if A;; is boxed but not circled in A(%F);
A. . . . .
B q-i if A;; is circled but not boxed;
Gal%) = 1<1:[< h(A;;) if A;; neither circled nor boxed;
S if A;; both circled and boxed.

Inserting these respective definitions into the formulas (1.8) and (1.9) completes the
two definitions of the p-parts of Hr and Ha, and with it two definitions for a multiple
Dirichlet series Zy(s;m). In [10], the definition Hr was used to define the series,
and so we will state our theorem on functional equations and analytic continuation
of Zy(s; m) using this choice.

Before stating the result precisely, we need to define certain normalizing factors
for the multiple Dirichlet series. These have a uniform description for all root systems
(see Section 3.3 of [6]), but for simplicity we state them only for type A here. Let

n—2 .

Go(s) = (2m) 2 Dsp2ns TT T (25 1+ l) . 1.13

(5) = (2) 11 ! (113

We will identify the weight space for GL(r + 1,C) with Z"™™! in the usual way.

For any a € ®*, there exist 1 < i < j < r + 1 such that & = «;; is the root

0,---,0,1,0,--- ,—1,0,---) with the 1 in the i-th place and the —1 in the j-th

place. We will also denote the simple roots a; = a; ;41 for 1 <i<r. fa=a;;is a
positive root, then define

G.(s) =G, (% +(Si + Sig1 + -+ sj_1)> . (1.14)



Further let

CQ(S):C(l—FQn(Si—F"'—FSj1—j;i))

where ( is the Dedekind zeta function attached to the number field F. Then the
normalized multiple Dirichlet series is given by

Zi(s;m) = [HG

acdt

)| Zy(s,m). (1.15)

Theorem 1 The Weyl group multiple Dirichlet series Z3,(s;m) with coefficients Hr
as in (1.8) has meromorphic continuation to C" and satisfies functional equations

Zy(sim) = |my|' 7> Z% ,(0;8;m) (1.16)
for all simple reflections o; € W, where

si+s;—1/2 ifi,j adjacent,
S; otherwise.

O'i(Si) =1- Si, O'Z‘(Sj) = {

Here 0, : M — M is a linear map defined in [8].

The endomorphisms o; of the space M of functions satisfying (1.1) are the sim-
ple reflections in an action of the Weyl group W on M. See [6] and [8] for more
information.

This proves Conjecture 2 of [10]. An explicit description of the polar hyperplanes
of Z}, can be found in Section 7 of [8]. As we will demonstrate in Chapter 3, this
theorem ultimately follows from proving the equivalence of the two definitions of
the p-part Hr and Ha offered in (1.8) and (1.9). Because of this implication, and
because it is of interest to construct such functions attached to a representation
but independent of choices of coordinates (a notion we make precise in subsequent
chapters using the crystal description), we consider the equivalence of these two
descriptions to be our main theorem.

Theorem 2 We have Hr = Ha.

A special role in proving the equivalence of the two definitions Hr and Hpa is
played by the Schiitzenberger involution, originally introduced by Schiitzenberger [37]
in the context of tableaux. It was transported to the setting of Gelfand-Tsetlin
patterns by Berenstein and Kirillov [27], and defined for general crystals (to be
discussed in Chapter 2) by Lusztig [32]. We give its definition now.



8 CHAPTER 1. TYPE A WEYL GROUP MULTIPLE DIRICHLET SERIES

Given a Gelfand-Tsetlin pattern (1.5), the condition that the rows interleave
means that each a; ; is constrained by the inequalities

min(a;—1,-1, Giy1,;) < @;; < Max(a;—1,5, Giy1,541)-

This means that we can reflect this entry across the midpoint of this range and obtain
another Gelfand-Tsetlin pattern. Thus we replace every entry a; ; in the i-th row by

/ .
Qi ; = mln(ai—l,j—la Clz‘+1,j) + maX(Gz’—l,j, ai+1,j+1) — Q5.

This requires interpretation if j =14 or j = r + 1. Thus
, —_—
;= Qi—1j-1 +Max(a; 1,5, Gip1,j41) — Gig

and
/ .
@, = min(a;—1,—1, iy1,r) + i1 — Qi

while if ¢ = 5 = r, set a;m = @y_1,-1 + @yr_1, — ar,. This operation on the entire
row will be denoted by t,.1_;. Note that it only affects this lone row in the pattern.
Further involutions on patterns may be built out of the ¢;, and will be called g;
following Berenstein and Kirillov. Let gg be the identity map, and define recursively
q; = tits - - - t;qi_1. The t; have order two. They do not satisfy the braid relation, so
titi+1ti 7é ti+1titz‘+1. However tltj = t]tl if |Z - j| > 1 and this 1mphes that the q; also
have order two. The operation ¢, is called the Schitzenberger involution.

For example, let r = 2, and let us compute ¢, of a typical Gelfand-Tsetlin pattern.
Following the algorithm outlined above,

9 3 0 9 3 0
q2 7 1 = 7 2
3 4

Indeed, g = titot; and we compute:

9 3 0 9 3 0 9 3 0
rARES D S S S T - T S !
3 5 5

9 3 0
LIPS
4

We will discuss the the relationship between the Schiitzenberger involution and
Theorem 2 in Chapters 4, 5 and 6; see in particular (5.1).



Chapter 2

Crystals and Gelfand-Tsetlin
Patterns

We will translate the definitions of the I' and A arrays in (1.10), and hence of the
multiple Dirichlet series, into the language of crystal bases. The entries in these
arrays and the accompanying boxing and circling rules will be reinterpreted in terms
of the Kashiwara operators. Thus, what appeared as a pair of unmotivated functions
on Gelfand-Tsetlin patterns in the previous chapter now takes on intrinsic represen-
tation theoretic meaning. Despite the conceptual importance of this reformulation,
the reader can skip this chapter and the subsequent chapters devoted to crystals with
no loss of continuity. For further background information on crystals, we recommend
Hong and Kang [23] and Kashiwara [25] as basic references.

We will identify the weight lattice A of gl,,;(C) with Z"t'. We call the weight
A= (A1, Apq1) € Z7T dominant if Ay > Ay > .... If furthermore A\, > 0 we
call the dominant weight effective. (An effective dominant weight is just a partition
of length < r + 1.) If X is a dominant weight then there is a crystal graph B, with
highest weight \. It is equipped with a weight function wt : By — Z"*! such that if
 is any weight and if m(u, A) is the multiplicity of u in the irreducible representation
of GL,;1(C) with highest weight A then m(u, ) is also the number of v € B, with
wt(v) = p. It has operators e;, f; : By — ByU{0} (1 < i < r) such that if e;(v) # 0
then v = fi(e;(v)) and wt(e;(v)) = wt(v) + i, and if f;(v) # 0 then e;(fi(v)) = v
and wt(f;(v)) = wt(v) — ;. Here oy = (1,—1,0,---,0), ag = (0,1,—1,0,--- ,0) etc.
are the simple roots in the usual order. These root operators give B, the structure
of a directed graph with edges labeled from the set 1,2,--- ,r. The vertices v and w

are connected by an edge v — w or v it w = fi(v).
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Remark 2 The elements of By are basis vectors for a representation of the quantized
enveloping algebra Uy(gl,4+1(C)). Strictly speaking we should reserve f; for the root
operators in this quantized enveloping algebra and so distinguish between f; and fl
as in [26]. However we will not actually use the quantum group but only the crystal
graph, so we will simplify the notation by writing f; instead of fi, and stmilarly for
the e;. We will use the terms crystal, crystal base and crystal graph interchangeably.

The crystal graph By has an involution Sch : By — B, that such that
Schoe; = fr41_; o Sch, Schof; = e, 1_;0Sch. (2.1)
In addition to the involution Sch there is a bijection 1y : By — B_,,,x such that

Pyo fi = e oy, Proe; = fi oy, (2.2)

Here wy is the long Weyl group element. If A = (Ay,---, A\.41) is a dominant weight
then —woA = (=A\.41,-++, —A1) is also a dominant weight so there is a crystal B_,,
with that highest weight. The map ¢, commutes with Sch and the composition
¢\ = Sch oy, = 1y o Sch has the effect

Px 0 fi = fre1-i 0 P, PrO€ry1—i = €; 0 Py. (2.3)

The involution Sch was first described by Schiitzenberger [37] in the context of
tableaux. It was transported to the setting of Gelfand-Tsetlin patterns by Beren-
stein and Kirillov [27], and defined for general crystals by Lusztig [32]. Another
useful reference for the involutions is Lenart [30].

If we remove all edges of type r from the crystal graph B), then we obtain a
crystal graph of rank r — 1. It inherits a weight function from B, which we compose
with the projection Z"™*! — Z" onto the first » coordinates.

The restricted crystal may be disconnected, in which case it is a disjoint union of
crystals of type A,_1, and the crystals that appear in this restriction are described
by the following branching rule:

By = U B, (2.4)

w=(p1, s pr)
p dominant
A, p interleave

where the “interleave” condition means that g runs through dominant weights such
that
M2 2 A= 2 Ay
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The branching rule is multiplicity-free, meaning that no crystal B,, occurs more than
once. Since representations of the quantized enveloping algebra U, (gl,,,(C)) corre-
spond exactly to representations of GL,,(C), follows from the well-known branching
rule from GL,1(C) to GL,.(C). See for example Bump [12], Chapter 44.

There is a bijection between the crystal graph with highest weight A and Gelfand-
Tsetlin patterns with top row A. There are several ways of seeing this. The first
way is that, given v € B), we first branch down from A, to A,_; by the branching
rule, which means selecting the unique crystal B, from (2.4) with v € B, that is,
the connected component of the restricted crystal which contains v. Then A and g
are the first two rows of the Gelfand-Tsetlin pattern. Continuing to branch down to
A,_9,A,_3,--- we may read off the remaining rows of the pattern. Let T, be the
resulting Gelfand-Tsetlin pattern.

The crystal By contains B, if and only if A and p interleave, which is equivalent
to —wpA and —wou interleaving, and hence if and only if B_,,» contains B_,,,. The
operation v, in (2.2) which reverses the root operators must be compatible with this
branching rule, and so each row of €, , is obtained from the corresponding row of
v by reversing the entries and changing their sign. Thus, denoting by “rev” the
operation of reversing an array from left to right and by —% the pattern with all

entries negated, we have
Ty = =y - (2.5)

An alternative way of getting this bijection comes from the interpretation of
crystals as crystals of tableaux. We will assume that X is effective, that is, that its
entries are nonnegative.

We recall that Gelfand-Tsetlin patterns with top row A are in bijection with
semi-standard Young tableau with shape A and labels in {1,2,3,--- 7+ 1}. In this
bijection, one starts with a tableau, and successively reduces to a series of smaller
tableaux by eliminating the entries. Thus if » + 1 = 4, starting with the tableau

1]2[2]
4

T:

’OON)»—t‘

and eliminating 4, 3, 2, 1 successively one has the following sequence of tableaux:

1]1]2]2] 1]1]2]2]
2[4 — [2] — [1]1]2]2] — [1[1]
3] 3] 2]
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Now reading off the shapes of these tableaux gives r + 1 shapes which are the rows
of a Gelfand-Tsetlin pattern T. In this example:

4 2 1 0
T—%=

In discussing the bijection between Gelfand-Tsetlin patterns and tableaux, we
have assumed that X is effective, but what if it is not? If X is a dominant weight, so
is

At (™) =X +n, A1 +n)

for any n. (As usual, (nf) = (n,--- ,n) is the partition with k parts each equal to
n.) We will denote the corresponding crystal By (,r-+1) = det” ® By since this opera-
tion corresponds to tensoring with the determinant character for representations of
gl+1(C). There is a bijection from By to det” ® B, which is compatible with the root
operators and which shifts the weight by (n"1). If A is not effective, still A + (n" 1)
is effective for sufficiently large n. On the other hand, if A is effective (so there is a
bijection with tableaux of shape \) then it is instructive to consider the effect of this
operation on tableaux corresponding to the bijection By — det" ® By. It simply
adds n columns of the form

r+1

at the beginning of the tableau. So if A is not effective, we may still think of B
as being in bijection with a crystal of tableaux with the weight operator shifted by
(n"1), which amounts to “borrowing” n columns of this form.

Returning to the effective case, the tableau 7 parametrizes a vector in a ten-
sor power of the standard module of the quantum group U,(sl,1(C)) as follows.
Following the notations in Kashiwara and Nakashima [26] the standard crystal (cor-
responding to the standard representation) has basis (t=1,2,---,7+1). The

highest weight vector is and the root operators have the effect L

The tensor product operation on crystals is described in Kashiwara and Naka-
shima [26], or in Hong and Kang [23]. If B and B’ are crystals, then B ® B’ consists
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of all pairs x®y with x € B and y € B’. The root operators have the following effect:

o | i@ @y il gi(a)
filz ®y) { ng;)ﬁ(y) iﬁ ¢z((37))

_Joelr)®@y if ¢i(x
eil(r ®y) = { r®ey) if ¢i(x)

Here ¢;(x) is the largest integer ¢ such that f’(z) # 0 and similarly ;(z) is the
largest integer € such that e (z) # 0.

Now tableaux are turned into elements of a tensor power of the standard crystal
by reading the columns from top to bottom, and taking the columns in order from
right to left. Thus the tableau

112]2]  becomes 2]e[2]®[1]|®[4]|®[1][2]®[3].

1
2[4
3

The set of vectors coming from tableaux with shape A form a subcrystal of the tensor
power of the standard crystal. This crystal of tableaux has highest weight A and is
isomorphic to By. Thus we get bijections

Bi s { Tableau in 1,--- ,r } - { Gelfand-Tsetlin patterns }
A .

with shape A with top row A
(2.6)
This is the same as the bijection between B) and Gelfand-Tsetlin patterns that was
described previously in terms of branching rules. Indeed, the branching rule for
tableaux is as follows. Beginning with a tableau 7 in 1,--- ,r of shape A, erase all
r’s. This produces a tableau 7" of shape u where A and i interleave, and the Gelfand-
Tsetlin pattern of 7”7 is the Gelfand-Tsetlin pattern corresponding to 7 minus its
top row.
We will soon explain yet another way of relating the Gelfand-Tsetlin pattern to
v € By. This is based on ideas in Lusztig [33], Berenstein and Zelevinsky [3, 2] and
Littelmann [31]. Let w be an element of the Weyl group W, and let us give a reduced
decomposition of w into simple reflections. That is, if [(w) is the length of w, let
1< Q; <rbegiven (1 <7< I(w)) such that
W=00,0qy" " 0Qn-
We call the sequence €, -+ ,Qy a word, and if N = [(w) we call the word reduced.
A reduced word for wyq is a long word. Now if v € B, let us apply fo, to v as many
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times as we can. That is, let b; be the largest integer such that fgllv # 0. Then let by

be the largest integer such that ff—i 5111) # 0. Let v/ = gxf e fgllv We summarize
this situation symbolically as follows:
by - by .
U|:Ql QN:|U. (2.7)

We refer to this as a path.
The crystal By has a unique highest weight vector vpig such that wt(vpign) = A,
and a unique lowest weight vector vy, such that wt(viey) = we(A). Thus we(A) =

(AT+17 T 7/\1)’

Lemma 1 If w = wq then (2.7) implies that v/ = voy. In this case the integers
(by, -+ ,by) determine the vector v.

Proof See Littelmann [31] or Berenstein and Zelevinsky [2] for the fact that v' =
Ulow. (We are using f; instead of the e; that Littelmann uses, but the methods of
proof are essentially unchanged.) Alternatively, the reader may prove this directly
by pushing the arguments in Proposition 1 below a bit further. The fact that the b;
determine v follows from v}y = f&\’v e (bzllv since then v = €2, - - - eé’z’\l’v Vlow- O

The Gelfand-Tsetlin pattern can be recovered intrinsically from the location of a
vector in the crystal as follows. Assume (2.7) with w = wy. Let

BZLo(v) = BZLY (v) = (by, by, - -+ , by).

There are many reduced words representing wg, but two will be of particular concern
for us. If either

Q=Qr=(1,2,1,3,2,1,--- ,r;r—1,---,3,2,1) (2.8)
or
Q=Qr=(rr—1Lrr—2r—1r - 1,23 - 1), (2.9)
then Littelmann showed that
by = 0 (2.10)
by =bs = 0
by =2bs>2bs = 0

and that these inequalities characterize the possible patterns BZLg. See in particular
Theorem 4.2 of Littelmann [31], and Theorem 5.1 for this exact statement for Q.
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Proposition 1 Let v — T = T, be the bijection defined by (2.6) from By to the
set of Gelfand-Tsetlin patterns with top row .
(i) If Q is the word Qr defined by (2.8) in Lemma 1, so

bl bg bg b4 b5 b6 bNirJrl ber+2 bN72 bel bN ;
1 2 1 3 2 1 r r—1 3 2 1 low s

where N = 3r(r +1). Then, with T(T) as defined in (1.10),

I(%,) = by 25 ZG
2 3
by

(i) If Q is the word Qa defined in (2.9) in Lemma 1, so

v <1 <2 z3 24 <5 %6 "' AN—-r+1 AN-r42 °*°° AN-2 ZN-1 &N

then, with A(%) as in (1.10),

AlgT,) = | = = =

23 22
21

(iii) We have Tsenv) = ¢ %.

Proof Most of this is in Littelmann [31], Berenstein and Zelevinsky [2] and Beren-
stein and Kirillov [27]. However it is also possible to see this directly from Kashiwara’s
description of the root operators by translating to tableaux, and so we will explain
this.

Let ©2 = Qr. We consider a Gelfand-Tsetlin pattern

T=%,=

arfl,rfl alrfl,r
Ay

with corresponding tableau 7. Then a,, is the number of 1’s in 7, all of which
must occur in the first row since 7 is column strict. In the tensor these correspond

r r—1 » r—2 r—1 r ... 1 2 i r—2 p—1 g |Yow
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to ’s. Applying f; will turn some of these to ’s. In fact it follows from the
definitions that the number b; of times that f; can be applied is the number of 1’s
in the first row of 7 that are not above a 2 in the second row. Now the number of
2’s in the second row is a,_;,. Thus by = a, — ay_1,.

For example if

10 ) 3 0

9 4 9 11]1]1]1]2[2]3]3]4]
T= 7 3 = T=|2]2[2[3[4
5 3[3]4

then we can apply f; twice (so by = as3 — ags =5 — 3 = 2) and we obtain

11]1]2]2]2]2]3]3]4]
2[2]2[3]4
3[3]4

Now by is the number of times we can apply fo. This will promote — but
only if the 2 in the tableau is not directly above a 3. One 2 will be promoted from
the second row (1 = ag3 — ay3 = 3 —2) and three will be promoted from the first row
(3 =a9y —a1p =7 —4). Thus by = a9y + as3 — a1z — ay3. This produces the tableau

1]1]1]2]3]3]3]3]3]4]
2[2[3[3]4
3[3

W

After this, we can apply fi once (1 = ag3 — a;3 = 3 — 2) promoting one 1 and giving

1]1]2]2]3[3[3]3]3]4]
2[2]3]3]4
3[3]4

Thus b3 = ass — a13. After this, we apply f3 seven times promoting two 3’s in the
third row (2 =2 — 0 = ag; — asp), one 3 in the second row (1 =4 — 3 = ajy — age)
and and four 3’s in the first row (4 =9 — 5 = ay; — agp;) to obtain

1]1]2]|2]3]4[4]4]4]4]

212|3|4]4
41414
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Thus by = ay1 + a12 + ay3 — agy — aga — apz. One continues in this way.

From this discussion (i) is clear. We refer to Berenstein and Kirillov [27] for the
computation of the involution Sch. Thus we will refer to [27] for (iii) and using (iii)
we will prove (ii). By (iii) and (2.5) the map ¢, : By — B_,,\ satisfying (2.3) has
the effect

‘Zq‘))\fu = qTS’L/)U = (_qr‘zvyev' (211>
Since ¢, changes f; to f,y1_; it replaces by, -+ ,by (computed for ¢gy\v € B_,,,») by
21, ,2N. 1t is easy to see from the definition (1.10) that I'(—=%"¥) = A(%)™Y, and
(ii) follows. O

Now let us reinterpret the factors Gr(%,) and Ga(¢-%,) defined in Chapter 1. It
follows from Proposition 1 that the numbers I';; and A;; that appear in the respective
arrays are exactly the quantities that appear in BZLg(v) when Q = Qr or Qa, and
we have only to describe the circling and boxing decorations.

The circling is clear: we circle b; if either ¢ € {1,3,6,10,---} (so b; is the first
element of its row) and b; = 0, or if i ¢ {1,3,6,10,---} and b; = b;y;. This is a
direct translation of the circling definition in Chapter 1.

Let us illustrate this with an example. In Figure 2.1 we compute I'(%,) for a
vertex of the Ay crystal with highest weight (5,3,0).

0 2 2

so that by = 0, by = by = 2. The inequalities (2.10) assert that by > 0 and by > b3 > 0.
Since two of these are sharp, we circle by and by and

@ 9 5 3 0
, T = 3 2
© 2

As for the boxing, the condition has an interesting reformulation in terms of the
crystal, which we describe next. Given the path

F<zv) =

b b ba rb ba rb b b
U7f91v7f§2211}7'” 7lelvaf92fﬂllva"' ’ Q22f911v7f93f922f§2111}7'” >fQ]X]fQ]1VU = Ulow

through the crystal from v to viey, the b; are the lengths of consecutive moves along
edges fqo, in the path. (These are depicted by straight-line segments in the figure.)
If u is any vertex and 1 < ¢ < r, then the ¢-string through u is the set of vertices that
can be obtained from u by repeatedly applying either e; or f;. The boxing condition
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) g O
h f

Ulow

Figure 2.1: The circling rule. The crystal graph has highest weight A = (5, 3,0).
The element vy, has lowest weight woA = (0, 3,5), and v has weight (2,0,3). The
labels of the vertices are the I" arrays. The word Qr = 121 is used to compute I'(%T,).
The root operator f; moves left along crystal edges, and the root operator fy moves
down and to the right. The crystal has been drawn so that elements of a given weight
are placed in diagonally aligned clusters.

then amounts to the assumption that the canonical path contains the entire §2; string
through f&: e 5111) That is, the condition for b, to be boxed is that

bi— b
ththt—ll R fﬂllv — O
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Figure 2.2: The boxing rule. The crystal graph By with A = (4,2,0). The element
Ulow has lowest weight woA = (0,2,4), and v has weight (3,2,1). The word Qr = 121
is used to compute I'(T,). The root operator f; moves left along edges, and the
root operator f; moves down and to the right. The crystal has been drawn so that
elements of a given weight are placed in diagonally aligned clusters.

Here is an example. Let A = (4,2,0), and let Q = Qp = (1,2,1). Then (see
Figure 2.2) we have by = 2, by = 3 and b3 = 1. Since the path includes the entire
2-string through fZv (or equivalently, since e f2v = 0) we box by and

b 4 2 0
r(sv):{ } T, = 41

It is not hard to see that the decorations of I'(¥,) described this way agree with
those already defined in Chapter 1.
Now that we have explained the boxing and circling rules geometrically for the
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BZL pattern, it is natural to make the definition

L(r41) " if b; is circled,
Dy g(b;) if b; is boxed,
Gr(v) = Gr(v) = 11 h(b;) 1if b; is neither circled nor boxed, (2.12)
= 0 if b; is both circled and boxed,

where the b; are as in Proposition 1 (i), and the boxing and circling rules are to be
discussed. The definition of Ga(v) = G(Af) (v) is identical, except that we use the z;
in Proposition 1 (ii).

GF(U) = GF(‘Zv)a GA('U) = GA((S:’U) (213)

In order to finish describing the p-part of the multiple Dirichlet series in com-
pletely we need to describe kr and ka. If T is a Gelfand-Tsetlin pattern, let d; = d;(%)
be the sum of the i-th row of T, so that if T is as in (1.5), then d; = 3 77_; a;;.
Proposition 2 Ifv € By and d; are the row sums of T, then

Wt(’U) = (dr, d,,«_l — dr, cee ,do — dl) (214)

Moreover if by, - - - ,b%T(TH) are as in Proposition 1 (i),
(wt(v) — wo(A), p) = D> _ b (2.15)

Proof Let by,--- ;01,(r41) be as in Proposition 1 (i). Thus they are the entries
in I'(T). Since v}y is obtained from v by applying fi by + b + bg + ... times, fo
by + bs + by times, etc., we have

wt(v) — wo(A) = wt(v) — Wt(Viow) = kray + k100 + ... + ki, (2.16)

where k, = by +b3+bg+. .., k1 = by+bs+.... Now (2.15) follows since (a;, p) = 1.
By Proposition 1 (i) the b; are the entries in I'(%,). In particular by = a,, —a,_1,,
b3 = a,_1, — ar_2,, etc. and so the sum defining &, collapses, and since ag; = Aiy1
we have
k, = Qppr — Qo = d, — )\T+1'

Similarly

kr—l = dr—l - /\7" - >\7‘+1
kr72 = dr72 - /\7'71 - )\7’ - )\r+1



In view of (1.7) the definitions of the previous chapter, k; = kr ;.
Remembering that wt(viey) = wo(A) = (Aps1, Ary - -+, A1), this shows that

wt(v) — (A, A1, oo, A1)

(dr — >\r+1)051 + (d'r—l — /\r - )\,._,_1)062 + ...+ (dl — )\2 — ... )\T)Oér =

(dr_)\radrfl_dr_)\rflf" 7_d1+)\2++)\r)

Since dy = A1 + ... + A, we get (2.14).

21

O

Proposition 3 Let v € By, and let k; = kp;(T,). The k; are the unique integers

such that

D ki = X —wo (wh(v)).

i=1

(2.17)

Proof Equation (2.17) applies from applying wy to (2.16), since woa; = tpy1—;.

The uniqueness of the k; comes from the linear independence of the k;.

Theorem 3 We have

Hl—‘(pkla"' 7pkr;pl17”' 7plT) = Z GF(U)a
UEB)\+,,
wt(v) = wo ()\ -> kiai)

HA(pkla"' >ka;pl17"' 7plr) = Z GA(U)a
UEB)\_'.p
wt(v) = wo ()\ -> k’iai)

where A = (Aq, -+, Apep1) with Ny =2 1.

j>i
In view of Theorem 2, these two expressions are equal.

Proof This is clear in view of (2.13) and (2.17).

O



Chapter 3

Tokuyama’s Theorem

It was shown in [7] that the p-parts of the Weyl group multiple Dirichlet series
Zy(s;m) can be identified with Whittaker functions of Eisenstein series on the n-
fold metaplectic cover of GL, ;. When n = 1, these can be computed explicitly by
the formula of Shintani [38] and Casselman and Shalika [14]: they are the values of
the characters of irreducible representations of the L-group GL,;1(C).

Let z = (21, ,2-41) be complex numbers that in the Weyl character formula
are the eigenvalues of an element of GL,,1(C). In the application to the Casselman-
Shalika formula we will take the z; to be the Langlands parameters. (In terms of the
s; the z; are determined by the conditions that []z; = 1 and z;/z;14 = ¢'72r+1-i.)
If o= (pa, -, pry1) is a weight and z = (21, -+ , z,41) we will denote z# = [] 24".
By the Weyl character formula, an irreducible character of GL,1(C) is of the form

P wew (=1 A)
27 [Jaear (1 —2%)

The p-part of the normalizing factor of the Eisenstein series is

1
[Tocor (1 —q7122)’

which resembles the denominator in the Weyl character formula — except for a “shift,”
i.e. the ¢71). By (1.15) this is also the p-part of the normalizing factor of Zy(s; m).

Tokuyama [41] gave a deformation of the Weyl character formula; in this de-
formation, the denominator has a parameter ¢, which can be specialized to —q*
so that Tokuyama’s denominator matches (3.1). The numerator is a sum not over
the Weyl group, but over Gelfand-Tsetlin patterns. When n = 1, the numerator in
Tokuyama’s formula is exactly the p-part of Zy(s;m).

(3.1)

22
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We will state and prove Tokuyama’s formula, then translate it into the language
of crystals.

If ¥ is a Gelfand-Tsetlin pattern in the notation (1.5) let s(¥) be the number of
entries a;; with ¢ > 0 such that a,_1 ;-1 < a;; < @,_1;. Let [(T) be the number of
entries a;; with ¢ > 0 such that a;; = a;_1;—1. Thus [(¥) is the number of boxed
elements in I'(T), and s(%) is the number of entries that are neither boxed nor circled.
For 0 <i < rlet d;(%) =" _; a;; be the i-th row sum of .

j=i

We will denote by s)(z1,---,24+1) the standard Schur polynomial (Macdon-
ald [34]). Thus s, is a symmetric polynomial and if z; are the eigenvalues of
g € GL,1(C) then sy(z1, -, z41) = xa(g), where x, is the character of the irre-

ducible representation with highest weight A. In this Chapter there will be an induc-
tion on r, so we will sometimes write p = p, = (r,r—1,--- ,0). Let GT(\) = GT,()\)
be the set of Gelfand-Tsetlin patterns with r» + 1 rows having top row A.

Theorem 4 (Tokuyama [41]) We have

L || (CR S| PEES)

TeGT\A+p) 1<j
T strict

(3.2)

For comparison with the original paper, we note that we have reversed the order
of the z;, which does not affect the Schur polynomial since it is symmetric. The
following proof is essentially Tokuyama’s original one.

Proof There is a homomorphism AT+Y — A() in which one sets z,,; — 1.
The homomorphism is not injective, but its restriction to the homogeneous part
of A of fixed degree r is injective. We note that as polynomials in the z; both
sides of (3.2) are homogeneous of degree dy = |A| + 4r(r 4+ 1). (If X is a partition
then |A| = ). A\i|. See Macdonald [34] for background on partitions and symmetric
functions.) Two homogeneous polynomials of the same degree are equal if they are
equal when 2,1 = 1, so it is sufficient to show that (3.2) is true when z,,; = 1, and
for this we may assume inductively that the formula is true for r — 1.

The branching rule from GL,1(C) to GL,(C), already mentioned in connection
with (2.4), may be expressed as

sa(z1, 2, 1) = Z Su(z1, -+, 2r). (3.3)

1 interleaves A

See for example Bump [12], Chapter 44.
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Also on setting z,,1 = 1,

{ H (2 —|—zit)} becomes { H (2 +z¢t)} [Z then (2, - - - ,zr)],

1<i<j<r+1 1<i<j<r

where ey, is the k-th elementary symmetric polynomial, that is, the sum of all square-
free monomials of degree k.
Now we recall Pieri’s formula in the form

erS, = E Sy.

vl +k
v\u is a vertical strip

See for example Bump [12], Chapter 42. The notation v |u| 4+ k means that v is a
partition of |u|+ k. The condition that v\p is a vertical strip means that the Young
diagram of v contains the Young diagram of p, and that the skew-diagram v\ u has
no two entries in the same row.

The condition means that each v; = u; or p; + 1, and that v; = u; + 1 exactly k&
times. Thus when 2,7 = 1 the right-hand side of (3.2) becomes

Z{ H (Zj—i-Zit)}tk Z Z SV(Zla"'azr>-

k Ii<jsr w interleaves A vlip|l+k
v\p is a vertical strip

Now by induction

{ H (Zj"’Zit)}Sy(Zl,"',Zr) =

1<i<j<r
S(T) L U(T) drq o g—d d\—d,
E (t+ 1)z 2, ez
T € GTr—1(v + pr—1)
T’ strict

where d; are the row sums of . We substitute this and interchange the order of
summation and make the summation over p the innermost sum. The condition that
v\p is a vertical strip means that p; < v; < p; + 1. Combining this with the fact
that p interleaves A we have

Ni+12>p+12>0 2> 0 > Mg (3.4)
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and therefore v + p,_; interleaves A + p,. Since k = |v| — |u|, the right hand side of
(3.2) is

> > (t + 1)*FE)
v T e GTT_l(I/-i-pT_l)
v + pr—1 interleaves A + p, T strict

’ ' '
d,,,7 1 dr72 _dr'fl

=l
t 212y

E do—dj
DY ZT .
1 interleaving A
VO
| v\ is a vertical strip

Now we assemble A+ p, and the Gelfand-Tsetlin pattern ¥’ into a big Gelfand-Tsetlin
pattern . The row sums of ¥ and ¥’ are the same except the top row, so d; = d;_,
for 1 < i < r. We may just as well sum over T, in which case ¥ is the pattern
obtained by discarding the top row of T. We get

=l | dr dra—dr

di—d2
Zl 2 e Z .

(t + 1)) "

2.

T GTr(A+p)

2.

1 interleaving A

T strict vOu
| v\u is a vertical strip |
We evaluate the term in brackets. It is
T
>
i=1 Ai 2 pi 2 Aiga
pi =v;orv; —1

We now show that this equals (¢ + 1)5®=sE)D-UT) By (3.4), if 1; = \; + 1 then

v; = p; + 1 and so t¥7# = 1. This is the case that the i-th entry of the second
row in ¥ is boxed. The number of such terms is I(T) — [(¥') and so we have a
contribution of {®~4%); this is the case where the i-th entry of the second row in ¥
is circled. If v; = A\;yq, then (3.4) implies that v; = p; and there is no contribution
from these factors. In the remaining cases we have A\; +1 > v; > \;;; both ¢ and 1
can occur. The number of such terms is s(%) — s(%¥’), and so we have a contribution
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of (t 4 1)5 (5%,

t if the boxed case,
Z tVimH =< t+1 in the unboxed, uncircled case,
N S > Nt 1 in the circled case.

i =v;orv; —1

Hence the term in brackets equals t4or(® (¢ +1)%2 (% where Iy, (%) is the number of
boxed entries in the top row of I'(¥) and s.p(%) is the number of entries in the top
row of I'(T) that are neither boxed nor circled. Clearly [(T) = [(T') + liop(F) and
$(T) = s(T') + stop(T) so we obtain the left-hand side of (3.2), with 2., = 1. This
completes the induction. O

We will give a version of Tokuyama’s formula for crystals. We will take n = 1 in
(1.12). In this case the Gauss sums may be evaluated explicitly and

gla)=—¢""',  h(a) = (q—1)¢" "

Theorem 5 If A is a dominant weight, and if z1,--- , 2,41 are the eigenvalues of
g € GL,11(C), then

H (1— q_lzo‘)x)\(g) = Z GF(U)q—<Wt(v)—wo(/\+p)7p>zwt(fv)—wop‘

acdt veEB, A

Proof We will prove this in the form

Z Gr(v)g~ (Vi) =wo(xp)p) 5 wilv) — H(zi — ¢ ) (9): (3.5)

’UEBP+)\ l<j

This is equivalent since 2], g+ (1 — ¢ '2%) = 2025 -+~ 27 [[;;(1—¢7"'2i/2). By
Theorem 4 with t = —¢!, the right-hand side of (3.5) equals

D R e AT

Te GT(A+p)
T strict

Turning to the left-hand side of (3.5), let v € B,y y. By (2.14) we have 2"'(*) =

17 L pdo—di while (with b; as in Proposition 1 (i)

q7<wt(v)f’w0(>\+P)7P> — H qibi, (36)
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We may discard those v for which ¥, is nonstrict, since for these Gr(%,) = 0. Indeed
if ¥, is nonstrict then some a;; = @; j+1. This means that a;; = ai+1+1 = @i 41
and so the entry I';i1 ;11 is both boxed and circled in I'(¥,), which implies that
Gr(v) = Gr(%,) = 0. On the other hand if ¥, is strict then by (3.6) and the
definition of G(v)

—qbi ! if b; is boxed,
Gr(v)g~Wt—woBte)e) — H g b H g if circled,
i i (g —1)¢% ! neither

which evidently equals (—¢)"®)(1 — ¢~1)*(**) and the statement is proved. O

The Casselman-Shalika formula for GL,;; may be written as follows. Let 1)
be a character of the nonarchimedean local field K that is trivial on the ring o of
integers but no larger fractional ideal. Let @ be a prime element in o0, and let ¢ be
the cardinality of the residue field. Let A = (A1, -+, A\.11) be a dominant weight and
write \; = > ;=i lj- Define a character of the group N_ of lower triangular unipotent
elements by

21 1 L .
1/}>\ : . . :¢0(w x’r+1,r+~~+w7$21)-

Tr41,1 0 Trglp 1

Let f° be the function on GL,1(F") defined by

wht %
wl‘@ * 1 5 9
fe . |k =T ®2, ke GL(o)
w#‘r+l
where z = (21, -+, z,41) are the Langlands parameters. Then the Casselman-Shalika

formula can be written

[ sy dn = 2 [H <1—q—1za>] e m). (37)

acdt

The integral is absolutely convergent if |z%| < 1.
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On the other hand, Tokuyama’s formula describes the right-hand side of this
equation. So what we have proved is the formula

/N fe(n)Ya(n) dn = Z GF@)qf(wt(v)fwo(Mp),mzwt(v)fwo(pﬂ). (3.8)

vGBP+)\
We observe:

e The identical formula appears to be true if f is taken on the n-th order meta-
plectic group, in which case the Gr(v) are products of Gauss sums as in Chap-
ter 2.

e There is a homomorphism B,, — B4, of crystals, where By, is the crystal
base on the quantized enveloping algebra of N_, as considered by Lusztig [32]
and by Kashiwara [24]. So the right-hand side may be regarded as a sum
over B.

e This is suggestive, since the left-hand side is an integral over the unipotent
group NN_, and the right-hand side is a sum over the crystal basis on the
quantized universal enveloping algebra of Lie(/N_).



Chapter 4

Duality

In Chapter 2 we used the notation

{bl bN:| , {51 bN](f),
v . v or v . v

iy e iy iy e iy

to mean that v = ffly e ffllv where each integer b is as large as possible in the

sense that fi"'“ f;; SRR ffllv = 0. In this chapter, we will exclusively use the sec-

ond notation — the superscript (f) will be needed to avoid confusion since we now
analogously define

(e)
v [ b b ] v’ (4.1)
Zl DR /Z/N
to mean that v' = e?ﬁ -+ ey where e?}’:“e?}’:: ey =0forall 1 <k<N. Thus
(e) ()
v l l.)l l.)N ] v’ if and only if v’ l l.)N l.)l ] v.
21 DY ZN ZN DEREY Zl

Let us assume that (4.1) holds, where Q = (41, - -+ ,iy) and N = $r(r+1). Assuming
that 2 = Qr or Qa, defined in (2.8) and (2.9), we may decorate the values b, with
circling and boxing, just as in Chapter 2. Thus b, is circled if and only if either by = 0
(when £k is a triangular number) or by = b1 (when it is not). And b is boxed if and
be-1 ei-’llv = 0, which is equivalent to saying that the path (4.1) includes

Tk—1
bk—l . ebl
Tk—1 i1

only if f; e
the entire 7, string through e v. In this case, dual to Lemma 1, we have

/
U = Vhigh-

29
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The definition of the multiple Dirichlet series can be made equally well with
respect to the e;. Indeed, we adapt (2.12) and define

b if b; is circled,
(€ \ g(b;) if b; is boxed,
Ga'v) = H h(b;) if b; is neither circled nor boxed,
0 if b; is both circled and boxed,

%1‘(7‘—&—1) q

assuming that ) = Qn; if instead 2 = Qr, then G(Fe) is defined by the same formula.

Corollary to Theorem 3. We have

HF(Pkla"' 7pkr;pll7”' 7plr) = Z G(AE)<U)
’UGB/\+p
Wt(v) EP S ZL k; o
HA(ka,"' apkr;pllf" 7plr) = Z G%‘B)O})'
’UGB)\+p

wt(v) = A= >, kioy
Proof We replace v by Sch(v) in Theorem 3. It follows from (2.1) that
G (Sch(v)) = G (v),

and wt(Sch(v)) = wy(wt(v)), and the statement follows. O

The circling and boxing rules seem quite different from each other, but actually
they are closely related, and the involution sheds light on this fact also. Let us apply
Proposition 1 (i) to ¥, and Proposition 1 (ii) to T, = ¢ ZTgenw). For the latter, we
see that

where by (2.1)

(f)
S R P 1 Is lg -+ Ino In-1 Iy
Sch(v) r r—1 r r—2 r—1 r -+« 7—=2 r—1 r Vlow-

Now by definition an entry is circled in I'(¥,) if and only if the corresponding entry
is boxed in A(%,). This means that if we use the word Qr for v and Qa for Sch(v),
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fi fi

Figure 4.1: Box-Circle Duality. Here v is the marked element of By, A = (5, 3,0).
With ¥ =%, I'(T) and A(T) are obtained from v and Sch(v) as BZL patterns for
the words Qr = (1,2,1) and Qa = (2, 1,2). Boxes in one array correspond to circles
in the other.

then we obtain two BZL patterns in which circled entries in one correspond to boxed
entries in the other!

Figure 4.1 illustrates this with an example. The two equalities marked in T, give
rise to two circles in I'(¥,) and two boxes in A(%,). We can see these in the marked
paths from v and Sch(v) to Vigy.

But there is another way to look at this. It follows from (2.1) that

Lol Iy Lol B o Iyes Iy Iy @

't 21321 ... 3 92 1 | UYue
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(1 '/\ el @ 5 //3 0

Uow‘ -
TR L

Figure 4.2: More Box-Circle Duality. Here v is the marked element of B),
A=(5,3,0). With T =%, I'(Y) and A(T) are obtained from v as BZL patterns for
the word Qr = (1,2, 1), but using f root operators for I" and e root operators for A.
The cirling of entries in one path corresponds to boxing of entries in the other path,
a striking combinometrical property of the crystal.

This means that we may generate I'(T,) and A(T,) from the same element v and the
same word {2, but applying f; successively to generate the entries b; of I'(%,) and
applying the e; (in the same order) to generate the entries [; of A(%,). The boxing
and circling rules are defined analogously for the A(%,) as for I'(%,). Now boz-circle
duality means that there a bijection between the b; and the [; in which b; is circled if
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and only if the corresponding [; is boxed. Note that this bijection changes the order:

by by by by b5 Dbg

L A
Loy b lg Is Ly

This is a rather striking property of the crystal graph.



Chapter 5

Outline of the Proof

The proof of Theorem 1 involves many remarkable phenomena, and we wish to
explain its structure in this chapter. To this end, will give the first of a succession
of statements, each of which implies the theorem. Passing from each statement to
the next is a nontrivial reduction that changes the nature of the problem to be
solved. We will outline the ideas of these reductions here and tackle them in detail
in subsequent chapters.

Statement A. We have Hr = Hx.

This reduction was already mentioned in the first chapter, where Statement A
appeared as Theorem 2. Owing to results from the previous chapter, Hr and Ha
may be regarded as sums parametrized by either Gelfand-Tsetlin patterns or crystal
bases.

The proof that this implies Theorem 1 is Theorem 1 of [9]. We review the idea of
the proof. To prove the functional equations that Zy(s;m) is to satisfy, using the
method described in [13], [4], [6] and [8] based on Bochner’s convexity prinicple, one
must prove meromorphic continuation to a larger region and a functional equation
for each generator oy, --- , 0, of the Weyl group — the simple reflections. These act
on the coordinates by

1—sj if j =1,
oi(sj) =% si+s;—3 ifj=it1,
Sj if |j —i] > 1.

We proceed inductively. Taking H = Hr as the definition of the series, all but one
of these functional equations may be obtained by collecting the terms to produce
a series whose terms are multiple Dirichlet series of lower rank. To see this re-
duction, note that we have described the p-part of H as a sum over Gelfand-Tsetlin

34
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patterns, extended this to a definition to H(cy, -+, ¢.;my, -+ ,m,) by (twisted) mul-
tiplicativity. Equivalently, one may define H(cy,- -« ,¢.;myq, -+ ,m,) by specifying a
Gelfand-Tsetlin pattern ¥, for each prime; for all but finitely many p the pattern
must be the minimal one

Summing over such data with (for each p) fixed top row (determined by the ord,(m;))
and fixed row sums (determined by ord,(c;)) gives H(cy, - ,¢;mq, -+ ,m,). More
precisely we may group the terms as follows. For each prime p of og, fix a partition A,
of length r into unequal parts such that for almost all p we have A\, = (r,r—1,---,0);
then collect the terms in which for each p the top row of €, is A,. These produce
an exponential factor times a term Z(s;m’; A,_;) where m’ depends on A, (for each
p). This expansion gives, by induction, the functional equations for the subgroup
of W generated by og,---,0,. Similarly starting with H = Ha gives functional
equations for the subgroup generated by oy, --- ,0,_1. Notice that these two sets of
reflections generate all of W. If Statement A holds, then combining these analytic
continuations and functional equations and invoking Bochner’s convexity principle
gives the required analytic continuation and functional equations. We refer to [9] for
further details.

Since Hr and Ha satisfy the same twisted multiplicativity, it suffices to work at
powers of a single prime p. We see that there are two ways in which these coefficients
differ. First, given a lattice point k = (kq,...,k,) in the polytope defined by the
Gelfand-Tsetlin patterns of given top row, there are two ways of attaching a set
of Gelfand-Tsetlin patterns to k, namely the set of ¥ with kp(¥) = k, or with
ka(%) = k. Second, given a pattern T, there are two ways of attaching numbers to
it: Gp(%), resp. Ga(%).

An attack on Statement A can be formulated using the Schitzenberger involution
on Gelfand-Tsetlin patterns. This is the involution ¢,, which was already defined in
Chapter 1. It interchanges the functions ka and kr, and one may thus formulate
Statement A as saying that

Yoo G®= ) Galgd) (5.1)
kr(2)=(k1, ,kr) kr(2)=(k1, ,kr)

In many cases, for example if T is on the interior of the polytope of Gelfand-
Tsetlin patterns with fixed kp(¥), it can be proved that Gr(%) = Ga(¢-%). If this
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were always true there would be no need to sum in (5.1). In general, however, this
is false. What is ultimately true is that the patterns may be partitioned into fairly
small “packets” such that if one sums over a packet, > Gr(%) = > Ga(¢.T). The
packets, we observe, can be identified empirically in any given case, but are difficult
to characterize in general, and not even uniquely determined in some cases. See [9].

To proceed further, we introduce the notion of a short Gelfand-Tsetlin pattern or
(for short) short pattern. By this we mean an array with just three rows

lo l s o lat
t= ap a aq . (5.2)
b T

where the rows are nonincreasing sequences of integers that interleave, that is,

li 2 a; 2 li+17 a; > bz 2 Aj41- (53)
We will refer to lg, - ,lqr1 as the top or zero-th row of t, ag,--- ,aq as the first or
maddle row and by, --- ,bq_1 as the second or bottom row. We may assume that the

top and bottom rows are strict, but we need to allow the first row to be nonstrict.
We define the weight k of t to be the sum of the a;.
If t is a short pattern we define another short pattern

l[) ll lQ T ld—i—l
t = ag ay al, : (5.4)
bo ba—1
where
CL; = min(lj, bjfl) + max(le, bj) — aj, 0<j<d, (55)
ag = lo + max(ly, bg) — ao, ay; =min(ly, by_1) + lgr1 — aq. (5.6)

We call t' the (Schiitzenberger) involute of t. To see why this definition is reasonable,
note that if the top and bottom rows of t are specified, then a; are constrained by
the inequalities

min(l;,b;—1) = a; > max(lj41,0b;)), 0<j<d, (5.7)

lo 2 Ao 2 max(ll, bo), min(ld, bd—l) 2 aq 2 ld—i—l' (58)

These inequalities express the assumption that the three rows of the short pattern
interleave. The array t' is obtained by reflecting a; in its permitted range.

The Schiitzenberger involution of full Gelfand-Tsetlin patterns is built up from
operations involving three rows at a time, based on the operation t — t’' of short
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Gelfand-Tsetlin patterns. This is done %r(r + 1) times to obtain the Schiitzenberger
involution. Using this decomposition and induction, we prove that to establish State-
ment A one needs only the equivalence of two sums of Gauss sums corresponding to
Gelfand-Tsetlin patterns that differ by a single involution. This allows us to restrict
our attention, within Gelfand-Tsetlin patterns, to short patterns. To be more precise
and to explain what must be proved, we make the following definitions.

By a short pattern prototype & of length d we mean a triple (I, b, k) specifying
the following data: a top row consisting of an integer sequence = (ly,- - ,l441), &
bottom row consisting of a sequence b = (by,--- ,by), and a positive integer k. It is
assumed that l() >0 > > ld+1, that b() > by >...>by_; and that [; > b; > li+2.

We say that a short pattern t of length d belongs to the prototype & if it has the
prescribed top and bottom rows, and its weight is k (so Y .a;, = k). By abuse of
notation, we will use the notation t € G to mean that t belongs to the prototype &.
Prototypes were called types in [9], but we will reserve that term for a more restricted
equivalence class of short patterns.

Given a short Gelfand-Tsetlin pattern, we may define two two-rowed arrays I'
and Ay, to be called preaccordions, which display information used in the evaluations
we must make. These are defined analogously to the patterns associated with a full
Gelfand-Tsetlin pattern, which were denoted I'(t) and A(t). There is an important
distinction in that in I'y we use the right-hand rule on the first row, and the left-hand
rule on the second row, and for A we reverse these. In the full-pattern I'(¥) we used
the right-hand rule for every row, and in A(%) we used the left-hand rule for every
row. Specifically

_ ) Mo H1 T Ha
r={r 59)
and
/{/0 /{/1 Y I{'/d
A, = 5.10
t { /\0 L. /\d—l } ) ( )
where
d J
i = Z(ak — ljg1), vj = Z(ak — by),
k=3 k=0
and
j d—1
Ri=> (e—ar), A=Y (b —arp).
k=0 k=j

We also use the right-hand rule to describe the circling and boxing of the elements
of the first row of I'y, and the left-hand rule to describe the circling and boxing



38 CHAPTER 5. OUTLINE OF THE PROOF

of elements of the bottom row, reversing these for Ay. This means we circle p; if
a; = lj41 and box p; if a; = l;; we circle v; if b; = a; and box v; if b; = a;41. The
boxing and circling rules are reversed for Ay we box k; if a; = [;4; and circle o; if
a; = lj; we box \j if b; = a; and box A; if b; = a;41.

We give an example to illustrate these definitions. Suppose that

Then

Ft:{ ’ 6@9@@4 105}'

We have indicated the circling and boxing of entries. Now applying the involution,

and

Ay_{ 5@6@9 4 10 3@}

We observe the following points.

e The first row of I'¢ is decreasing and the bottom row is increasing; these are
reversed for Ay, just as the boxing and circling conventions are reversed.

e The involution does not preserve strictness. If t is strict, no element can be
both boxed and circled, but if t is not strict, an entry in the bottom row is
both boxed and circled, and the same is true for Ay: if t’ is not strict, then an
entry in the bottom row of Ay is both boxed and circled.

If ¥ is a Gelfand-Tsetlin pattern, then in I'(¥) we use the right-hand
rule in every row, and in A(%¥) we use the left-hand row in every row.
But if t is a short Gelfand-Tsetlin pattern then in I'y and A one row
uses the right-hand rule, the other the left-hand rule.
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Let us define

g(x) if z is boxed in I'y, but not circled,;
B q if  is circled, but not boxed;

Gr(t) = H h(x) if x is neither boxed nor circled;
0

el if z is both boxed and circled.
Thus if t is not strict, then Gr(t) = 0. Similarly, let

g(x) if z is boxed in Ay, but not circled;
N q if z is circled, but not boxed;
Galt) = 1;[ h(z) if x is neither boxed nor circled;
o if z is both boxed and circled.

Thus in our examples,
Gr(t) = h(9) - ¢" - ¢* - h(4) - 9(2) - h(6) - h(9) - ¢” - 1(10)

and
Ga(t) = h(5) - h(6) - h(9) - h(12) - g(12) - ¢" - ¢" - h(4) - B(3).

Statement B. Let G be a short pattern prototype. Then

D Gr(t) =) _Ga(t). (5.11)

tes tes

A reinterpretation of Statement B in terms of crystal bases will be given in
Chapter 7.

This was conjectured in [9]. By Theorems 7 and 8 below we actually have, for
many t (in some sense most)

Gr(t) = Ga(t). (5.12)

However this is not always true, so the summation in (5.11) is needed.

The reduction to Statement B was proved in [9], which was written before State-
ment B was proved. We will repeat this argument (based on the Schiitzenberger
involution) in Chapter 6. In a nutshell, Statement A can be deduced from State-
ment B because the Schiitzenberger involution ¢, is built up from the involution
t — t’' of short Gelfand-Tsetlin patterns by repeated applications, and this will be
explained in detail in Chapter 6.

Just as in (5.12), it is in some sense usually true that the individual terms agree
in this identity, that is, Gr(%) = Ga(%’). In many case, for example if T is on
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the interior of the polytope of Gelfand-Tsetlin patterns with fixed kp(%), it can
be proved that Gr(%) = Ga(q.T). If this were always true there would be no
need to sum in (5.1). In general, however, this is false. What is true is that the
patterns may be partitioned into fairly small “packets” such that if one sums over a
packet we have > Gr(%) = > Ga(q,%). The packets, we observe, can be identified
empirically in any given case, but are difficult to characterize in general, and not even
uniquely determined in some cases. These phenomena occur in microcosm for the
short Gelfand-Tsetlin patterns, so studying the phenomena that occur in connection
with (5.11) gives us insight into (5.1).

Instead of pursuing the identification of packets as suggested in [9], we proceed by
using (5.1) to reduce Statement A to Statement B, and the mysterious packets will
eventually be sorted out by further combinatorial transformations of the problem
that we will come to presently (Statements C, D, E, F and G).

Most our effort will be devoted to the proof of Statement B, to which we now
turn. We call the short pattern totally resonant if the bottom row repeats the top
row, that is, if it has the form

lo l ly e lat1
t= Qg ai Qq . (5.13)
[ e ly

Notice that this is a property of the prototype, whose data consists of the top and
bottom rows, and the middle row sum.

Statement C. Statement B is true for totally resonant short pattern prototypes.

The fact that Statement C implies Statement B will be proved in Theorem 9,
which requires the introduction of some new concepts. Given a short pattern (5.2),
we will associate with its prototype a certain graph called the cartoon by connecting
a; to either [; if © = 0, or else to either [; or b;,_;, whichever is numerically closer to
a;. If b;_1 = [;, then we connect a; to both. We will also connect a; to either [, or
b;, whichever is numerically closer to a;, or to both if they are equal, provided 7 < d;
and ag is connected to l;11. The connected components of the cartoon are called
episodes.

We will subdivide the prototype into smaller equivalence classes called types. Two
patterns t; and t, have the same type if, first of all, they have the same prototype
(hence the same cartoon), and if for each episode &£, the sum of the a; that lie in £
are the same for t; and t;. Statement B follows from the stronger statement that
(5.11) holds when we sum over a type. We will reduce this statement to a series of
separate problems, one for each episode. But each of these problems will be reduced
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to a single common problem (Statement D below) that is equivalent to Statement B
for totally resonant prototypes.

The reduction to the totally resonant case involves some quite fascinating com-
binatorial phenomena. A key point is a combinatorial Lemma, which was called the
“Snake Lemma” in [9], but which is not the familiar Snake Lemma from homological
algebra. This Lemma says the elements in I'y can be matched up with the elements
in Ay in a bijection that has quite surprising properties. (The “snakes” appear in
graphing this bijection.)

In addition to such combinatorial phenomena, number theory enters as well,
in particular in the “Knowability Lemma” (Proposition 14), which we now briefly
discuss. The term “knowability” refers to the fact that Gauss sums such as g(a)
when n 1 a have known absolute values, but their arguments as complex numbers
are still mysterious. They are “unknowable.” We will refer to an expression that is a
product of terms of the form ¢%, h(a) and g(a) as “knowable” if it can given a closed
expression as a polynomial in g. Thus g(a), taken in isolation, is unknowable unless
n|a, in which case g(a) = —¢®~'. But even if n { a the product g(a)g(b) is knowable
if n|a + b since then g(a)g(b) = ¢***~1.

There is a strong tendency for the Gauss sums that appear in the terms Gr(t)
(for short patterns t) or in Gr(%) (for full Gelfand-Tsetlin patterns ¥), to appear
in knowable combinations. The Knowability Lemma give an explanation for this.
Moreover it gives key information that is needed for the sequel. Stable patterns are
an important exception. We recall that a pattern is stable if every entry (except
those in the top row) equals one of the two directly above it. The stable patterns are
in a sense the most important ones, since they are the only patterns that contribute
in the stable case (when n is large). If the Gelfand-Tsetlin patterns with fixed
top row are embedded into a Euclidean space, the stable patterns are the extremal
ones. The Gauss sums that appear in the stable terms are unknowable. Thus when
r =1, Zy(s;m) is Kubota’s Dirichlet series [28], and its use by Heath-Brown and
Patterson [22] to study the distribution of cubic Gauss sums exploited precisely the
appearance of such unknowable terms.

In order to prove Statement C, we must work with the evaluations of Gr(t) and
Ga(t). To do so, it is convenient to describe these evaluations by introducing some
new notation and terminology. A I'-accordion (of length d and weight s) is an array
of nonnegative integers

a:{ 5 s f2 Hd } (5.14)
1/1 1/2 PR I/d

in which the first row is decreasing, the second increasing, and u; + v; = s. Thus if
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t is a short Gelfand-Tsetlin pattern, then the preaccordion I'y is an accordion if the
condition p; + v; = s is satisfied. We will sometimes write

[y = Vgy1 = S, Vo = figs1 = 0. (5.15)

Also, by a A-accordion (of length d + 1 and weight s) we mean an array

a’:{ Y1 V2 va ° } (5.16)
H1 H2 Hd

where the first row is increasing, the bottom decreasing, and u; + v; = s. We will
make use of the map a — da’ that takes I'-accordions to A-accordions.

The significance of these definitions is that if t is a totally resonant short Gelfand-
Tsetlin pattern, then its I'-preaccordion is a I'-accordion. Moreover the A-pre-
accordion of t’ is the A-accordion a'.

We have already described the decoration of preaccordions with boxes and circles.
In the special case of an accordion, the decorations have some pleasant additional
properties because they come from totally resonant short patterns.

e No entry of the first row is both boxed and circled. An entry of the bottom row
may be both boxed and circled, in which case we say the accordion is nonstrict.

e In a [-accordion, a bottom row entry is circled if and only if the entry above
it and to the left is circled, and a bottom row entry is boxed if and only if the
entry above it and to the right is boxed. Thus in (5.14), v; is circled if and
only if the p;_; is circled, and v; is boxed if and only if p; is boxed.

e In a A-accordion, a bottom row entry is circled if and only if the entry above
it and to the right is circled, and a bottom row entry is boxed if and only if
the entry above it and to the left is boxed.

e In either (5.14) or (5.16) w; is circled if and only if u; = p;41, and v; is circled
if and only if v; = v;_;. (But note that p; is in the first row in (5.14) but in
the second row in (5.16).) Invoking (5.15), special cases of this rule are that
s is circled if and only if s = p;, pg is circled if and only if pugy = 0, and 14 is
circled if and only if 14 = 0.

e There is no corresponding rule for the boxing. Thus the circling is determined
by a but the boxing is not.
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We also note that the Knowability Lemma mentioned above allows us to assume that
nls.

Our goal is to systematically describe all decorated accordions that arise and their
corresponding evaluations, so that we may sum over them and establish Statement
C. If a is a decorated accordion (of either kind), then in view of the second and third
rules, the decoration of the second row is determined by the decoration of the top
row. We encode this by a signature, which is by definition a string 0 = og--- 0y,
where each o; is one of the symbols O,[] or *. We associate a signature with a
decorated accordion by taking o; = O if y; is circled in the first row (with py = s, of
course), O if p; is boxed, and x if it is neither circled or boxed. We say the accordion
a and the signature o are compatible if the following circling compatibility condition
is satisfied (for conformity with the rules already stated for the decorations). For
[-accordions labeled as in (5.14) the condition is

o; = O if and only if pu; = ;i1 (5.17)

In view of (5.15), if i« = 0, this means s = p;, and if ¢ = d it means g = 0. For
A-accordions labeled as in (5.16) the condition is

o; = O if and only if v; = v;_1,

which means that g = O if and only if »; = 0, and o4 = O if and only if s = ;.

Since the signature determines the decoration, we will denote by a, the decorated
accordion, where ¢ is a signature compatible with the accordion a. We will apply
the same signature o to the involute a’. Thus if 0 = x [0 % %O * and

(9 7 6 4 2 2
“=Y 2 3 5 7 7

Cfo Jrl e s @ o
ol 2] 3 5 7 (D J°

which is a decorated I'-accordion, while

then

2 |3 5 7 (1) 9
a, = ;
7 6] 4 @ 2
which is a decorated A-accordion. Observe that the signature encodes the decoration
of the first row, and since we use the same signature in both a and d', it follows that
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the location of the boxes and circles in the first row is the same for a as for the

A-accordion a’. However the decoration of the bottom rows are different. This is

because the boxing and circling rules are different for I'-accordions and A-accordions.
Now if a, is a decorated I'-accordion, let

g(x) if z is boxed in a, (but not circled),
H q®  if x is circled (but not boxed),

h(z) if z is neither boxed nor circled,
0 it z is both boxed and circled.

gF(a7 U) - gf(aa) =

xrea

The notations Gr(a,) and Gr(a,o) are synonyms; we will prefer the former when
working with the free abelian group on the decorated accordions, the latter when a
is fixed and o is allowed to vary.

If a/ is a decorated A-accordion, we define Ga(a)) by the same formula. We
retain the subscripts I' and A since Gr and Ga have different domains. Thus in the
last example

Gr(as) = h(9)g(7)g(2)h(6)h(3)h(5)h(5)q*h(T)1(2)q,

Galay) = M(2)h(7)g(3)g(6)n(5)h(A)N(T)a ¢ 1(2)h(9).
Now let positive integers s, cg, ¢y, -+ ,cq be given. By the I'-resotope (of length

d), to be denoted AL (co,c1,- -, cq), we mean the sum, in the free abelian group 3r
on the set of decorated accordions, of such a, such that the parameters in a satisfy

0<s—m<c, 0<m—p<e, -+ ,0< g <ey, (5.18)

and
O if py — prip1 = 0;
oy =1« O if gy — pip = c;;
* if0</JJZ'—/Li+1<CZ'.

If A= Al(co,c1, -+ ,cq), by abuse of notation we may write a, € A to mean that
a, appears with nonzero coefficient in A as described above. Let A’ be the image of
A under the involution a, — a; we call A" a A-resotope.

The set of T'-accordions of the form (5.14), embedded into Euclidean space by
mapping a — (p1,- -« , ftq), may be regarded as the set of lattice points in a poly-
tope. The resotopes we have just described correspond to these points with compat-
ible decorations and signatures attached. We will sometimes discuss the geometry of
the underlying polytope without making explicit note of the additional data attached
to each point.

Given a totally resonant type, we will prove in the Corollary to Proposition 16
below that the accordion I'y runs through a resotope A, and Ay runs through A’.
This allows us to pass from Statement C to the following statement.
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Statement D. Let A be a I'-resotope. Then

> Gr(a,) = Y Gald,). (5.19)

a;€A a,c A’

We turn to the proof of Statement D. We will show that if a lies in the in-
terior of the resotope, then its signature is just *---%, and we have Gr(a,) =
h(s) T[T, h(:)h(vi) = Ga(al,). This may fail, however, when a is on the boundary,
so this is the remaining obstacle to proving Statement D. The approach suggested
in [9] is to try to partition the boundary into small “packets” such that the sums
over each packet are equal. In practice one can carry this out in any given case, but
giving a coherent theory of packets along these lines seems unpromising. First, the
resotopes themselves are geometrically complex. Second, even when the resotope is
geometrically simple, the identification of the packets can be perplexing, and devoid
of any apparent pattern. An example is done at the end of [9].

Figure 5.1: A resotope, when d = 3.

Geometrically, a resotope is a figure obtained from a simplex by chopping off
some of the corners; the pieces removed are themselves simplices. But the resulting
polytopes are quite varied. Figure 5.1 shows a resohedron (2-dimensional resotope)
with five pentagonal faces and three triangular ones. To avoid these geometric diffi-
culties we develop an approach, based on the Principle of Inclusion-Exclusion, that
allows us to replace the complicated geometry of a general polytope with the simple
geometry of a simplex.

The process of passing from the simplex of all accordions to an arbitrary resotope
is complex. Indeed, as one chops corners off the simplex of all accordions to obtain a
general resotope, interior accordions become boundary accordions, so their signatures
change. Sometimes the removed simplices overlap, so one must restore any part that
has been removed more than once. As we shall show, there is nonetheless a good
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way of handling it. Before we formulate this precisely, let us consider an example.
The set of all I'-resohedra, with d = 2 and fixed value s is represented in Figure 5.2
by the triangle A abc with vertices

R S 0 A 0 0 =1 5 S

N 0 s ’ N s s ’ N 0 0 '
We are concerned with the shaded resotope A = AL (¢, 1, 00), which is obtained by
truncating the simplex A abc by removing A aeg and A 0bh. We use oo to mean
any value of ¢y that is so large that the inequality ps < co is automatically true

(and strict) for all I'-accordions; indeed any cs > s can be replaced by oo without
changing A.

H1—H2=C1
\ A \

1 —p2=0

Figure 5.2: Inclusion-Exclusion.

Then, since the A def has been removed twice, it must be restored, and we may
write
A=A abc— A aeg— A 0bh+ A Vef.

Now in this equation, A def (for example) should be regarded as an element of 3r,
and in addition to specifying its support — its underlying set — we must also specify
what signatures occur with each accordion that appears in it, and with what sign.
For example, in A 0ef the accordion § will occur with four different signatures: the
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actual contribution of f to A def is

fEll:l* - fl:l** - f*lj* -+ f*** .

Now let us give a formal description of this setup. A signature 7 is called nodal
if each 7; is either O or OJ. We fix a nodal signature 7. Let CP,(co,- - ,cq) be the
“cut and paste” simplex, which is the set of I'-accordions

0= { 5 f Ha } (5.20)
Vl o e Vd

that satisfy the inequalities

’ { C; if g; = |:|, (521)

. > 0{7 c. = .
Hi — Hiv1 2 G i 0 ifo; = o,
To see that this is truly a simplex, embed it into Euclidean space via the map

/
a (aovala"' >ad)7 a; = My — Hi+1 — G-

The image of this map is the set of integer points in the simplex defined by the
inequalities
a; >0, ap+ ... +aqg <N, NZS—ZCQ.

Thus in the above example, with n = JLJO we have
A abe = CP,.0 (g, c1, 00), A aeg = CP,0oo (o, ¢1, 00),

A 0bh = CPryo (o, €1, 0), A vef = CPopoe (o, €1, 0).

If o and 7 are signatures, we say that 7 is a subsignature of o if 7, = o; whenever
T; # *, and we write 7 C ¢ in this case. In other words, 7 C o if 7 is obtained from o
by changing some [’s or O’s to *’s. If 7 is a signature, we will denote sgn(7) = (—1)°
where ¢ is the number of boxes in 7.

Returning to the general case, let a be a I'-accordion, and let o be a compatible
signature for a. Define

Ar(a,0) = Z sgn(7)Gr(a, 1), Aa(d' o) = Z sgn(7)Ga(a’, 7).

a-compatible 7 C o a-compatible 7 C o

In the definition of subsignature we allow either [1’s or O’s to be changed to x’s
(needed for later purposes). But in this summation, because 7 and o are both
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required to be compatible with the same accordion a, only [I’s are changed to x
between ¢ and 7 in the 7 that appear in this definition.
Thus in the above example

AF(fﬁ DD*) - gF(fDD*) - gF(fD**) - gI‘(f*D*) + gl"(f***) .

Now let n be a nodal signature, and we may take ¢; = oo if n; = O. Let
a € CP,(cp, -+ ,cq). Let 0 = o(a) be the subsignature of n obtained by changing ;
to * when the inequality (5.21) is strict.

Statement E. Assume that n|s. We have

Y Ar(mo)= D Aa(d, o). (5.22)

acCPy(co, ,cq) acCPy(co, - ,cq)

We reiterate that in this sum o depends on a, and we have described the nature
of the dependence above.

We have already noted that n|s can be imposed in Statement D and now we
impose it explicitly. We will show in Chapter 14 that Statement E implies Statement
D by application of the Inclusion-Exclusion principle. We hope for the purpose of this
outline of the proof, the above example will make that plausible. In that example,
the four triangles A abc, A aeg, A 0bc and A def are examples of cut and paste
simplices.

We have already mentioned that in the context of Statements B, C or D, it is
empirically possible to partition the sum into a disjoint union of smaller units called
packets such that the identity is true when summation is restricted to a packet.Yet it
is also true that in those contexts, a general rule describing the packets is notoriously
slippery to nail down. However, in the context of Statement E we are able to describe
the packets explicitly. The d-dimensional simplex CP,(co, - - - , ¢4) is partitioned into
facet, which are subsimplices of lower dimension. Specifically, there are (?E) facets
that are simplices of dimension f; we will call these f-facets. We will define the
packets so that if a lies on the interior of an f-facet, then the packet containing a
has (dH) elements, one chosen from the interior of each r-facet.

f+1
Let us make this precise. First we observe the following description of the d + 1
vertices a; of CP,(co,- -+ ,cq). If 0 <@ < dlet a; be the accordion whose coordinates

1; are determined by the equations
i = fjs1 = for all 0 < j < d with j # 1.

A closed (resp. open) f-facet of CP,(co,--- ,cq) will be the set of integer points in
the closed (resp. open) convex hull of a subset with cardinality f + 1 of the set
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{ag, -+, a4} of vertices. Clearly every element of CP,(co,--- ,cq) lies in a unique
open facet.

We associate the facets with subsignatures o of 7; if o is obtained by replacing 7;
(1 € S) by %, where S is some subset of {0,1,2,--- ,d}, then we will denote the set
of integer points in the closed (resp. open) convex hull of a; (i € S) by S, (resp. S,).
The facet S, is itself a simplex, of dimension f. Thus if ¢ is a signature with exactly
f+1x’s, we call o an f-signature or an f-subsignature of n.

Now if o and 7 are f-subsignatures of 7, then we will define a bijection ¢, :
S, — S,. It is the unique affine linear map that takes the vertices of S, to the
vertices of S, in order. This means that if

S ={so, - ,5¢}, 0<sp<s<---<sp<d
is the set of ¢ such that o; = %, and similarly if
T ={t,- . t;}, O0<to<ti<---<t;<d

is the set of 7 such that 7; = *, then ¢, ; takes a;, to a;;, and this map on vertices is
extended by affine linearity to a map on all of S,.

It is obvious from the definition that ¢,, is the identity map on S, and that if
o, 7,0 are f-subsignatures of ) then ¢,p0¢,, = ¢s9. This means that we may define
an equivalence relation on CP,(co,--- ,cq) as follows. Let a,b € CP,(co, -, caq).
Let S, and S, be the (unique) open facets such that a € S, and b € S;. Then a is
equivalent to b if and only if ¢, ,(a) = b. The equivalence classes are called packets.
It is clear from the definitions that the number f + 1 of *’s in ¢ is constant for o
that appear in a packet II, and we will call I a f-packet. Clearly every f-packet
contains exactly one element from each f-simplex.

Statement F. Assume that n|s. Let 11 be a packet. Then

> Ar(a,0) =D Aa(d,0). (5.23)

acll acll

As in Statement E, o0 depends on a in this sum, and from the definition of packets,
no o appears more than once; in fact, if I is an f-packet, then every f-subsignature
o of n appears exactly once on each side of the equation.

It is obvious that Statement F implies Statement E. There is one further suffi-
cient condition that we call Statement G, but a proper formulation requires more
notation than we want to give at this point. We will therefore postpone Statement G
to the end of Chapter 15, describing it here in informal terms.
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Due to the knowability property of the products of Gauss sums that make up
Gr(a, o), these can be evaluated explicitly when n|s (Proposition 21) and this leads
to an evaluation of Ar(a,o) and a similar evaluation of Aa(a’,0) (Theorems 11
and 12). However, these evaluations depend on the divisibility properties of the u;
that appear in the top row of a given by (5.20); more precisely, if 3 is a subset of
{1,2,---,d}, let §,,(2;a) be 1 if n|y; for all i € ¥ and 0 otherwise. Then there is a
sum over certain such subsets ¥ of a — only those ¢ such that o; # () can appear
— and the terms that appear are with a coefficient §,(X3;a). We recall that each o
appears only once on each side of (5.23), and hence a is really a function of o. Thus
we are reduced to proving Statement G, amounting to an identity (15.9) in which
there is first a sum over all f-subsignatures ¢ of 7, and then a sum over subsets 3,
of {1,2,--- ,d}.

The identity (15.9) seems at first perplexing since 6, (%; a) depends on a. It won’t
work to simply interchange the order of summation since then 6, (3; a) will not be
constant on the inner sum over a (or equivalently o). However we are able to identify
an equivalence relation that we call concurrence on pairs (o,3) such that 6, (3; a)
is constant on concurrence classes (Proposition 22). We will then need a result that
implies that some groups of terms from the same side of (15.9) involve concurrent
data (Proposition 23). These concurrent data are called I'-packs for the left-hand
side or A-packs for the right-hand side. Then we will need a rather more subtle
result (Proposition 24) giving a bijection between the I'-packs and the A-packs that
also matches concurrent data. With these combinatorial preparations, we will be
able to prove (15.9) and therefore Statement G.



Chapter 6

Statement B implies Statement A

In this chapter we will recall the use of the Schiitzenberger involution on Gelfand-
Tsetlin patterns in [9] to prove that Statement B implies Statement A. We will return
to the involution in the next chapter and we reinterpret this proof in terms of crystal
bases.

We observe that the Schiitzenberger involution ¢, can be formulated in terms of
operations on short Gelfand-Tsetlin patterns. If

11 a2 air

a“?”’f'

is a Gelfand-Tsetlin pattern and 1 < k < r, then extracting the r — k, r+1 — k and
r+2—k rows gives a short Gelfand-Tsetlin pattern t. Replacing this with the pattern
t' gives a new Gelfand-Tsetlin pattern which is the one denoted ¢,% in Chapter 1.
Thus

A1 A2 A3 A1 A2 A3
t a b = a b
c a+b—c
and
A Ao A3 A1 Ao A3
ty a b = a b
c c

where a’ = A\; + max(Ag, ¢) —a and ' = A3 + min(Ag, ¢) — b.
We defined ¢q to be the identity map, and defined recursively ¢; = t1to---t;q;—1.
The t; have order two. They do not satisfy the braid relation, so t;t; 1t; # tii1titii.

51
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However t;t; = t;t; if |i — j| > 1 and this implies that the ¢; also have order two.
One may check easily that
We note that
¢ = qi—1Gi—2tiqi—1- (6.1)
Let A; =" ;i j be the sum of the i-th row of T. It may be checked that the row
sums of ¢, % are (in order)

A()»AO _AraAO _Ar—la"' aAO _Al-

From this it follows that
kr(¢,%) = ka(%).
From this we see that Statement A will follow if we prove

Y Gr(@)= ) GalaT) (6.2)

Er(D)=k Er(D)=k

We note that the sum is over all patterns with fixed top row and row sums.
Let us denote

g(L';;) if I';; is boxed but not circled in I'(%);
T T . . .
i _ q if I';; is circled but not boxed;
Gr(%) = H h(L';;) if I';; neither circled nor boxed,;
0 if I';; both circled and boxed

j=i

and
g(A;;) it Ay is boxed but not circled in I'();
T A, . . .
i _ q- if A;; is circled but not boxed;
GL(T) = H h(A;j;) if A;; neither circled nor boxed;
1o if A;; both circled and boxed,

where I';; and A;; are given by (1.10). Thus
Gr(® =[[ck(®,  Ga® =[] GLD.
i=1 i=1

To facilitate our inductive proof we denote "G (%) = Gr (%) and NGA(T) = GaA(T).
Also if © < r let €; denote the pattern formed with the bottom ¢ + 1 rows of ¥.

ka:k Gr(%) = kazk GR(T) - VG (T)
= ka:k GH(T) - "VGA(gr1T)
= Zkr:k TR(‘Z> ) GE—I(QT—IT) ) (T_z)GA(QT—I‘Z)
= Dt Gr(Z) G Hgr1%) - " ICGr(gr—2gr1T)
= Yk Gr(G—2¢1%F) - Gy N gr—2¢r1%) - "G (¢r—2gr1%).
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Here the first step is by definition; the second step is by applying the induction
hypothesis that Statement A is true for r — 1 to ¥,_1; the third step is by definition;
the fourth step is by induction, using Statement A for r — 2 applied to T, _5; and the
last step is because ¢,_2¢,_1 does not change the top two rows of ¥, hence does not
affect the value of G, and similarly ¢, 5 does not change the value of G, .

On the other hand we have

Dot Gale®) = 3 GL(¢F)- IEINY
= GE(QTT) ) (Til)GF(QT—IQTz)
G

"(¢.%) - G 4r10:T) - "IGr(gr14,F)

|
I
[

= Zkr:k GZ(QT*qu‘g) . GrR_l(QTfl%‘(z) : (T_2)GF<trqr71QTT)'

Here the first step is by definition, the second by induction, the third by definition,
and the fourth because ¢,_; does not affect the top two rows of ¢,._1¢,%, and t, does
not affect the rows of (¢,-1¢,%),—2. Now we use the assumption that Statement B is
true. Statement B implies that

ZGTL<Q7“71QT(I) G QT 1QT ZG T'q7‘ 149r ) Gzil(tr%“flqu)

where in this summation we may collect together all ¢, 1¢,T with the same first,
third, fourth, ... rows and let only the second row vary to form a summation over
short Gelfand-Tsetlin pattern. Substituting this back into the last identity gives

> Gaa®) =Y Crltrtr16:T) - G (tgr10:F) - "G (b1, T).

Now we make use of (6.1) in the form ¢,¢,_1¢, = ¢,_2¢,—1 to complete the proof of
Statement A, assuming Statement B.



Chapter 7

Accordions and Crystal Graphs

We will translate Statements A and B into Statements A’ and B’ in the language of
crystal bases, and explain how Statement B’ implies Statement A’. This sheds light
on the last chapter but is not used later, so the reader may skip this chapter with
no loss of continuity.

Paralleling the definition on Gelfand-Tsetlin patterns, we now define

g(b;) if b; is boxed but not circled in BZLg(v),
H g if b; is circled but not boxed,

h(b;) 1if b; is neither circled nor boxed,
0 if b; is both boxed and circled.

GQ(’U) =

b; EBZLg (v)

Then Statement A (Section 5) can be paraphrased as follows.
Statement A’. We have

Y Gov)= ) Ga,(v).
wt(v)=p

wt(v)=p

We believe that if the correct definition of the boxing and circling decorations
can be given, we could say that > . ,_, Ga(v) is independent of the choice of €.
However the description of the boxing and circling might be different for €2 other
than QA and Qr, and we will limit our discussion to those two words. This need
for caution may be related to assumptions required by Littelmann [31] in order to
specify sets of BZL patterns associated to a particular “good” long word. Littelmann
found that for particular choices of “good” decompositions, including Q2 = Qr, Qa,
one can easily compute explicit inequalities which describe a polytope whose integer
lattice points parametrize the set of all BZL patterns in a highest weight crystal. The
decoration rules are closely connected to the location of BZLg(v) in this polytope.

54
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The crystal graph formulation in Statement A’ is somewhat simpler than its
Gelfand-Tsetlin counterpart. In particular, in the formulation of Statement A,
we had two different Gelfand-Tsetlin patterns € and ¥’ that were related by the
Schiitzenberger involution, but the equality in Statement A was further complicated
because the involution changes the weight of the pattern. In the crystal graph formu-
lation, different decompositions of the long element simply result in different paths
from the same vertex v to the lowest weight vector.

We will explain how Statement A’ can be proved inductively. First we must
explain the interpretation of the short Gelfand-Tsetlin patterns t and their associated
preaccordions I'¢ and A in the crystal language.

Removing all edges labeled either 1 or r from the crystal graph results in a disjoint
union of crystals of type A,_s. The root operators for one of these subcrystals have
indices shifted — they are fy,---, fr_1 and es, -+ ,e,_1 — but this is unimportant.
Each such subcrystal has a unique lowest weight vector, characterized by f;(v) = 0
forall 1 < ¢ < r. If v € By we will say that v is a short end if f;(v) = 0 for all
1 < ¢ < r. Thus there is a bijection between these subcrystals and the short ends.

Now consider the words

wr=(1,2,3,---,r—=1,r,r—1,---,3,2,1)

and
wa=(r,r—1,r—2,---,321,23,---,7r—1,7).

Identifying the Weyl group with the symmetric group S, ;1 and the simple reflections
o; € W with transpositions (7,7 + 1), these give reduced decompositions of the long
element expressed as the transposition (1,7 + 1). That is, if w = wr or wa and

W = (bb T 7b2r71)

then Oby " Obpyy = (1,7’ + 1)

The following result interprets the preaccordions I'y and Ay of a short Gelfand-
Tsetlin pattern, which have occupied so much space in this document, as paths in
the crystal.

Theorem 6 Let v be a short end, and let w = wr or wa. Then we have

U[bl by }1/ (7.1)

Wi ot Worl
with v' = Viow. Moreover, the b; satisfy the inequalities

by =>2by>...2b_1 20, by 2 by = ... 2 byq = 0.
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Let t = t(v) be the short Gelfand-Tsetlin pattern obtained by discarding all but the
top three rows of ¢,_1%,. Then if w = wr we have in the notation (5.9)

_ br br-l—l br+2 T b?r—? b2r—1
Fe= { by b b b } (72
where d =1 — 1. On the other hand if w = wa then in the notation (5.10)
. b2r71 berZ b2r73 e br+1 br
po={ o e B S

If vy and vy are two short ends such that t(vy) and t(vy) are in the same short pattern
prototype, then wt(vy) = wt(vq).

Proof Let B, be the A,_; crystal containing v which is obtained from By by deleting
the r-labeled edges. We make use of the word

Qpnpy=(r—-1Lr—-2r—1r—-3,r—2,r—1,---,1,2,3,--- ,r—1)
which represents the long element of A,_; and obtain a path

0 0 0 - 0 b by by - bg ],
r—1 r—2 r—1 - r—1 1 2 3 . r—1]|"

where the initial string of 0’s is explained by the fact that f;v = 0 when 2 <7 <r—1.
Thus we could equally well write

b by b3 -+ b |
1 2 3 v
By Proposition 1, v" is the lowest weight vector of B, so fiv' = --- = f,_1v' = 0.

Next we make use of the word
QF = (172717372717"' YT — 17 73a271)
and apply it to v’. Again, the first f; that actually “moves” v’ is f,., and so we obtain

a path
v’ 0
1

which we could write

b, b b coo by
/ g r+1 r+2 2r—1
U{r r—1 r—2 --. 1 }vlow'

N O

0 -+ 0 br br-l—l br+2 b27"—1
1o 1 r r=17r=2 .. 1 |"v
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Splicing the two paths we get (7.1).

Next we prove (7.2). We note that the top row of I'y depends only on the top
two rows of t, which are the same as the top two rows of ¥ = ¥, since ¢,_; does not
affect these top two rows and t consists of the top three rows of ¢g,_it. The top row
of I'y is obtained from the top two rows of t by the right-hand rule (see Chapter 1),
and so it agrees with the top row of I's.

Now we regard v’ as an element of the crystal B, and apply the word Qa ,_1. We
see that by, - , b, are the top row of A(g,_1%,_1) where T,_; is the Gelfand-Tsetlin
pattern obtained by discarding the top row of ¥. Now the top two rows of ¢, 1%, 1
are the middle and bottom rows of t, which in I'y is read by the left-hand rule, which
is the same as A(¢—1%,-1). It follows that by,--- b, form the top row of T'y, as
required. This proves (7.2).

It remains for us to prove (7.3). As in Proposition 1 we can make use of ¢,
which interchanges the words wr and wa. Using (2.11) and arguing as at the end
of Proposition 1 we see that the right-hand side of (7.3) equals I'}*V, where u is the
short Gelfand-Tsetlin pattern obtained by taking the top three rows of —¢,_1¢,Z:".
Now we make use of (6.1) in the form ¢,_1¢, = ¢,_2t,q.—1 to see that u is the short
Gelfand-Tseltin pattern obtained by taking the top three rows of —¢q,_st,q.—1%.",
and since ¢,_» does not affect these top three rows, we see that u is —(¢)™’. Now
I''?Y = Ay which concludes the proof. O

Having identified the I'y and Ay that appear in Statement B, let us paraphrase
Statement B as follows. If v is a short end, we may define decorations on I'y,) and
Aywy. These may be described alternatively as in Chapter 5 or geometrically as in
this chapter: b; is circled if i =r—1or2r—1and b, =0orif ¢ #£r—1or 2r —1 and
b; = bjy1. Also b; is boxed if the segment of length b; that occurs in the canonical
path contains the entire i-segment.

Statement B’. We have

Z G“’F (U> = Z GwA (U)v

short end v short end v
wt(v) = p wt(v) = p

where the sum is over short ends of a given weight.

This statement is equivalent to Statement B and is thus proved in the preceding
chapters. We now explain how Statement B’ implies Statement A’.

This is proved by induction on r. It will perhaps be clearer if we explain this point
with a fixed r, say r = 4; the general case follows by identical methods. We have
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two paths from v to vy, each of which we may decorate with boxing and circling.
These paths will be denoted

bl b2 b3 b4 b5 b6 b7 b8 b9 blO ]
[ 1 2 1 3 2 1 43 2 1 | (7.4)
and -
Rl 72 23 24 R5 26 <7 28 29 210
“[ 4 3 4 2 3 4 1 2 3 4 | (7.5)
We have

g(b;) if b; is boxed but not circled,

B B q if b; is circled but not boxed,
Gr(%) = Gar(v) = H h(b;) if b; is neither circled nor boxed,

if b; is both boxed and circled,
and similarly for GaA(T)) = Gq, (v). We split the first path into two:

by by b3 by b5 bg o o br bs by by y
1 21 3 2 1| 4 3 2 1 | v

Since 1, 2,1, 3, 2, 1 is a reduced decomposition of the long element in the Weyl group of
type A3 = A,_; generated by the 1,2, 3 root operators, v’ is the lowest weight vector
in the connected component containing v of the subcrystal obtained by discarding
the edges labeled r. This means that we may replace

by 52 b3 b4 b5 56 V' b v Cl1 Cp C3 C4 C5 Cg V'
1 2 1 3 2 1 Y 32 3 1 2 3

and we obtain a new path:

v cp Cco c3 ¢4 c5 cg by bg by by
3 2 3 1 2 3 4 3 2 1 |v

We split this again:

1 C2 C3 V! V! ca ¢5 cg by by by big v
3 2 3| 1 2 3 4 3 2 1 | v

Now 3,2,3 is a reduced word for the Weyl group of type Ay = A,_5 whose crystals
are obtained by discarding edges labeled 1 and 4, and so v” is a short end. It follows
that we may replace the path from v” to vy by

w| di ds dg zr 23 29 Zio v
4 3 2 1 2 3 4 | v
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(We have labeled some of these z since we will momentarily see that these z; are the
same as z7 — z1p in (7.5).) We may also replace the path from v to v” by

v dl d? d3 U//
2 3 2
because both 323 and 232 are reduced words for A, and v is the lowest weight vector
in an Ay crystal. Combining these paths through v” we obtain a path

v di dy ds dy ds ds 2z 23 29 2o v
2 3 2 IOW'

4 3 2 1 2 3 4
Now we split the path again:
<9

dy dy dy dy ds dg m 1 %8 210
”{2 3 2 4 3 2}”’ “[1 2 3 4}”1(”“'

We observe that 2,3,2,4,3,2 is a reduced decomposition of the long element in the
Weyl group of type A3 = A,_; whose crystals are obtained by discarding edges
labeled 1, and so v" is a lowest weight vector of one of these, so we have also a path

v |: :| U”/,

which we splice in and now we have obtained the path (7.5) by the following sequence

21 k2 Z3 R4 R5 X6

4 3 4 2 3 4

alterations of (7.4).

v bl b2 b3 b4 b5 bG b7 b8 b9 blO v
1 21 3 2 1 4 3 2 1 low
v Ci1 Cy C3 C4 C5 Cg b? bs bg blO v
3 2 3 1 2 3 4 3 2 1 |
v €1 Cy c3 dy ds dg 2z zs z9 Zi0 v
2 3 2 4 3 2 1 2 3 4 | v
v dy dy d3 dy d5 d6 Z7 28 R9 210 v
2 3 2 4 3 2 1 2 3 4 | v
21 R2 R3 R4 R5 R¢ Ry 28 R9 210 v
4 3 4 2 3 4 1 2 3 4 | v

To each of these paths we may assign in a now familiar way a set of decorations and

hence a value

g(x) if z is boxed but not circled,
B q* if x is circled but not boxed,
G(path) = ch h(x) if z is neither circled nor boxed,
epa 0 if x is both boxed and circled.
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Now if we sum G(path) over all v of given weight, each of these terms contributes
equally to the next. For the second step, this is by Statement B’; for the others, this
is by inductive hypothesis. Putting everything together, we obtain Statement A’.

Finally, we characterize accordions among preaccordions. Let aq,--- ,a, be the
simple roots.

Proposition 4 Let v be a short end in By. Then the associated preaccordions ',
and A< are accordions if and only if wt(v) — wo(\) is a multiple of the longest root
Oél+0[2+...+0[r.

Thus the phenomenon of resonance can be understood as relating to the “diagonal”
short ends, whose weights have equal components for all roots.

Proof By Theorem 6 we have

bl b2 brfl br bT'+1 b2r71 v
1 2 - r—-1r r-1 --- 1 low

This means that the path from v to v, involves by +by,_1 applications of fi, by+ba,_o
applications of fs, and so forth, and b, applications of f,. Since wt(f;(z)) = wt(z) —
a;, and since wt(vjoy) = wo(A), this means that

Wt(v) — wo(/\)<bl + bgr_l)Oél + (bQ + bgr_2>062 + ...+ bTOé,«.

Since the roots are linearly independent, this means wt(v) — wp(A) is a multiple of
a1 + ...+, if and only if by + by,—y = ... = b,_1 + b1 = b,.. This is precisely the
condition for (7.2) to be an accordion. O



Chapter 8

Cartoons

Proposition 5 (i) If n{a then h(a) =0, while if n|a we have
h(a+0b) = q"h(b),  g(a+b) = q*h(b).

(i) If nla then

while if n 1 a then h(a) =0 and |g(a)| = ¢°"2. Ifnta,b but nla + b then

g(a)g(b) = ¢***".

Proof This is easily checked using standard properties of Gauss sums. 0

For the reduction to totally resonant prototypes — that is, the fact that State-
ment C implies Statement B — only (i) is used. The properties in (ii) become impor-
tant later.

To define the cartoon, we will take a slightly more formal approach to the short
Gelfand-Tsetlin patterns. Let

O={(i,j) €ZxZ|0<i<2,0<j<d+1—1i}.
We call this set the substrate, and divide © into three rows, which are
© = {(0,j)evl0<j<d
O = {(L,j) €O <j<d},
9, = {(2j)eol0<)<d
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Let ©p = ©1 U O,. Each row has an order in which (i,7) < (4,5') if and only if
i<y

Now we can redefine a short Gelfand-Tsetlin pattern to be an integer valued
function t on the substrate, subject to the conditions that we have already stated.
Thus the pattern (5.2) corresponds to the function on © such that I; = ¢(0,1),
a; = t(1,7) and b; = (2,7). The I" and A preaccordions then become functions on
O©p (the bottom and middle rows) in the same way. Specifying the circled and boxed
elements just means specifying subsets of ©p.

Now the vertices of the cartoon will be the elements of the substrate ©, and we
have only to define the edges. With t as in (5.2) we connect (1,7) to (0,4) if either
i =0orl; < b1, and we connect (1,7) to (2,i—1) if i > 1 and b;_; < [;. Furthermore
we connect (1,7) to (0,7 + 1) if either i = d or if i < d and l;;1 > b;, and we connect
(1,4) to (2,7) if i < d and b; > l;1;. For example, consider the short pattern of rank

23 15 12 5 2 0
t = 20 12 5 4 2 (8.1)
14 9 5 3

It is convenient to draw the cartoon as a graph on top of the preaccordion representing

t, as follows:

23 15 12 5 2 0
N s 7\ N/
20 12 5 4 2 . (8.2)
s SN /N
14 9 5

e The cartoon depends only on the top and bottom rows of t, so it is really a
function of the prototype & to which t belongs.

e The cartoon encodes the relationship between t and t'. Indeed, suppose that
the cartoon has a subgraph x —y ——2 where y is in the middle row, x and z
are each in either the top or bottom row, with x is to the left of y and z is to
the right. Then in t, y is replaced by x + z — v.

For example, if t is given by (8.1), then the cartoon (8.2) tells us how to compute

the middle row entries are 18 = 23 + 15 —20, 14 =12+ 14— 12, 9 =54+ 9 — 5,
4=5+3—-4and 0=2+0—2.
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The connected components of the cartoon are called episodes. These may be
arranged in an order &,---,Ey so that if ¢ < j and a € &, § € &;, and if o and
[ are in the same row of the substrate ©, then o < (3. With this partial order, if
a €&, B €& then t(a) > () regardless of whether or not o and (3 are in the same
TOW.

We call short pattern (5.2) resonant at i if ;11 = b;. A resonance of order k is
a sequence R = {i,i+1,--- i+ k — 1} such that ¢t is resonant at each j € R; the
sequence must be maximal with this property, so that t is not resonant at ¢ — 1 or
i+ k. In the example (8.1), a resonance at 2 can be recognized from the cartoon by
the diamond shape between [3 = by = 5.

We will next describe another kind of diagram related to the cartoon in which
we mark certain edges with double bonds, and box and circle certain vertices. We
will refer to the diagram in which the bonded edges and circled vertices are marked
as the bond-marked cartoon. See (8.3) and (8.4) below for examples.

e Unlike the cartoon, the bond-marked cartoon really depends on t, not just on
its prototype.

e The bond-marked cartoon is useful since the circling and boxing of the I' and
A preaccordions can be read off from it.

The edge joining «, § € O will be called distinguished if t(«) = t(3). In representing
the bond-marked cartoon graphically we will mark the distinguished edges by double
bonds, which may be read as equal signs. Thus in the example (8.1), the cartoon of

t becomes
23 15 12 5 2 0

NS 7 7 N\ N
20 12 5 4 2
s SN _ /N
14 9 5 3

(We have drawn this labeling on top of t itself, but ultimately we will draw it on top
of the I" or A preaccordions.)

We observe that while the original bond-unmarked cartoon only depends on the
pattern prototype & to which t belongs, this diagram does depend on t. In particular,
t and t' no longer have the same cartoon, since the double bonds move under the

involution t — t'. However the rule is quite simple:

Lemma 2 Suppose the bond-marked cartoon of t has a subgraph of the form x—z =
= z, where the first z is in the middle row, so that x and the second z are in the top
or bottom row. Then in the bond-marked cartoon the double bond moves to the other
edge, so the bond-marked cartoon of ¥ contains a subgraph x — x — 2.
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Proof Immediate from the definitions. O

In this example, the bond-marked cartoon of t' is

23 15 12 5 2 0
NS / 7/ N\ N 7
18 14 9 4 0
Y 2NN
14 9 5 3

As we have already mentioned, the cartoon is very useful when superimposed on
the I' and A’ preaccordions, where I' = I'y and A’ = Ay. Since these arrays have
only two rows, we add a third row at the top. We will also box and circle certain

entries, by a convention that we will explain after giving an example. Thus in this
example

|9 4 4 4 2 P 6 9 10 12
I= { 6 9 9 10 } ’ A= { 4 4 4 3 } ’
We superimpose the cartoon on these, representing I" thus:

O ©) O

N
2
@ /@\ N Bl 53
5" 0,

O O @) @) ©) O

A4 / / \ 7
5 6 12 (8.4)

@ @/\/\

We've inserted a row of o’s in the top (0-th) row since the I' and A’ preaccordions
have first and second rows but no 0-th row; we supply these for the purpose of
drawing the bond-marked cartoon. When the bond-marked cartoon is thus placed
on top of the I' and A’ preaccordions, the circling and boxing conventions can be
conveniently understood.

and A’ as

e In the first row of I" or the second row of A’ we circle an entry if a double bond
is above it and to the right. We box an entry if a double bond is above it and

to the left. Thus:
/ AN
of ;
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e In the second row of I" or the first row of A’ we circle an entry if a double bond
is above it and to the left. We box an entry if a double bond is above it and

to the right. Thus:
7/ N\
e

Now we have the basic language that will allow us to prove the reduction to the
totally resonant case.



Chapter 9

Snakes

The key lemma of this chapter was stated without proof in [9]. There it was called
the “Snake Lemma.” Here we will recall it, prove it, and use it to prove the statement
made in Chapter 5, that (5.12) is “often” true.

By an indexing of the I' preaccordion we mean a bijection
¢:{1,2,---,2d+ 1} — Op.

With such an indexing in hand, we will denote I'((a) by yx(t) or just v, if @ = ¢(k)
corresponds to k. Thus

{717727 T 772d+1} = {F(Oé) | o€ GB}

We will also consider an indexing v of the A’ preaccordion, and we will denote
A'(a) by 0, if @ = (k). It will be convenient to extend the indexings by letting
Yo = Yea+2 = 0 and &y = d5,,, = 0.

Proposition 6 There exist indexings of the I' and A’ preaccordions such that

f k 1s even
=1 g s coen, 9.1
F { Vi + V-1 — Yee1 if k is odd. (9.1)

If i € {1,2,---,2d 4+ 2}, and if ¢(i) € &, then (i) € & also. Moreover if
o)), v(j) € & and k <1 then i < j.

Before we prove this, let us confirm it in the specific example at hand. With "

66
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and A’ as in (8.3) and (8.4), we may take the correspondence as follows:

i 0|1 2 3 J4 [5 J6 J7 8 ]9 10
(,7) in the
I ordering (1,0) [ (1,1) ] (2,0) | (1,2) | (2.1) | (1,3) ] (2.2) | (2,3) | (1.4)
episode & & Esy Es s & & & &
T 0/9 4 J6 4 J9 4 J9 [10 |2 |0
(,7) in the
N ordering || (10| 20| (L1 |21 [(12) | (2.2)](2,3) | (1,3) | (1,4)
0} 05 4 6 4 9 4 3 10 12 0
episode & & &, & Es A 5 &5 3

(9.2)

The meaning of the last assertion of Proposition 6 is that each indexing visits the
episodes of the sequence in order from left to right, and after it is finished with an
episode, it moves on to the next with no skipping around. Thus both indexings must
be in the same episode.

The reason that Proposition 6 was called the “Snake Lemma” in [9] is that if
one connects the nodes of ©p in the indicated orderings, a pair of “snakes” becomes
visible. Thus in the example (9.2) the paths will look as follows. The I' indexing is
represented:

\/ / /\ \/

.......... ---, tmmmy e 4 e
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e The proof will provide a particular description of the pair of snakes; in applying
Proposition 6 will will sometimes need this particular description. We will
describe the pair of indexings, or “snakes,” as canonical if they are produced
by the method described in the proof, which is expressed in Table 9.1 below.
Thus we implicitly use the proof as well as the statement of the Lemma.

e If there are resonances, there will be more than one possible pair of snakes.
(Indeed, the reader will find another way of drawing the snakes in the preceding
example.) These will be obtained through a process of specialization that will
be described in the proof. Any one of these pairs of snakes will be described
as canonical.

Proof For this proof, double bonds are irrelevant, and we will work with the
bond-unmarked cartoon. Thus both I" and A’ are again represented by the same
cartoon, which in the example (8.1) was the cartoon (8.2). Resonances are a minor
complication, which we eliminate as follows. We divide the cartoon into panels, each
being of one five types:

t T B b R
o o o o o
AN AN / 7/ VRN
o| o o | o o] o o o
AN 7 N/
o o o

The first panel is always of type ¢ and the last one of type b. We call a cartoon
simple if it contains no panels of type R.

The panel type R occurs at each resonance. Including it in our discussion would
unnecessarily increase the number of cases to be considered, so we resolve each reso-
nance by arbitrarily replacing each R by either a 7" or B. This will produce a simple
cartoon. We refer to this process as specialization.

For example the cartoon (8.2) corresponds to the word ¢tBBRTb, meaning that
these panels appear in sequence from left to right. We replace the resonant panel
R arbitrarily by either T" or B; for example if we choose B we obtain the simple
cartoon:

\/ / / \/
/ / /\
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Now, from the simple cartoon we may describe the algorithm for finding the pair
of snakes, that is, the I" and A" indexings. Each connected component (episode) in
the simple cartoon has three vertices, the middle one being in the second row. We
may classify these episodes into four classes as follows:

Class | Class 11 Class 111 Class IV

O

(0]

O\O/O

O

o

e}

N

o

O

o}

/

O/O\O

o (¢] O (0] (0] O

Now we can describe the snakes. For each episode, we select a path from Table 9.1.
The nodes labeled x will turn out to be indexed by even integers, and the nodes
labeled e will be indexed by odd integers. We've subscripted the %’s to indicate
which entries are corresponding in the I" and A’. A ? means that the information at
hand does not determine whether the entry will be even or odd in the indexing, so
we do not attempt to assign it a x or e.

There are modifications at the left and right edges of the pattern: for example,
if the first two panels are tB then the first connected component is of Class II, and
the left parts of the I' and A’ indexings indicated in the table are missing. Thus we
have a modification of the Class II pattern that we call II;.

I indexing A’ indexing

(o] O
. .
- \ /
_- \ I
- |
//’ \ ]
.7 \ /

~- e Tky

?

Class II;

Similarly there are Classes III;, I, and IV, that can occur at the left or right
edge of the pattern. In every case these are obtained by simply deleting part of the
corresponding pattern, and we will not enumerate these for this reason.

It is necessary to see that these paths are assigned consistently. For example,
suppose that the cartoon contains consecutive panels T'BT. Inside the resulting
configuration are both a Class II connected component and a Class I component.
Referring to Table 9.1, both these configurations mandate the following dashed line
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I' labeling A’ labeling
O (@] o O
*1 - . ° - k2 ?
Y LN
P ! | ~
- :/ \ \\
[ —— * I ° -
Class 1 2 !
O [e] [e] @)
B I *4 -~ |- *3 ——---- ° ?
1 _ SO \
1 /// \\\ \
1 _ - 1
x3 o o " x4
Class 11 3
O o o O
° ° - k5 < - %@ ?
/ \ / \\\ \\\ N o
1 \ ! ~So N S o
| | N\ N <
NN N\
/ \ /) DINERN S
* Tk e - T-e -
Class 11 > 6
@) o O @)
? *7 ~ k8~ ° e ?
P aad ! \ / A\
e 4 e ! ! \
- // - ! 1
- T \ 1 \*
- e - - e *
Class IV 4 8

in the I" diagram.

Table 9.1: Snake taxonomy.
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This sort of consistency must be checked in eight cases, which we leave to the reader.
Then it is clear that splicing together the segments prescribed this way gives a
consistent pair of snakes, and the indexings can be read off from left to right.

It remains, however, for us to prove (9.1). This is accomplished by four Lemmas.
There are many things to verify; we will do one and leave the rest to the reader.

Lemma 3 If the j-th connected component is of Class I, then
A'(Lj) = I'(2,j)

This asserts a part of (9.1), namely the equality 0;, = 7, for the vertices labeled
%1 and %o in Table 9.1, and the equality ), = v +Vi_1 — Vi1 for the unstarred vertex
in the connected component.

We prove that A'(1,5) =I'(2,7). With a; defined by (5.5) and (5.6) we have

A(1,j) = (Z li> — (Z a;) .

Our assumption that the j-th connected component is of Class I means that [; > b;_;
and that [;41 > b;, so a; = bj_1 + b; — a;. Moreover, since [; > b;_; we have

Z [mln(l“ bi—l) + max(lH_l, bz)] =
i<j
max(lj, bj—l) + Z [mln(l“ bi—l) + max(l,-, bi—l)] =
i<j
p+ Srbo) = S S
i<j i< A2
By (5.5) we therefore have
Zagzzli‘{'bi_ai; A/(Lj)zzai_bi:F(2aj)'
(AN (] i<
We leave the remaining two statements to the reader.

Lemma 4 If the j-th connected component is of Class II, then
A1) =T(1j)+ (2,5 - 1) =T(1,j+1).
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Lemma 5 If the j-th connected component is of Class III, then

A'(Lj) = T(2,),

Lemma 6 If the j-th connected component is of Class IV, then

A/(27j_1> = F(l,j),
A,5) = T(2,j—1)+TD(1,5)—-T1,5+1).

We leave the proofs of the last Lemmas to the reader. The assertions in (9.1)
are contained in the Lemmas, for each d; whose corresponding vertex is in the given
connected component. It must lie in the first (middle) or second row of the cartoon,
which is why there are three identities for Class I, one for Class II and two for
Classs III and IV. Thus (9.1) is proved for every ;. The final assertion, that the
episodes of the cartoon are visited from left to right in order by both indexings, can
be seen by inspection from Table 9.1. O

Lemma 7 (Circling Lemma) Assume that t is strict.
(i) Suppose that either of the following two configurations occurs in either I'y or Ay.
Then x = y.

? ?

a AN
@) vy @
(ii) If x occurs circled in either the I' or A preaccordions of a strict pattern t, then
either the same value © also occurs uncircled (and unbozed) at another location, or
x=0.

Proof The first statement follows from the definition. To prove the second state-
ment, we note that y = = is unboxed since the pattern is strict. If it is uncircled, (ii)
is proved. If it is circled, we continue to the right (if y is to the right of x) or to the
left (if y is to the left of x) until we come to an uncircled one. This can only fail if
we come to the edge of the pattern. If this happens, then x = 0. O



Chapter 10

Noncritical Resonances

We recall that a short pattern (5.2) is resonant at i if l;;; = b;. This property
depends only on the associated prototype, so resonance is actually a property of
prototypes. We also call a first (middle) row entry a; critical if it is equal to one of
its four neighbors, which are [;, l;11, b; and b;_;. We say that the resonance at 7 is
critical if either a; or a;, is critical.

Theorem 7 Suppose that t is a strict pattern with no critical resonances; then t' is
also strict with no critical resonances. Choose canonical indexings ~y; and 6. as in
Proposition 6. Then either Gr(t) = Ga(t) =0 or n|y;. In any case, we have

Gr(t) = Ga(t).

As an example, the pattern is called superstrict if the inequalities (5.7) and (5.8)
are strict, that is, if

min(lj, bj—l) > a; > max(le, bj), 0<jg< d, (101)

l1 > a; > max(ly, by), min(lg, bg_1) > ag > lgi1- (10.2)

Thus if the patterns within a type are regarded as lattice points in a polytope, the
superstrict patterns are the interior points. Again, the pattern (or prototype) is
called nonresonant if there are no resonances. The theorem is clearly applicable if t
is either superstrict or nonresonant.

Proof To see that t' is strict, let a;, b;, [; and a be as in (5.2) and (5.4). If ¢ is not
strict, we must have a; = a!_; for some 7, and it is easy to see that this implies that
l; = b;_1, and that t has a critical resonance at i. It is also easy to see that if t' has
a critical resonance at 7 so does t.

73
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Choose a pair of canonical indexings of I' = I'y and A’ = Ay. Our first task is to
show that either Gr(t) = GA(t') = 0 or n|y; for all even i. It is easy to see that ~;
and 0] are not boxed, since if it were, examination of every case in Table 9.1 shows
that it would be at the terminus of a double bond in the bond-marked cartoon that
is not one of the marked bonds in the figures. This could conceivably happen since
in the proof of Proposition 6 we began by replacing the cartoon by a simple cartoon,
a process that can involve discarding some parallel pairs of the bonds; however it
would force ~; (or 6;) to be a neighbor of a critical resonance, and we are assuming
that t has no critical resonances.

Suppose that ; is not circled (i even). Then Gr(t) is a multiple of h(y;), which
vanishes unless n|y;. If v; is circled, we must argue differently. By Lemma 7, either
the same value ~; occurs uncircled and unboxed somewhere in the I' preaccordion,
in which case Gr(t) is again a multiple of h(7;), or 7; = 0. Since n|y; if 75 = 0 the
conclusion that Gr(t) = 0 or n|v; is proved. Since 7; = d; when n is even, we may
also conclude that Ga(t') = 0 unless the 7; (i even) are all divisible by n.

We assume for the remainder of the proof that n|vy; when i is even. Let us denote

q" if ~; is circled in the I' indexing,
i =< g(vi) if 75 is boxed in the I" indexing,
h(v;) otherwise,

with 0/ defined similarly. Thus

Gr() =[]3  Gal)=]]0:

IT3=1124 (10.3)

i even 1 even

We next show that

Since 7; = ¢, when 7 is even, and since as we have noted these entries are never
boxed, the only way this could fail is if one of 7; and 5; is circled and the other not.
We look at the connected component in the bond-unmarked cartoon containing ;.
In Table 9.1, this entry is starred and must correspond to one of xy, %9, *g or *7.
(Since the snake is obtained by splicing pieces together different pieces of Table 9.1
it may also appear x3, x4, *5 or *g.) If it is x4, then it is circled in the I' indexing
if and only if the bond above it is doubled, and by Lemma 2 the bond above x4 in
the A" indexing is also doubled, so %4 is circled in both indexings; and similarly with
*7. Turning to the Class I components, it is impossible for x; to be circled in the I
indexing, since this would imply a critical resonance; and %5 is never circled in the
A’ indexing for the same reasoning. Nevertheless it is possible for x5 to be circled



75

in the I" indexing but not the A’ indexing. In this case, Lemma 2 shows that x5 is
starred in the A’ indexing but not the I' indexing. This happens when the labeling
of a Class I component looks like:

I indexing A’ indexing
O (] (o] O
? *1 - ° ° ~ k9 ?
7 / \ AN
/ . \ j \ / \\
_ | ' -
-7 ] \ RN
g / \ SN
I AU N Y ) Y ° -

Thus if %; is the ¢-th vertex in both orderings we have

Yi = h(i), Yita = ¢, 0 =q"=q", Oivz = M(07s) = h(7isa),

and it is still true that ;7,2 = 0/0] +o- This proves (10.3).

Now we prove
II15=11I¢ (10.4)

i odd i odd

When i is odd, it follows from Lemma 2 that ~; is circled or boxed in the I' indexing
if and only if ¢/ is. Using (9.1), and remembering that since ¢ — 1 and i + 1 are even
we are now assuming ;1 and ;41 are multiples of n, we obtain

I i—1—Yi+1 5
0p = qrT T,

Thus taking the product over odd i, the powers of ¢ will cancel in pairs, giving (10.4).
Combining this with (10.3), the theorem is proved. O

There is another important case where (5.12) is true. This is case where the
pattern t is stable. We say that t is stable if each a; equals either [; or [;;1, and each
b; equals either a; or a;,1. Thus every element of the I" preaccordion is either circled
or boxed. If this is true then it follows from Lemma 2 that t' is also stable. Theorem 7
does not apply to stable patterns since they usually have critical resonances.

Theorem 8 Suppose that t is stable. Then Gr(t) = Ga(Y).

Proof It is easy to see that every element of the I' and A’ preaccordions is either
circled or boxed, and that the circled entries are precisely the ones that equal zero.
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As we will explain, the boxed elements are precisely the same for the I' and A’
preaccordions.

Let S be the set of elements of the top row of t. Between the top row and the row
below it, one element is omitted; call it a. Between this row and the next, another
element is omitted; call this b. In t' the same two elements are dropped, but in the
reverse order. The boxed entries that appear in I' are

first row: {r —alz €S,z >a}
second row: | {b —z|r € S,z < b,x # a}

The boxed entries that appear in A’ are:

first row: {b—z|x € S,z > b}
second row: | {z —alr € S,z > a,x # b}

The entry a — b appears in both cases only if a > b. The statement is now clear. [



Chapter 11

Types

We now divide the prototypes into much smaller units that we call types. We fix a
top and bottom row, and therefore a cartoon. For each episode &£ of the cartoon, we
fix an integer kg. Then the set & of all short Gelfand-Tsetlin patterns (5.2) with the
given top and bottom rows such that for each &

> to) =ke (11.1)

acO1NE

is called a type. Thus two patterns are in the same type if and only if they have the
same top and bottom rows (and hence the same cartoon), and if the sum of the first
(middle) row elements in each episode is the same for both patterns.

Let us choose I' and A’ indexings as in Proposition 6 (Proposition 6). With
notations as in that Lemma, and £ a fixed episode of the corresponding cartoon,
there exist k and [ such that ¢(i) € £ and (i) € £ precisely when k < i < [. let

I — k if k is even, R _ [ if [ is even,
£ k=1 ifkisodd, €7 141 iflis odd.

Then Proposition 6 implies that

l l
PGS (Z%(O) + v (8) — YRe (1), (11.2)
i=k i=k

for all elements of the type. We recall that our convention was that vy = y24:0 = 0.
We take Leg = 0 for the first (leftmost) cartoon and Rg = 2d + 2 for the last episode.

We may classify the possible episodes into four classes generalizing the classi-
fication in Table 9.1, and indicate in each case the locations of vz, and yg, in the

7
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I’ preaccordions, which may be checked by comparison with Table 9.1. Indeed, it
must be remembered that in that proof, every panel of type R is replaced by one
of type T or type B. Whichever choice is made, Table 9.1 gives the same location
for Le and Rg. The classification of the episode into one of four types is given in
Table 11.1.

@) O O O

/ /\/ NN AN

Class | © o o o

N AN ANV AN

NN NN
N \/\”./\/ a

VLe

Class II | ©

O

AN N 2NN

Class III | © o o e o o o

NN\ NS N

VL

o

% //\\// NN

Class IV | o e o o YRe

NN T NS

o

Table 11.1: The four classes of episodes in T'y.

The location of 7. and 0%, in the A preaccordion of t' may also be read off
from Table 9.1. The classification of the episode into one of four classes is given in
Table 11.2.

Proposition 7 If F is the episode that consecutively follows £, then R¢ = Lg. The
values Y. (t) and yg.(t) are constant on each type. Moreover Gr(t) = Ga(t') =0
for all patterns t in the type unless the vy, are divisible by n. In the I' and A’
preaccordions, yr. and 0y, may be circled or not, but never bozed.

Proof From Tables 11.1 and 11.2, it is clear that R¢ = Lz for consecutive episodes.
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NS NN\
NAVANVAVAN

e NN NN

AN DN LS

| o\ /o\ /o o\ /o\/ o\

Class IIT | 07, o o o Op, o
\O \O/ \O O/ \O/ \O

O/O O/O\O/O o\\O/O\O/O O

Class IV ) / \O/ \O O/ \O/ ) y

Table 11.2: The four classes of episodes in Ay.

If £ is of Class I or Class IV, then we see that

mzz( SRCEDS t<a>),

F=ZE \acO1NF a€O9NF

where the notation means that we sum over all episodes to the right of £ (including
€ itself). If £ is of Class II or III, we have

mzz( SRCEDS t<a>).

F<LE a€O1NF a€OoNF

In either case, these formulas imply that ~;, is constant on the patterns of the type.
Given their described locations, the fact that vz, = 07, is never boxed in either
the I" or A’ preaccordions may be seen from the definitions.
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We now show that Gr(t) = Ga(t) = 0 unless n|y... Indeed, it follows from an
examination of the locations of 7y, in the I' preaccordions and in the A’ preaccordions
(where it appears as d7_) that it is unboxed in both I and A’. If it is uncircled in the
I" preaccordion, then Gr(t) is divisible by h(7y, ), hence vanishes unless n|yg,. If it is
circled, then we apply Lemma 7 to conclude that the same value appears somewhere
else uncircled and unboxed, unless v, = 0 (which is divisible by n), which again
forces Gr(t) = 0 if n t y.,; and similarly for Ga(t') = 0. O

e Due to this result, we may impose the assumption that n|y.e for every episode.
This assumption is in force for the rest of the book.

Now let &, -+ ,En be the episodes of the cartoon arranged from left to right, and
let k; = k(&). By a local pattern on &; subordinate to & we mean an integer-
valued function on &; that can occur as the restriction of an element of G to &;. Its
top and bottom rows are thus the restrictions of the given top rows, and it follows
from the definition of the episode that if (0,¢) and (2, — 1) are both in & then
t(0,t) = t(2,t — 1); that is, if both an element of the top row and the element of
the bottom row that is directly below it are in the same episode, then t has the
same value on both, and patterns in the type are resonant at ¢. The local pattern is
subject to the same inequalities as a short pattern, and by (11.2) the sum of its first
(middle) row elements must be k;. Let &; be the set of local patterns subordinate
to &. We call G; a local type.

Lemma 8 A pattern is in & if and only if its restriction to &; is in S; for each i
and so we have a bijection

(‘5%61><---><6N.

Proof This is obvious from the definitions, since the inequalities (11.1) for the
various episodes are independent of each other. 0

Now if t is a short pattern let us define for each episode £

g(a) if a is boxed in I'y,
Ga(t) = H q*  if «is circled in T,

acenop | h(a) otherwise,
g(a) if o is boxed in Ay,
GA) = I § ¢ ifaiscirded in A, (11.3)
acenop | h(a) otherwise,

provided t is locally strict at £, by which we mean that if o, § € £NO; and « is to the
left of 3 then t(a) > t(3). If tis not locally strict, then we define G&(t) = G& (t) = 0.
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Proposition 8 Suppose that n|ype for every episode. Assume also that for each &;

we have
DGR =g Y GE (). (11.4)
4LEG; tes;
Then
D Ga(t) =) Gr(t). (11.5)

tes tes

This proposition is the bridge between types and local types. Two observations
are implicit in the statement of equation (11.4).

e Since by its definition fo(t) depends only on the restriction t; of t to &;, we
may write G% (t;) instead of G%i(t), and this is well-defined.

e The statement uses the fact that vy, (t) and g, (t) are constant on the type,

Tee,

since otherwise ¢"“¢:~ "¢ would be inside the summation.

Proof If t; € G; is the restriction of t € &, we have
Y Gr)=]] > cr)=]]da" ™= > GR(4).
€S i 4ES; i LES;

. VRe

By Proposition 7, the factors ¢'"¢ and since our

convention is that 79 = Y2412 = 0. Thus we obtain

[13 ¢ =3 ca).

i HES; tes

i cancel each other Rg¢, = Lg,, |,

U

In the rest of the chapter we will fix an episode £ = &;, and let L = Lg and
R = Rg¢ to simplify the notation for the four remaining Propositions, which describe
more precisely the relations between the I and A’ preaccordions within the episode £.

Proposition 9 Lett be a short pattern whose cartoon contains the following Class IT
resonant episode € of order d:

L L Ly -+ Ly Laa

O\H//l\h
N N

o L, Ly - Ly o

/ Q O
N
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Then there exist integers s, j1, V1, fia, Vo, -+ + , fa, Vg Such that pi4+v; = s (i=1,--- ,d),
and the T' and A" preaccordions are given in the following table.

r o O\s fy/ \ / O\Iu/o ~y
NN, / N, S
NSNS ::: o~
TN / N, S

The values s,y and g are constant on the type containing the pattern.

Note: If the episode £ occurs at the left edge of the cartoon, then our convention is
that v, = v = 0, and if £ occurs at the right edge of the cartoon, then v = Y2412 =
0. We would modify the picture by omitting v, or v in these cases, but the proof
below is unchanged.

Proof Let v, = 71, and yg = g, in the notation of the previous chapter, and let
s, Wi, V; be defined by their locations in the I' preaccordion. Let s = § + vg + vz,
i = [; +vr and v; = U; + 1. It is immediate from the definitions that

d d i—1
=Y (5= Ly), =) (a;—Lin), =Y (a;— L)
=0 j=i =0

From this it we see that u; +v; = s and fi; + 7; = s.

In order to check the correctness of the A’ diagram, we observe that the resonance
contains d panels of type R, each of which may be specialized to a panel of type T
or B. We specialize these to panels of type T. We obtain the following canonical
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(] (] (] (] (o] (]
? S,— L M1 Hr—2 Up—1rmm—— +» VR
/ \ ; \ ’ \ ’
! \ / ! \\\ /
II ‘\ " ‘\ cl ‘\ l'
K f .
YL V1 Vo ) Vr—1 ?
(] (] (] (] (] (]
5/L ', c= © ~~ =" o -= O - \—.- O eecccaceae le)
\\\\\~\ \\\ \\~~ ~\~‘ \\\ Seo :
\\ Se ~ N ~\~ \\ So |
S X~ h N S ~ ~o
\\\ S s ~~s\ ‘\\‘\\\ .o :
o Se. O == Se 0 = O r== SS 0 = > 5/

Now looking at the even numbered locations in these indexings, starting with v, =

", Proposition 6 asserts the values vy, .-, 1, are as advertised in the A’ labeling.
Looking at the first odd numbered location, which is the first spot in the bottom
row of the episode, Proposition 1 asserts its value to be (s —vr) + v — 11 = uq; the
second odd numbered location gets the value p; + v1 — v9 = 9, and so forth.

O

Proposition 10 Let t be a short pattern whose cartoon contains a Class I resonant

episode € of order d. Then there exist integers s, fiy, V1, jio, Vo, - - -
wi+v;=s (i=1,---,d), and the portions of in T' and A" preaccordions in € are

given in the following table.

AN
Iy YL 251 Hd
NN, N
. V/O\V/O O\WR
N NN N
YL %51 M2 Hd S —R

The values s,y and g are constant on the type

containing the pattern.

s hd, Vg Such that
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Proof We define s, u; and v; to be the quantities that make the I preaccordion
correct. The correctness of the second diagram may be proved using snakes as in
Proposition 9. The proof that u; + v; = s is also similar to Proposition 9. U

Proposition 11 Let t be a short pattern whose cartoon contains a Class III resonant
episode € of order d. Then there exist integers s, jy, V1, jh2, Vo, - -« , liq, Vg Such that
wi+vi=s (i=1,---,d), and the portions of the T' and A" preaccordions in € are
given in the following table.

o\ /o\ /o o\
I o S =L

Hd
AN \\\/’\\ SN

’VL

NSNS :: ~,
NN / N

1) [P S—”YR

A tl ,YL

The values s,~vr, Yr and & are constant on the type containing the pattern.

Proof We define s, u; and v; to be the quantities that make the I" preaccordion
correct. The correctness of the second diagram may be proved using snakes as in
Proposition 9. The proof that u; + v; = s is also similar to Proposition 9. 0

Proposition 12 Let t be a short pattern whose cartoon contains a Class IV resonant
episode £ of order d. Then there exist integers s, ju1, V1, fha, Vo, -+ , liq, Vg Such that
wi+vi=s (i=1,---,d), and the portions of the I' and A’ preaccordions in £ are
given in the following table.

SN N
I' YL 251 Hd YR
NN, L
A V/O\V/O O\S_,y/o O
N N P /
YL H1 H2 Hd TR

The values s,vr, Yr and & are constant on the type containing the pattern.
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Proof We define s, u; and v; to be the quantities that make the I" preaccordion
correct. The correctness of the second diagram may be proved using snakes as in
Proposition 9. The proof that u; + v; = s is also similar to Proposition 9. U



Chapter 12

Knowability

We refer to Chapter 5 for discussion of the concept of Knowability.

Let & =[] &; be a type. Let £ = &; be an episode in the cartoon associated to
the short Gelfand-Tsetlin pattern t € &. If the episode is of Class II, let ag, -+ , aq
and Li,---, Lgiq be as in Proposition 9. If the class is I, III or IV, we still define
the a; and L; analogously:

Class I o Ly Lo L, o
/ SN S N AN
e} Qo aq Q. [¢)
VNN VRN
Lg Ly Ly L, Ly
Class 111 LO L1 LQ Lr o
NSNS N N
o Qo aq a, e}
AN NN AN
© Ly L, L, Lyiy
Class IV o Ly Lo L, L,
/ N NS
o) ao aq (078 0]
SN SN / /
Ly Ly Ly L, o
We say that t is &-maximal if a9 = Lo, -+ ,aq9 = Lg, and E-minimal if ay =
Ly, -+ ,aq = Lg.1. Not every local type &; (with £ = &;) contains an £-maximal or

E-minimal element. If it does, then &; consists of that single local pattern.

86
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Proposition 13 If t; is &-maximal then t, is &-minimal, and
GR () = ¢ e GR (6).

Proof Let notations be as in Proposition 9, 10, 11 or 12, depending on the class
of £ = &;, and in particular L = Lg, and R = Rg,. Each entry in the &£-portion of
both I'y and Ay is boxed except v and ~g, if they happen to lie inside £, which one
or both does unless £ is of Class II; these are neither boxed nor circled. We have,
therefore

S h(yz) Class L or IV h(yr) Class I or III
G (k) = g(s=71) Hg(,ui)g(ui)x{ 1 Class IT or ITT Y 1 Class II or IV

and G‘Zi (t') is the same, except that g(s — ~yy) is replaced by g(s — vg). By Proposi-
tion 7 we may assume as usual that n|y, and n|yg. It follows that ¢72~"2g(s —~) =
g(s — vr), and the statement is proved. O

Proposition 14 (Knowability Lemma) Let £ be an episode in the cartoon as-
sociated to the short Gelfand-Tsetlin pattern t, and let L = Le and R = Re as in
Tables 11.1 and 11.2. Let s, u; and v; be as in Proposition 9, 10, 11 or 12, depending
on the class of €. Assume that n { s. Then either Gr(t) = Ga(t') = 0, or t is
E-mazimal.

The term “Knowability Lemma” should be understood as follows. It asserts that
one of the following cases applies:

e Maximality: tis &-maximal, and &; consists of the single local pattern. In this
case (11.4) follows from Proposition 13.

e Knowability: n|s in which case all the Gauss sums that appear in all the
patterns of the resotope appear in knowable combinations — g(s) by itself or

9(ui)g(v;) where p; +v; = s.

e In all other cases where n { s we have and Gr(t) = Ga(t) = 0 for all patterns
so (11.4) is obvious.

Knowability (as explained in Chapter 5) per se is not important for the proof
that Statement C implies Statement B, but the precise statement in Proposition 14,
particularly the fact that we may assume that n|s, will be important. Theorems 11
and 12 below validate the term “knowability” by explicitly evaluating the sums that
arise when n|s.
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Proof We will discuss the cases where £ is Class II or Class I, leaving the remaining
two cases to the reader.

First assume that £ is Class II. Let notations be as in Proposition 9. By Propo-
sition 7 we may assume that n|y, and n|yg. We will assume that Gr(t) # 0 and
show that s — vy, u; and v; are all boxed. A similar argument would give the same
conclusion assuming G (t') # 0. Since h(z) = 0 when n { z, if such = appears in I'y
it is either boxed or circled. In particular s — ~ is either boxed or circled.

We will argue that s — 7, is not circled. By the Circling Lemma (Lemma 7),
1 =8 — L, 1 = L, and vy is also circled. Now n { py = s — 7z, so py is either
circled or boxed, and it cannot be boxed, because this would imply that v; is both
circled and boxed, which is impossible since Gr(t) # 0. Thus p; = s — 7y, is circled,
and we may repeat the argument, showing that s — v, = pu; = po = ... so that
vy = vy = ..., and that all entries are circled. When we reach the end of the top
TOw, fiq is circled, which implies that pg = 0, and so s = 7y, which is a contradiction
since we assumed that n 1 s.

This proves that s —~;, is boxed. Now we argue by contradiction that the u; and
v; are also boxed. If not, let ¢ > 0 be chosen so that vy,--- 1, are boxed (and
therefore, so are puy, -+, p;—1) but v; is not boxed. We note that v; cannot be circled,
because if v; is circled, then p; ;1 (or s if i = 0) is both circled and boxed, which is
a contradiction. Thus v; is neither boxed nor circled and so n|v;. Since v; + pu; = s
and n t s, we have n { u; and so p; is either boxed or circled. It cannot be boxed
since this would imply that v; is also boxed, and our assumption is that it is not.
Thus p; is circled. By the Circling Lemma, p; = p;11, and so n { ;.1 which is thus
either boxed or circled. It cannot be circled, since if it is, then v;,, is both circled
(since p; is circled) and boxed (since p;1; is boxed), and we know that if a bottom
row entry is both boxed and circled, then t is not strict and Gr(t) = 0, which is a
contradiction. Thus g, is circled. Repeating this argument, p; = p;p = -+ are
all circled, and when we get to the end, pg4 is circled, so by the Circling Lemma,
Wi = g = YR, which is a contradiction since g is divisible by n, but pu; is not. This
contradiction shows that s — v, and the pu;, v; are all boxed, and it follows from the
definitions that t is £&-maximal.

We now discuss the variant of this argument for the case that £ is of Class I,
leaving the two other cases to the reader. Let notations be as in Proposition 10.
Again we assume that Gr(t) # 0, so whenever x appears in I'y with n { x it is either
boxed or circled. Due to its location in the cartoon, there is no way that s — v, can
be circled, so it is boxed.

Now we argue by contradiction that v, - - - , 4 and hence ug, - - - , pg are all boxed.
If not, let # > 0 be chosen so that vy, -, 1,1 are boxed (and therefore, so are
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fi, -+, pi—1) but v; is not boxed. The same argument as in the Class II case shows
that n|v; so n 1 u; and that y; is circled, and moreover that p; = p;1 = -+ = pg and
that these are all circled. But now this is a contradiction since due to its location in
the cartoon, g cannot be circled. 0
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The Reduction to Statement D

We now switch to the language of resotopes, as defined in Chapter 5. We remind the
reader that we may assume 7, and g, are multiples of n for every totally resonant
episode.

Proposition 15 Statement D is equivalent to Statement C. Moreover, Statement D
is true if nt s.

Proof The case of a totally resonant short Gelfand-Tsetlin pattern tis a special case
of Proposition 9, and the point is that 'y is a ['-accordion a, and Proposition 9 shows
that Ay is the A-accordion a’. In this case v, = g = 0. Moreover as t runs through
its totally resonant prototype, a runs through the T'-resotope Ay(co, - ,cq) with
¢i = L;—L; 1, so Statement D boils down to Statement C. The fact that Statement D
is true when n 1 s follows from the Knowability Lemma and Proposition 13. 0J

We turn next to the proof that Statement D implies Statement B. What we will
show is that for each of the four types of resonant episodes, Statement D implies
(11.4); then Statement B will follow from Proposition 8. We fix an episode & = &;,
and will denote L = L;, R = R;. By Proposition 7 we may assume that n|vy; and
n|yr. Moreover by the Knowability Lemma (Proposition 14) we may assume n|s,
where s and other notations are as in Proposition 9, 10, 11 or 12, depending on the
class of &.

Proposition 16 Let £ be a Class II episode, and let notations be as in Proposition 9.

If
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where s = §+Yr + VL, i = fli +Yr and v; = U; + v, then a lies in the resotope
A = As(co, -+ ,cq) with ¢; = L; — Liyq; let o denote the signature of a in A. Then
t — a, induces a bijection from the local type &; to A. Assume furthermore that
n|yL and n|yg. Then

CrGE(L) = ¢DORIGL(a,),  RGE(Y) = ¢(TVORtIG (o). (13.1)

Proof With notations as in Proposition 9, the inequalities L; > a; > L;y; that a;
must satisfy can be written (with jy = $):

Li =Lty 2 fli—1 — [t =0,

which are the same as the conditions that a, lies in A = A(co, - ,cq), with ¢; =
L; — L;y;. Each entry in a, is boxed or circled if and only if the corresponding
entry in 'y is, and similarly, every entry in a/ is boxed or circled if and only if the
corresponding entry in the (left-to-right) mirror image of Ay is. Using the assumption
that n|yg and n|y, and Proposition 5 we can pull a factor of ¢"® from the factor of
G&(t) corresponding to s — 47, = & + yg, which is

g(§+~r) if s —~ is boxed,;
g TR if s — vy, is circled;
h($ +~r) otherwise,

leaving just the corresponding contribution in Gr(a,); and similarly we may pull out
d factors of ¢"® from the contributions of u; = fi; + g, and d factors of ¢’ from
the contributions of v; = 7; + ;. What remains is just Gr(a,). This gives the first
identity in (13.1), and the second one is proved similarly. O

Corollary. Statement D implies (11.4) for Class II episodes.

Although this reduction was straightforward for Class I, each of the remaining
classes involves some nuances. In every case we will argue by comparing ¢"=Gr(t) to
Gr(a,), where a, is the accordion associated with the totally resonant pattern

L Ly - L L

Ly 1 d
NN
NN /
L Ly, - Ly

(13.2)

Here L; and a; are as in Proposition 9, 10, 11 or 12. We have moved Ly and Ly
from the bottom row to the top row as needed, and discarded the rest of the top and
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bottom rows. The notations s, u; and v; are already in use Proposition 9, 10, 11 or

12, so we will denote
t (G0 o Ya
= ) 13.3
¢ { ¢1 e ba } (13:3)

We see that a, runs through Ay(cy, - - - , ¢q) by Proposition 16, with ¢; = L;—L; 1. We
will compare Gr(t) and Ga(t') with Gr(a,) and Ga(a)) respectively. A complication
is that while corresponding entries of I'y and a, are boxed together, the circlings may
not quite match; the argument will justify moving circles from one entry in Gr(t) to
another. Specifically, if either v, or v is within £ and is circled, the circle needs to
be moved to another location. This is justified by the following observation.

Lemma 9 (Moving Lemma) Suppose that x and y both appear in the € part of
[y, and that y is circled, but x is neither circled nor boxed. Suppose that both x and
y are both positive and x = y modulo n. Then we may move the circle from y to x
without changing the value of G&(t).

Proof Before moving the circle, the contribution of the two entries is ¢h(x); after
moving the circle, the contribution is ¢*h(y). These are equal by Proposition 5. (The
positivity of z is needed since h(0) is undefined.) O

In each case we will discuss Gr(t) carefully leaving Ga(t') more or less to the
reader. The case where £ is of Class Il has already been handled in Proposition 16.

Class I episodes

We assume that the E-portion of t has the form:

o) Ld le)

/ /\/ DN N

0 o aq 0 (13.4)

/\/\ SN

Lo Ly Ly - Lg Lt

We will compare Gr(t) with Gr(a,), where a is the accordion (13.3) derived from the
pattern in (13.2), and o is its signature. Thus we move Ly and L4 to the top row,
which does not affect the inequalities that the a; satisfy, and discard the rest of the
pattern to obtain the totally resonant pattern (13.2), then compute its accordion.
Otherwise, let I'y, and Ay be as in Proposition 10, and let s, p; and v; be as defined
there.
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Proposition 17 Assume & is a Class I episode and that n|s,vp,vr. As t runs
through its local type, a, runs through A;(co,- - ,cq) with ¢; = L; — Liy1, and

qFGE(t) = h(y)h(vr)g BTG (a,),
quGi(t') _ th)h(vR)q(d-Fl)(?S—vL—vR)gA(a;).

Proof Using (13.4) and (13.2), we have

d
t= Z(Gj —Ljt1) =9 — (s —71), Y = Z(aj — Ljy1) =vr — v,
— ;

J

and ¢; +; = t. If v is circled, we will move the circle to s — vy. To justify the use
of the Moving Lemma (Lemma 9) we check that v, and s — v, are both positive and
congruent to zero modulo n. Positivity of v, follows since v, > g4, and pg > 0 since
if pg = 0 then it is circled, which it cannot be due to its location in the cartoon. To
see that s—~ > 0, if it is zero then both s—~ and ~, are circled, which implies that
Ly = a; = Ly, but Ly > Ls. Both s — v, and 7, are multiples of n by assumption.

If g is circled, we will move the circle to py. To see that this is justified, we must
check that v and pg are positive and multiples of n. We are assuming n|vyg, and it
is positive since vz > s — v which cannot be zero; if it were, it would be circled,
which it cannot be due to its position in the cartoon. Also by the Circling Lemma,
since g is circled it equals vy; thus ug = s — vy = s — yg = 0 modulo n. And py
cannot be zero since it is not circled, due to its location in the cartoon.

With these circling modifications, v, and yg are neither circled nor boxed, hence
produce factors in G&(t) of h(y) and h(yg). The remaining factors in G%(t) can
be handled as follows. Let F(x) = ¢” if = is a boxed entry in I'y or a,, g(z) if it is
circled, and h(z) if it is neither boxed nor circled. We have

Q" F(s—y) = ¢® T TRE(1),
F(ps) = ¢ "F (),
F(v;) = ¢ " F(¢),

and multiplying these identities together gives the stated identity for ¢"*G&(t).
(There are two entries h(vy.) and h(yg) that have to be taken out.) The A’ preac-
cordion is handled similarly. 0
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Class III episodes

Now we assume that the £-portion of t has the form:

LO Ll L2 Ld o
o \a/ \a/ \a \o (13.5)
NN SN /N |

° Ly Ly - L, Lin

Proposition 18 Assume & is a Class III episode and that n|s,yp,yr. If ag = L,
ay = Lo, - ;a9 = Lgy1 then the local type consists of a single pattern t, for which
(11.4) is satisfied. Assume that this is not the case. Then as t runs through its local
type, a, runs through Ay(co,- - ,cq) with ¢; = L; — L1y, and

QrGE() = ¢ VTR ()G (a,),  RGR(Y) = ¢ TVETE TR ()G (a)).

Proof If ay = L1, a; = Lo, -+ ,aq = Lgy1 then the local type consists of a single
element t. We will handle this case separately. For this t it is easy to see that all
entries except g are circled in I'y, while in Ay all entries except s — g are circled.
But by the Circling Lemma s — vy, = puy = --- = pg and pg > 0 since it cannot be
circled due to its location in the cartoon. Thus we may move the circle from s — v,
to s1q and then compare G&(t) and G4 (t') to see directly that (11.4) is true.

We exclude this case and assume that at least one of the inequalities a; > L;; 1
is strict. Using (13.3) and (13.5) we have t = yg — v, &; = Yr — YL, Vi = Vi — VL
and ¢; = p; +vg — S, where vg, vz, s, pt; and v; are as in Proposition 11, and o is the
signature of a in A. If v, is circled then we move the circle from vy, to pg in I'i. This
is justified as in the Class I case, except that the justification we gave there for the
claim that vz > 0 is no longer valid. It follows now from our assumption that one of
the inequalities a; > L;; 1 is strict. After moving the circle from vy, to pg in I'y, each
factor s —~r, s, v; is circled or boxed in the (circling-modified) I'y if and only if the
corresponding factor ¢, 1; or ¢; is circled or boxed in a,. Moreover s + v, —yg =0
modulo n so we can pull out a factor of ¢°™7277% from the contributions of s —~;, and
each pair p;, v;, to ¢7*GE(t), and what remains is h(vg)Gr(a,). A similar treatment
gives the other identity. 0
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Class IV episodes

Now we assume that the £-portion of t has the form:

© Ly Ly T L, Lgi1
o ao a; ce ag o (13.6)
SN SN % P
LO Ll L2 cee Ld o
If ag =Ly, a1 = Lo, -+ ,aq = Lgyq then the local type consists of a single element t.

In this case vy, is circled in both I'y and Ay and we don’t try to move it. We have

d d
¢ GH(t) = h(s)g" [[ o [[ ¢ = h(s)a™¢™ = "G (Y).
=1 =1

We exclude this case and assume that at least one of the inequalities a; > L; 1 is
strict. Using (13.3) and (13.6) we have t = vy, —~yg, ¥; = p; —vg and ¢; = v;+7y —s.

Proposition 19 Assume & is a Class IV episode and that n|s,vyr,vr. As t runs
through its local type, a, runs through A(co,- - ,cq) with ¢; = L; — Liy1, and
CFGE() = h(y)g VO G(a,), @ RGA(Y) = h(yp)g VORI IG A (a).

(e

Proof If ~; is circled, we must move the circle from 77, to s — 7. This is justified
the same way as in the Class I case, except that the positivity of 7, must be justified
differently. In this case, it follows from our assumption that one of the inequalities
a; > L;yq is strict. Now we can pull out a factor of ¢°™72~72 from the contributions
of s — v, and eacch pair u;, v;, and the statement follows as in our previous cases. []

Theorem 9 Statement D (or, equivalently, Statement C) implies Statement B.

Proof The equivalence of Statements D and C is the Corollary to Proposition 16.
By Proposition 8 we must show (11.4) for every episode £. By Proposition 7 we may
assume that n|y, and n|yg. Moreover by the Knowability Lemma (Proposition 14)
we may assume n|s because if n 1 s then Proposition 13 is applicable. We may then
apply Proposition 16, 17, 18 or 19 depending on the class of £. 0



Chapter 14

Statement E implies Statement D

We fix a nodal signature. Let B(n) = {i|n; = O}. Let CP,(co,--- ,cq) € 3r be the
following “cut and paste” virtual resotope

CPy(co,-ca) = Y (=) A(cg, - e, (14.1)

TCB(n)

where
T C; if ¢ € T,
%7\ o ifidT.

We recall that CP,(co, - ,cq) is the set of I'-accordions

a:{s “1 ﬂd}
V1 vy

that satisfy the inequalities (5.21), with the convention that py = s and pgi1 = 0.
Geometrically, this set is a simplex, and we will show that it is the support of
CP,(co, -+ ,cq), though the latter virtual resotope is a superposition of resotopes
whose supports include elements that are outside of CP,(co, - - , ¢q); it will be shown
that the alternating sum causes such terms to cancel.

Finally, if a € CP,(co, - ,cq) let 6(a,n) be the signature obtained from n by
changing 7; to * when the inequality

C; lfT]z:D,
Mz’—#iﬂ?{ 0 ifn =0,

is strict. Note that these are the inequalities defining a € CP,(co,- -+ ,cq). Strictly
speaking a and 7 do not quite determine 6(a,n) because it also depends on the ¢;.
We omit these data since they are fixed, while a and n will vary.
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Proposition 20 The support of CP,(co, - - ,cq) is the simplex CP,(co, - ,cq). Sup-
pose that a € CP,(co, - ,cq). If T is any signature, then the coefficient of a, in
CP,(co, -+ ,cq) is zero unless T is obtained from 6(a,n) by changing some O’s to *.
If it is so obtained, the coefficient is (—1), where € is the number of O’s in .

Proof Suppose the I-accordion a does not satisfy (5.21). We will show that it does
not appear in the support of CP,(co, - - , ¢q). By assumption p; — pt;41 < ¢; for some
i € B(n). We group the subsets of B(n) into pairs T,7" where T' = T" U {i}. It is
clear that a occurs in A,(cl, - -+, c¥) if and only if it occurs in A(ch ,---,ch’), and
with the same signature. Since these have opposite signs, their contributions cancel.
This proves that the support of CP,(co,- -+ ,c4) is contained in the simplex C. The
opposite inclusion will be clear from the precise description of the coefficients, which
is our next step to prove.
We note that 6(a,n) = 0y - - - 05 where

O if gy — pigr = ¢,
Oi =4 O if i — piy1 =0,
%  otherwise.

We emphasize that if §; = O then ¢ € B(n), while if §; = O then i ¢ B(n). (The
case §; = % can arise whether or not i € B(n).)

Suppose that a € CP,(co, - ,cq). In order for a, to have a nonzero coefficient,
it must appear as the coefficient of a in A(cl, -, ck) for some subset T' of B(n).
We will prove that if 7 is the signature of a in this resotope we have

O if pu; — pip1 = 0, in which case i &€ B(n);
=< 0O ifieT; (14.2)
x  otherwise.

First, if ¢ € T then ¢/ = ¢; so p; — i1 < ¢, for we have already stipulated (by
assuming a € CP,(co, -+ ,cq)) that p; — piy1 > ¢;. Therefore p; — p;41 = ¢; when
1 €T, and so 7, = when ¢ € T. And if ¢ ¢ T, the signature of 7 is definitely not
O since ¢! = oo; if i € B(n) — T it also cannot be O since p; — ptiy1 = ¢; > 0. This
proves (14.2).

It is clear from (14.2) that 7 is obtained from 6(a) by changing some [1’s to *’s,
and which ones are changed determines 7. This point is important since it shows
that (unlike the case where a & CP,(co,- - ,¢cq)) a given a, can only appear in only
one term in (14.1), so there cannot be any cancellation. If 7 is obtained from 6(a) by
changing some [I’s to #’s then it does appear in Ay(cl, - ,cl) for a unique T" and
so a, appears in CP,(co, - -, ¢g) with a nonzero coefficient. The sign with which it
appears is (—1)1, and T" we have noted is the set of 7 for which 7; = [J. O
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Theorem 10 Statement E implies Statement D.

Proof Let a € CP,(co, - ,cq) and let 0 = 6(a,n). What we must show is
that (5.22) implies (5.19). We extend the function Gr from the set of decorated
[-accordions to the free abelian group 3r by linearity. Also the involution a, — a;
on decorated accordions induces an isomorphism 3r — 3a that we will denote
Ar— A'.

Then (5.19) can be written Gr(A) = Ga(A’). By the principle of inclusion-
exclusion (Stanley [40], page 64), we have

Ag(co, -+, cq) = Z CPWT(Cg,"' ,ch),

TCB(n)

Where if T is a subset of B(n) then n’ is the signature obtained by changing 7
from O to O for all ¢ € T. This means that if we show Gr(C) = Ga(C') when
C = CPy(co,- -+ ,cq) then (5.19) will follow. The left-hand side in this identity is a
sum of Gr(a,) with a in CP,(co, -+ , cq), and the coefficient of a, in this sum is the
same as its coefficient in Ar(a, o) by Proposition 20. O



Chapter 15

Evaluation of Ap and Ap, and
Statement G

Let n be a nodal signature, and let ¢ be a subsignature. Let

q—= S (7] (67) tee Qg
B B2 o Ba
be an accordion belonging to the open facet S, of CP,(co,- - ,cq). Assuming that

n|s we will evaluate Ar(a, o).
We will denote

V(a,b) = (¢ — 1)“q(d+1)5_b, V(a) = V(a,a).

Let
. . 1 if og = |:|,
er(o) =er = { 0 otherwise,
ICF(O'):/CF = {i|1<i<d,0’i:D,O’i_17ﬁ O}, kr:|lCF|,
NF(U):NF == {i|1<i<d,0i:|j70i_1: O}, nF:|NI‘|,
and
Cr(o) =Cr ={i|l <i<d, 09,01, - ,0;_1 not all O and either i € N or o; = *}.

(15.1)
Let er = |Cr|, and let ¢r be the number of ¢ with 1 < ¢ < d and o; # *. Given a set
of indices ¥ = {iy, -+ ,ixt C{1,2,---,d}, let

1 if n divides oy, -, a4, ,

Sulin, - i) = 6,(5) = 6,(s a) :{ 0 ot (15.2)

99



100 CHAPTER 15. EVALUATION OF Ar AND Aa, AND STATEMENT G

Let

Finally, let

—L ifoo=0 1 ifog=0
ar(o) = ar = 2(d — tr + nr) + 0 ifoy=0 +{ a= }
1 ifO'():*

Proposition 21 Assume that n|s. Given a I'-accordion

. S aq (6) tee aq
B B2 o Ba
and an associated signature o C o not containing the substring O, [, then
gr‘(a, 0') = (—1)SFXF . V(ar, ar + dr), (153)

where

dp = 1;(1(1%”(@')) +{é Zgg;g}
oD

Recall that any subsignature o containing the string O has Gr(a,0) = 0. We
will abuse notation and rewrite the definition of Gr(a, o) as

Gr(a,0) = Gr(a,) = [ [ fo(2),

rea

where
g(z) if x is boxed in a, (but not circled),
fo(2) = q° if x is circled (but not boxed),
7 h(z) if x is neither boxed nor circled,
0 if z is both boxed and circled.

This is an abuse of notation, since f, is not a function; it depends not only on the
numerical value x but also its location in the decorated accordion a,. However this
should cause no confusion.
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Proof Using the signature o to determine the rules for boxing and circling in a we
see that if op = OJ, then f,(s) = g(s) = (=1) - ¢®~%. The (—1) here accounts for the
(—1)°r in (15.3). If o; = O for ¢ > 0, we have

s—1

. ) — . ) — q if n J( Qy,

foo(i) fo(Bi) = g(ai)g(Bi) = { ¢ ifnta.

If op = O, then s =y, /1 =0, and f,(s) =¢°. lf 0, = 0,0 < i < d, then o; = ;44
and 3; = ;11 so that while the circling in the accordion strictly speaking occurs at
a; and (311, we may equivalently consider it to occur at «; and f3; for bookkeeping
purposes and

fa(ai)fa(ﬁi+l> = fa(ai)fo'(ﬁi) =dq
And if 04 = O, then ay = 0 and 3; = s, so that

fo(@a) fo(Ba) = h(S) =(q- 1)qs’1.
Finally if 09 = %, then f,(s) = (¢ —1)¢°'. If 0, = %, 1 < i < d then

Fota) ol = ntana) = { {4 iﬁ njos

Now note that the assumption that ¢ does not contain the string O, [] implies that
nr = 0, simplifying the definitions of yxr and ar above. The case of o; = [ is seen
to account for the dr defined above, the o; = * account for both the yr and the ar.
However, one does need to count somewhat carefully at the ends of the accordion
according to the above cases. In particular, we see that og = O implies a; = s, so
that if j is the first index with o; # O, then o; = * by assumption. But then a; = s
and the divisibility condition n|q; is automatic, hence redundant and omitted from
the definition. 0

Lemma 10 Given a signature o which does not contain the sequence O and dr(o)
as defined in Proposition 21, we may write dp = kr + er + Zie/cp(a) 0,(i). Then for
any m with 0 < m < dr

() = o () 2 o (525)

1€Kr (o)
. [ kr+er
= 0. .
+ A Z n(lla 7Zl)<m_l>+
{i1,...,1 }CKr (o)

where we understand each of the binomial coefficients to be 0 if the lower entry is
either negative or larger than the upper entry.
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Proof The result follows from repeated application of the identity

()= G el t)

valid for any constants ¢ and m and index ¢, While dr contains divisibility conditions
and hence depends on a, kr + er is an absolute constant depending only on the
signature o. 0

Theorem 11 Fiz a nodal signature n, and assume that n|s. Given an accordion
a €S, with subsigature o = (09,01,...,04) C 1N,

kr
Ar(a,0) = (=" xp > > 62 (1) V(ar + z,ar + kr),  (15.4)
=0 ¥ C Kr(o)
==z

where the inner sum ranges over all possible subsets of cardinality x in Kr.

Before giving the proof, let’s do an example. Let
o= (0O 0,0,x0% C n=(00,0,0,000)
then one can read off the following data from the signature:
nr=1, er=1, xr=0,(1,3,4,6), tr=3, Kr={5}, kr=1, ar=38

" Ar(o) = 9,(1,3,4,6) (V(8,9) — 3,(5)V(9,9))

Proof We may express

b

V(a,a+0b) = Z(—l)“(z)V(a+u,a+u) (15.5)

u=0

from the binomial theorem, given the definition V (a,b) = (g — 1)2¢(@1s=?.
From the definition we have

Ar(a,0) =Gr(a,0) = > Gr(a,eM) + ...+ (=1)"> Gr(a,e) + ...,

o) o(®)
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where the sums run over ¢(® C ¢ obtained from ¢ by replacing exactly i occurences
of I by *. We will apply Proposition 21 to evaluate these terms, then simplify.

If the sequence O[] appears within o, then we call signature I'-non-strict, as any
corresponding short pattern € with o C o« is non-strict, and by definition Gr(¥,0) =
0. Thus the alternating sum for Ar will only contain non-zero contributions from
subsignatures when all such [J’s occurring as part of a O[] string in ¢ have been
removed (i.e. changed to an *). Upon doing this, the signature will no longer possess
any subwords of the form O[], and we may again apply the above formula for Gr to
these subsignatures. This is reflected in the definition of ar and in the statement of
the Theorem.

We first assume that oy # [ and that O[] does not occur within o. Then

dr
Gr(a,0) = xrVl(ar,ar +dr)=xr Z(—l)u (CLF) V(ar +u)
) N k
= Xr Z(—l)uV(ar-i-u)Z Z (u_rl)(sn@l,...,il)
u=0 =0 {il,...,il}:aij =0
kr dr k
YD 5n(¢1,...,@'l)2(—1)"<ufl)V(aFm)
1=0 {ir,....it}:05,=00 u=l

where we have used Lemmas 21 and 10, resp., in the first two steps, and in the last
step have simply interchanged the order of summation.

By similar calculation (still assuming that oq # O for simplicity of exposition)
we have

kr—m
Z GF(Cl,O'(m)) = Xr Z 5n(21777’m) Z Z 5n(i17"'7il>
0'(7”)g0' {’il,...,im}io'l'j:D =0 {i’l,...,i;}:a'ig#a'ij
dr—2m L m
r —
X —-1)* Vv 2
S (5] v eam

where we can write the upper bound on the sum over u as an absolute constant,
since either the divisibility conditions are satisfied and the upper bound (equal to
dr(c™)) is indeed dr(c) — 2m or else the term is 0. Simplifying by combining the
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two sums with divisibility conditions, we have

kr—m
Z Gl"(a, O'(m)) = Xr Z Z (m77—’+b_ l)én(il,...,im+l)

U(m)gg =0 {’51 ..... im+l}zo'ij:|:]
dr—2m—I En — m
(1) z; (_1)v<rv )V(ap—i—Qm—i—l—l—v)
Hence
kr kr—m m—I—Z
AF(a>U) = XFZ(_l)m Z Z ( m )5n(ila---7im+l)
m=0 =0 {i,..., im+l}50'z’j=|:|
dr—2m—I L m
1) D N | 74 o2m +
S (T Ve v e

vy Y D@an(u,...,u)(—l)x

m=0z=m {i,..., iz }ioi; =

dr_zx:_m(—l)” <kr N m) Viar +m+z +v)

v
v=0

i (;) drim<—1)” (kr R m) Viar+m+z+v)  (15.6)

m=0 v=0
where in the first step we changed the sum over [ to a sum over x = m + [ and
interchanged the order of summation in the second step. Now let w = m + v, so

(15.6) equals

NI §<—1>w(;) (5 o a0 =

Ciz;j(—l)wv(ar +a:+w)mzw:0(—1)m (;) (]z;__:;) (15.7)

() -(7) s

m=0
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so combining (15.6) and (15.7) and applying (15.8)

Ar(a,0) =
kl" dr‘—([ k‘ _r
XT Z(_1>m Z On(t1, -+ 4 ig)(—1)" Z(—l)w( Fw >V(ap+3:—|—w)
m=0 {7:1 ,,,,, im+l}:aij:D w=0

The cases where og = [J or where O[] appears in the signature follow by a straight-
forward generalization. 0

We turn now to the evaluation of Ax(d’, o), where o is unchanged and
qd = B B2 T Ba S
al 0{2 ... ad :

1 if Oq = D,
0 otherwise,

Let

ealo) = ea= {

ICA = {O<Z<d | Oi_lzm,di% O}, kA(O'):kA:|/CA|,
Na = {0<i<d | o;.1=0,0;,=0}, na(o) =na=|Nal,
Cn = {1<i<d |0j,04641, ,04 00t all O and either o;_y = * or i € Na},
xal@o) = xa=[[ o)), ta=Ho<i<d | oi=n}
1€CA(0)

—1 ifoy;=0 1 if -5
an(0) = an=2(d— (ta—na))+{ 0 ifog=0 %+ 00T .
. 0 lfO'(];'éO
1 ifog=x

We give 0, (i1, - ,i,) the same meaning as before: it is 0, (i1, - ,i; a). But since the
top row of a’ is in terms of the f3’s, it is worth noting that it can also be described
as 1 if n divides 3;,, -+, and 0 otherwise. Indeed, n|s so n|a; if and only if
n|f; =s— ;.

Theorem 12 With notation as above we have
AA(CLI,U) =
ka
()" "2y Y () (1) V(aa + 7,0 + ka).
z=0 ¥ CKa
==z

where (as defined above) the inner sums range over subsets of KCa.
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Proof We can reuse our previous work by noting that
Aa(d',0) = Ar(a, 0),

where
~ s Ba Ba-1 1 .
a = ﬁ , 0 = 04g04—1 "+ 0g.
g ag—1 a1

Roughly speaking we can just take the mirror image of our previous formula. But
there is one point of caution: in going from a to a we reflected o in the range 0 to d,
while we reflected « in the range 1 to d (and changed it to (3, which has no effect on
9). This means the Ca(0), if it is to be the set of locations where the congruences are
taken in evaluating 0, is not the mirror image of Cr(a) in the range 0 to d, but the
shift of that mirror image to the right by 1, which makes Ca (o), like Cr(0), a subset
of the range from 1 to d. There are corresponding adjustments in the definitions of

ICA and NA- O

Let Ar(o) denote the set of I'-admissible sets for o, and we let Aa (o) denote
the set of A-admissible sets. Let II be an f-packet (as defined in Chapter 5 before
Statement F). By Theorems 11 and 12 we may reformulate Statement F in the
following way.

Statement G. With notation as in Chapter 15, we have

Doy S (C) V(e +aar + k) 6,(Z0) =

o 0 <z <kr(o)
¥ € Ar(o)
=~ Cro)l ==
D (—1yra@rteate) > (—1)"V(aa +x,a5 + ka) 6,(2, a) (15.9)

o 0 <z <kr(o)
S € Ar(o)
|¥—=Cr(o)| ==

The outer sum is over f-subsignatures o of 7, since in (5.23) each such signature
appears exactly once on each side. We recall that the packet Il in Statement F
intersects each open f-facet S, in a unique element a, and so a is determined by
o. We have restored a to the notation 4,(X;a) from which it was suppressed in
Theorems 11 and 12, because the dependence of these terms on a — or, equivalently,
on o — will now become our most important issue.



Chapter 16

Concurrence

This chapter contains purely combinatorial results that are needed for the proof.
The motivation of these results comes from the appearance of divisibility conditions
through the factor §,(3;a) defined in (15.2) that appears in Theorems 11 and 12.
We refer to the discussion of Statement G in Chapter 5 for the context of the results
of this Chapter.

Let 0 < f < d. In Chapter 5 we defined bijections ¢, : S, — S, between the
open f-facets, and a related equivalence relation, whose classes we call f-packets.
According to Statement F, the sum of Ar(a, o) over an f-packet is equal to the cor-
responding sum of Ax(a’,0). Moreover in Theorems 11 and 12, we have rewritten
Ar and Aa as sums over ordered subsets of Kr and Ca. In order to prove State-
ment F, we will proceed by identifying terms in the resulting double sum that can
be matched, and that is the aim of the results of this chapter.

Definition 1 (Concurrence) Leto and T be subsignatures of ) that have the same
number of *’s. Fiz two subsets ¥ = {j1,--- , 5} and X' = {j1,...,j/} of {1,2,--- ,d}
of equal cardinality, and arranged in ascending order:

0<hH<jp<---<jy<d, 0<jy <Jjy<---<yj<d.

/

We say that the pairs (o, %) and (1,%") concur if the following conditions are satisfied.
We require that for 1 < m <[ the two sets

{t|jm <t<d o =%}, {t]j <t<dm=x} (16.1)
have the same cardinality, and that n; = O for

min(j,, jo,) < @ < max(Jm, ji,)- (16.2)
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Concurrence is an equivalence relation.
Example 1 Let n = (no,m1,...,m5) = (0,0, 0, 0,0,0). The pairs
((x,0,%, 0,%,0),{2,4,5}); ((0,%,*,%,0,0),{2,3,5})
concur. However
((x,0,%, 0,%,0),{2,4,5}); ((O,%,*,%,0,0),{2,4,5})
do not, as the number of *’s to the right of o4, 74 differ.

Proposition 22 Suppose that the pairs (o,%) and (1,%') concur. Then if ¢, (a) =
b, where

q— S aq Qq _ S 11 Hd
51 6d ’ v Vg4 ’

we have o, = py (1 <m <),

This implies that
0,(X;a) = 6,(X";b),

which can be used to compare the contributions of these ordered subsets to Ar(a, o)
and Aa(a’, o) with the corresponding contributions to Ar(b,7) and Aa(b',7) in the
formulas of Theorems 11 and 12.

Proof It is sufficient to check this when a is a vertex of S,. Indeed, both a;,, and
- are affine-linear functions of ay,--- , ay, so if they are the same when a = ay, is
a vertex, they will be the same for convex combinations of the vertices, that is, for
all elements of S,. Because aj, is a vertex of S,, o, = #; if 0, is the r-th * in o,
then by definition ¢, ,(a) = a; where 7; is the r-th % in 7. This is a consequence of
the definition of ¢,,. Now our assumption on the cardinality of the two sets (16.1)
implies that k < j,, if and only if [ < 7/ .

Now we prove that a;,, = p;; . There are now two cases, depending on whether
Jm < k (and so j/, < [) or not. First suppose that j, < k and j;, < [. Then
we have a; — a1 = ¢ for all ¢ except k and u; = pipq1 = ¢ for all i except [,
and o9 = s = po. This means that «; = p; when ¢ < min(k,l), a fortiori when
i < min(j,, j..). Suppose for definiteness that j,, < j/ . so min(jm,, j..) = jm. Thus
we have proved that o, = pu;,,. Since by hypothesis n;,, =n;,41="--=mn; 1= 0
we also have 15, = pj,.41 = - - - pt;;. and herefore aj,, = pj . The case where j,, > j;,
is similar, and the case where j,, < k and j/ <[ is settled.
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Next suppose that j,, > k and so j/, > . Then a; — ;11 = ¢ for all i except
k and p; = pir1 = ¢ for all ¢ except [, and agy1 = 0 = pgp1, we get oy = p; for
i > max(k,l), a fortiori for i > max(j,,jr,). Suppose for definiteness that j,, < j/,,
so that max(jm, j,,) = Jjr,- We have prove that oy, = pj . Our hypothesis that
Nj = Mjmt1 =+ =N —1 = O implies that a;,, = a;, 41 = -ay , and so we get
aj,. = pjr. . The case j,, > j/, is again similar. 0

We now introduce certain operations on signatures that give rise to concurrences.

Definition 2 (I'- and A-swaps) Let o and 7 be subsignatures of n. We say that
T s obtained from o by a I'-swap at i — 1,7 of

0; =1T; fOT&llj?éi—l,i, (71‘71:*,Ui:|:|, Ti—c1 = O, T; = %,
and by a A-swap at i — 1,7 if
oj=1; forallj#i—14 o,1=U00=% 7_1=x%1=0.

Definition 3 (I'- and A-admissibility) We say that a subset ¥ = {j1,72, * , jm}
of {1,2,3,--- ,d} is I'-admissible for o if

CF(O') CcXcC CF(O') U ICF(O'),
and similarly it is A-admissible if Ca(0) C 3 C Ca(o) U Ka(o).

Proposition 23 (Swapped data concur) (a) Suppose T is obtained from a T'-
swap at i — 1,i. Assume that i € 3. Let 0 < j; < jo < -+ < j; < d be a sequence
such that j,, # 1 for all m. Let

o Jm W Jm F 1= 1
Im i if g =i— 1.

Then (0,%) and (1,%') concur, where X = {j1,--+ ,Jjm} and X' = {ji, -+, j..}.
Moreover ¥ is I'-admissible for o if and only if X' is I'-admissible for .

(b) Suppose that T is obtained from a A-swap ati—1,i. Assume that i & X. Let
0<j1 <jo<---<y; <d be a sequence such that j,, # i for all m. Let

o Jm Z'fjm%i‘i‘l;
Jm i if g =i+ 1.

Then (0,%) and (1,%') concur, where ¥ = {j1,--+ ,Jm} and X' = {ji,--- ,j..}.
Moreover ¥ is A-admissible for o if and only if X' is A-admissible for T.
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Proof This is straightforward to check from the definitions of concurrence and
admissibility. One point merits further discussion. Suppose we are in case (a) for
definiteness. If ¥ is I'-admissible, then according to the definition (15.1), i —1 €
Cr(o) C X if 0¢,...,0,-2 are not all O. In this case, i € Cr(r) C X'. If instead,
0g=+++=0;_9= O, thent—1 ¢ ¥ but then under the I'-swap, 7o =---=7,_1 = O
and so i & Y. O

If the hypotheses of Proposition 23 are satisfied we say that (7,%’) is obtained
from (0,%) by a I'-swap (or A-swap).

Let us define an equivalence relation on the set of pairs (o,Y), where o is a
subsignature of 7 and ¥ is a ['-admissible subset of {1,2,--- ,d}.

Definition 4 (I'- and A-packs) We write (0,%) ~r (1, %) if (1, X) can be obtained
by a sequence of I'-swaps or inverse I'-swaps. We call an equivalence class a I'-pack;
and A-packs are defined similarly.

Lemma 11 FEach I'-pack or A-pack contains a unique element with mazimal number
of O’s. Within the pack, this unique element (o,%) is characterized as follows.

I'-pack: Whenever n,_1n; = O and o,_10; = *J we have 1 € X2,
A-pack: Whenever n;_1n; = LJO and o,_10; = Ux we have © € Y.

Proof If n,_1n;, = O and o0;,_10; = %[ then a I"-swap is possible at + — 1,4 if and
only if ¢ & 3. Indeed, the fact that 3 is I'-admissible for ¢ means that i — 1 € 3.
This assertion therefore follows from Proposition 23.

Clearly the element maximizing the number of O’s is obtained by making all
possible swaps. The statements are now clear for the I'-pack, and for the A pack
they are similar. O

Definition 5 (Origins) We call the unique element with the greatest number of
O ’s the origin of the pack. We say that (0,%) is a I'-origin if it is the origin of its
I'-pack, and A-origins are defined the same way.

As we have explained, our goal is to exhibit a bijection ¢ between the I'-packs
and the A-packs. It will be sufficient to exhibit a bijection between their origins.
Let (0,3) be the origin of a I'-pack; we will denote ¢(0,%) = (¢/,%’). We can
define ¢’ immediately. To obtain ¢/, we break 7 (which involves only [(’s and O's)
into maximal strings of the form O --- O and [J---[J, and we prescribe ¢’ on these
ranges.



111

e (O’s in o reflect across the midpoint of the string of O’s in 7)) Let
Mh, - - - Mk be a maximal consecutive string of O’s in 7 (so Np_1, Mkr1 # O ). If
h < 1 < k then 07/; = Oht+k—i-

e (Distinguished [’s in o slide one index leftward) Let o, ...0% be a
maximal consecutive string of [1’s in o (so 041,041 # ). Let h < i < k be
the smallest element of ¥ in this range, or if none exists, let © = £+ 1. Then if
77h1—Dandah1—>x<then¢()—U’hasag1 -0;2 O, o/, = %, and
ol =--- =0, =0. If either 9,1 = O or g,_1 # *, then 1 leaves the string of

[I’s in o unchanged.

The last rule merits further explanation. Since o is a subsignature of n, the maximal
chain oy, - - - o, of boxes in ¢ is contained in a (usually longer) maximal chain of boxes
MMa1 - - - N Within n; thus [ < h and m > k and the range from [ to m is thus broken
up into smaller ranges of which oy, ...0, = - - -0 is one. We assume that o;,_1 = x
and that n,_; = . In this case we will modify oy, --- 0. But if the condition that
on—1 = * and that n,_; = [J is not met, we leave it unchanged — and the condition
will be met if and only if h > [. Then with ¢ as in the second rule above, we make
the following shift:

Oh—1 Op " Oi—1 "+ O Oy Op =+ Oiq =+ O
{* 0o ....0 ... 0O }—){D 0 ... « o O . (16.3)

It is useful to divide up the nodal signature 7 into blocks of consecutive [1’s alternat-
ing with blocks of consecutive O’s (where a block might consist of just one of these
characters), e.g.

= M, e e =(0,o0,0, ,,0,0,0,).
n = (N0, m n7) = ( )
block of [('s

Formally, a O-block is a maximal consecutive set B = {h,h + 1,--- /k} such that
n; are all (’s, and O-blocks are defined similarly. The map ¢ can be understood
according to what it does to the indices of ¢ contained within each of these blocks
(and no two indices from different blocks interact under ). In particular, the number
of %¥’s in o contained within a block of 7 is preserved under ). We use this fact
repeatedly in the proofs, as it often implies that it is enough to work locally within
a block of [’s or O’s.
We have not yet described what 1 does to . The next result will make this

possible. Define

Pw) = |jzulo; =),

Qolw) = |{j>ulo;=0}.
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If u,v € {1,2,--- ,d} then we say that the pair (u,v) is equalized for o and o’ if
P(7<u> = Py (U>7 Qa(u) = ch’ (U) (164)

Lemma 12 Let 0,0’ be signatures with 1 (o’) = o.

(i) If 1 <u < d and n, # M1 then (u,u) is equalized.

(ii) Suppose that B is a O -block and that u € B such that o, = *. Assume that
o; # O for some j < wu. Then there exists 0 < v € B such that o], = x and (u,v) is
equalized.

(#ii) Suppose that B is a O -block and that v € B such that o), = % but o), _, # O.
Then there ezists 0 < w € B such that (u,v) is equalized, o, = * and o; # O for
some j < u.

(iv) Given i as in the second rule for ¢ on signatures, the pair (i,1) is equalized.

The condition in (ii) and (iii) that o, = * and 0; # O for some j < u means that

u € CF(O').

Proof Part (i) follows from the fact that u is at the left edge of a block when
N # Nu—1. Indeed, if B is a [J- or O-block then ¢ and ¢’ have the same number
of ¥’s and [J’s in B. Since u is at the left edge of a block, then the accumulated
numbers of * and [J in that block and those to the right are the same for o and ¢’
and so (u,u) is equalized.

To prove (ii), observe that the number of % in the O-block B = {h,h+1,---  k}
are the same, and (k + 1,k + 1) are equalized (or else k = d), so counting from the
right, if o, is the r-th * within the block, we can take ¢! to be the r-th % for ¢’ in
the block, and we have equalization. The hypothesis that o, # O for some j < u
guarantees that either B is not the first block, or that ¢, is not the leftmost * in the
block, so v > 0.

To prove (iii), we argue the same way, and the only thing to be checked is that
J > 0 and that o; # O for some j < u. This follows from the assumption that
ol _, # O, since if ¢/ _; = [0 then B is not the first block, while if ¢/ _; = * then o/
is not the first * in B for ¢’, hence also not the first * in B for o.

For (iv), the O-block containing i can be broken up into segments of the form
«J---0 as in the left-hand side of (16.3) and possibly an initial string consisting
entirely of [1’s. According to the second rule for ¥ on signatures, the image of each
such segment under 1) also contains exactly one * (excluding the possible initial string
of 0’s without #’s) and the same number of (I’s. As i occurs to the right of both the
% in o and ¢’ in the respective segments as depicted in (16.3), it is thus clear that
(1,1) is equalized. O
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Proposition 24 (Concurrence of origins) Let (0,X) be the origin of a I'-pack,
and let o' = (o). Given any j € X we can associate a corresponding index j' € 3
as follows. There exists a unique 1 < t = t(j) < d such that (j,t) are equalized,
and such that o, # O. Define j' = 1(j) so that 7' — 1 is the largest index < t(j)
such that o, # O. Then the X' = {¢(j)|j € X} is A-admissible for o, and in
fact (o,%) is a A-origin. Moreover the pairs (0,%') and (0/,%') concur. The map
Y (0,2) — (0, X) is a bijection from the set of I'-origins to the set of A-origins.

Before proving this, we give several examples.
1. Ifn=(0,0,0,0,0,0,0),
w((o7 07*7 07*7*7*)7{47576}) = <<*7*7 07*7 O7 07*)7{17274})

Indeed, 1) reflects all entries in the initial block of 6 O’s in 1. In the block
consisting of a single [J at the end of 7, o contains no [’s and so ¢’ agrees with
o on this block. The reader will check that that ¢(6) = 4,¢(5) = 2, and #(4) = 1.
Thus Y is as defined in the Proposition. To check that X is I'-admissible for o,
note that Cr(o) = {4,5,6} and Kr(c) = @ so indeed ¥ is to be of form Cr(o) U ®
where @ is a (possibly empty) subset of Kr(o). Moreover, we wanted to ensure
that 3 is of the form ' = Ca(0’) U ®" where & C ICa(0’). Referring back to
the definitions of these sets in (15.9) and (15.9), we see that Ca(o’) = {1,2,4}
so we satisfy the necessary condition. (For the record, Ka(c') = @ in this case.)
Finally, no T-swaps or A-swaps are possible so (0, ) is a I-origin and (o’,%’) is
a A-origin.

2. Ifn=(0,0,0,0,0,0,0,0 0),
'l/}((l:l,*’ O7 O7|:|7|:|7*7*7 0)7{174757677}) =

((D7 *7 O7 O’D7 D’*’ *7 O)’{]"275767 7})

Note that there is no change in the signature from o to ¢’ as no [I’s can move left in
the strings of [I’s contained in n, and reflection in strings of O’s leaves these strings
unchanged. The index sets are more interesting. From the definitions, we compute
that Cr(o) = {1,4,6,7}, Kr(o) = {5}, Ca(c’) = {2,7}, and Ka(o') = {1,5,6}.
This illustrates that these sets may have very different cardinalities. We see that
the sets ¥ and Y are admissible.

3. Ifn=(0,0,0,0,0,0,0,0),

Q/]((O7|:|’ 07*’D7|:|7|:|7 *)7{376’7}) — ((O’D7 O’|:|7|:|’ *7|:|7*)7{27677})
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Here, the blocks of circles are all of length 1, so *’s and O’s in ¢ within these
blocks do not change under ¢ in ¢’. We have oo = [J, but 2 € Np(o) C X
so this [J remains fixed in ¢’. In the block of 4 [’s, we see o contains 3 [’s.
The smallest index from this string which is in ¥ is 6, corresponding to the last
(. So the first two [I’s move left, and the third remains fixed. Again, from the
definitions, we compute that Cr(o) = {3,7}, Kr(o) = {4,5,6}, Ca(c’) = {2,6},
and ICa(o’) = {4,5,7}, so ¥ and ¥’ are admissible.

Proof The first thing to check is that if j € ¥ we may find v such that (j,v) are
equalized. (If j ¢ ¥ this may not be true.) There may be several possible v’s, if
o’ has O’s in the vicinity, and ¢ will be the smallest. So the existence of v is all
that needs to be proved — the condition that o; # O has the effect of selecting the
smallest, so that ¢ will be uniquely determined.

If B is a O-block, then the existence of v is guaranteed by Lemma 12. If B is a
[O-block, then B can be broken into segments in which o and ¢’ are as follows. There
is an initial segment (possibly empty) of (’s that is common to both ¢ and ¢’, and
the remaining segments look like this:

O Ol41 041 0 Om—1 Om | ¥ O Ol41 " Oy Opy Opy
« O o -.. 0O O o o --- 0O O x |7

We claim that the only possible element of ¥ in {l,{ 4+ 1,--- ,m} is [. The reason
is that if there was an element i of ¥ in the range {l+1,---,m} the prescription
for o/ would move the * to ¢ — 1, and this is not the case. Now (m + 1,m + 1) are
equalized (or m = d) and it follows that (I,[) are equalized. So we have the case
7 =1, and then we can take v = [ also. It is easy to see that if j lies in the initial
segment (if nonempty) that consists entirely of (I’s that we may take u = j in this
case also.

This proves that ¢ satisfying (16.4) exists.

We will make use of the following observation.

If gy _yny = 00 and o), _; = * for some j' <" then I' € ¥ and t(I') = 1. (16.5)

To prove this, note that if o = x or if oy =0 and op_; = O then I’ € Cp(o) C X.
The fact that o; # O for some i < I’ needed here for the definition of Cr(c), may
be deduced from the fact that o7, _; # O since it means that the O-block containing
j" either is not the first block, or else contains some *’s for ¢’ and hence also for o.
Since ny_1mpy = OO this leaves only the case oy_10p = *[, and in this case [ € ¥
follows from the fact that o is a I'-origin by Lemma 13. Now (I’,[') is equalized by
Lemma 12 (i), and so t(I") = I’. This proves (16.5).
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Now we need to check that 3" = {ji, 5, -} is A-admissible, that is, Ca(c’) C
Y C Ca(0")UKa(0’). That 3" C Ca(o’) UKa(0') is almost immediate, as the set
Ca(0") UKa(0') contains every index j' with o7, _, = [J or *, so long as o3, # O for
some 7' > j'. Since each element ¢(j) = j' € X' with j € ¥ has o7, ; = [ or *, we
need only check that of, # O for some i’ > j'. This is clear since j € Cr(c) U Kr(0)
so P,(j) or Q,(j) is positive, and hence P,/ (t) or Q,/(t) is positive, and j" < t.

We next show that ¥’ contains Ca(c’). Thus to each j' € Ca(c’) we must find
Jj € X such that ¥(j) = 7.

First assume that o, = O. By definition of Ca(0’) we have o7, ; # O. Also by
definition of Ca(¢”) there will be some [ > j’ such that o}, # O. Let I’ be the smallest
such value. Suppose that 7y = O. Then o}, = *. Since [’ is the smallest value > j’
such that o}, # O we have o] = O and hence 7, = O for j' < i <[’ and so the entire
range j' < i < I’ is contained within the same O-block B. By Lemma 12 (iii) there
exists j € B such that o; = * and 7, j' are equalized, and moreover, o; # O for some
i < j. Thus j € Cr(o) so j € ¥ and t(j) = j', so ¥(j) = j* (because 07, _; # O).
Thus we may assume that 7, = 0. We note that ny_; = O since o},_; = O. Thus
'€ ¥ and t(I') = I' by (16.5). Since 0}, =05 ; =...=0, ;= O but o}, ; # O
we have (') = j'. This finishes the case 07, = O.

Next suppose that o, # O. Then 0%, , = x since j* € Ca(0”). If ny = O then
o’ must be x. The assumption that j" € Ca(o’) then implies that o7, | = * also and
so Lemma 12 (iii) implies that ¢(j) = j’ for some j in the same O-block as j’, with
j € Cr(o) € ¥. Then since 0j,_; # O we have ¥(j) = j'. Thus we may assume
that n;; = 0. In this case we will show that j* € ¥ and ¢(j") = j' If ny_1n;, =00
then since o7, ; = * it follows from the description of ¢’ in O-blocks (see (16.3))
that j* € ¥, and by Lemma 12 (iii), (j',7’) is equalized, so t(j') = j’ and so since
0’y = * it follows that ¥(j') = j'. On the other hand if 7; 17 = O then we still
have j' € ¥ by (16.5), and since 07, _; = * we have ¢(j') = j'. This completes the
proof that 3’ contains Ca(o”).

Now we know that ' is A-admissible for ¢’. Next, we show that (¢/,%') is a
A-origin. We must show that if ny_1ny = JO and oj,_,0% = O« then j" € X', Tt
follows from Lemma 12 that there exists j in the same O-block as j’ such that o; = *
and j € Cr(o), and (j, ') are equalized. Then #(j) = 5’ and since 05— # O we have
¥(j) =y Thus j' € ¥'.

Next we observe that (o,3) and (0’,%’) concur. To see this, observe first that if
Jj € Xand j/ = ¢(j) € ¥, then (j,7') is equalized. This implies that the two sets
(16.1) have the same cardinality (with 7 = ¢’). Moreover, if j is in a O-block, then
4" is in the same block, while if j is in a (J-block then j* = j with the exception that
if j is the left-most element of a [J-block, then j' can lie in the O-block to the left.
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These considerations show that 7; = O when (16.2) is satisfied. Therefore o and o’
concur.

We see that ¢ maps [-origins to A-origins. To establish that it is a bijection
between I'-origins and A-origins, we first note show the map v from I'-origins to
A-origins is injective. Indeed, we can reconstruct o and ¥ from ¢’ and Y as follows.
On O-blocks, the reconstruction is straightforward — the signature is just reversed
on each A-block, and the elements of ¥ within a A-block are just the values where
oj = *, except that if o; = O for all ¢ < j then j is omitted from o. On [-blocks,
the reconstruction of ¥ must preceed the reconstruction of o. It follows from the
preceding discussion that on the intersection of > with a [-block, v is the identity
map except that if the very first element of the block is in X, ) can move it into the
preceding O-block. Thus if j € {1,2,--- ,d} and n; = O we can tell if j is in ¥ as
follows. If j not the first element on its block then j € ¥ if and only if j € ¥/, If j
is the first element, then j € ¥ if and only if j € ¥ or (from the definition of Cr)
if 0;_1 = O — and we recall that the signature is already known on O-blocks. Once
>’ is known on [-blocks, o can be reconstructed by reversing the process that gave
us o’.

Since the map v is injective, we need only check that the number of A-origins
equals the number of I'-origins. We extend 1) to a larger set by including 1 as part
of the data: let Qr be the set of all triples (1, o, X) such that n is a nodal signature,
o a subsignature, and X a ['-origin for ¢; and similarly we define 2. Then 1) gives
an injection Qp — Qa. It will follow that v is a bijection if we show that the
two sets have the same cardinality. A naive bijection between the two sets can be
exhibited as follows. Let (1,0, %) be given. Define (7,5, %) by 7; = Ng_i, 65 = 0a_s,
and ¥ = {d+1— j|j € £}. Note that 7 and o are reversed in the range from 0 to d,
while ¥ is reversed in the range from 1 to d. Then (&, f]) is a A-origin if and only if
(0,%) is a T-origin, and so |Qr| = |Qa]. O



Chapter 17

Proof of Statement G

In Chapter 15 we reduced the proof to Statement G, given at the end of that Chapter,
and we now have the tools to prove it.

Lemma 13 The cardinality of each I'-pack or A-pack is a power of 2.

Proof In a I'-swap *[1 is replaced by Ox* in the signature. Since both signatures
are subsignatures of 7, this means that 1 has O[] at this location. From this it is
clear that if a I'-swap is possible at ¢ — 1,4 then no swap is possible at i — 2,7 — 1
or 7,7 + 1, and so the swaps are independent. Thus the cardinality of the pack is a
power of 2. 0

Given an origin (o,Y) for a I-equivalence class, define pr(o, ) = k where 2F is
the cardinality of the I'-pack to which the representative (o,Y) belongs. We may
similarly define pa for A-packs.

Proposition 25 Let (0,%) be an origin for a I'-equivalence class. Then pr(o,Y),
as defined above, can be given explicitly by

pF(U7 Z) = ‘ {Z € {172’ e 7d} | (O-i—lyo'i) = (O’*)vni = D} } (17'1)

Proof Recall that elements of a I-pack differ by a series of I'-swaps from (7,7 to
(0,%), which change 7;,_1,7; = *,0 to 0,_1,0; = O, * provided ¢ ¢ T". Hence pr(o, X)
is clearly at most the number of indices satisfying the condition on the right-hand
side of (17.1).

Given an origin (o,X), let 7 C 7 be any subsignature possessing an (x,[J) at
(7i_1,7:) where o has a (O, %) at (0,_1,0;). Let T be the set of indices obtained from
Y. by replacing each such i € ¥ by ¢ — 1 (and leaving all other indices unchanged).
We claim that (7,7) ~r (0,%). By our discussion above, it suffices to show that

117
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i ¢ T. Indeed, by assumption, (0;,0;41) # (O, %) so i + 1 is not changed to i from
¥ to T according to our rule. Moreover, i € ¥ is sent to ¢ — 1 € T. Hence (17.1)
follows. 0

Lemma 14 Let Er be a I'-pack with origin (0,%). Let ¥ = Cr(o)U® with ® C Kr(o)
and let x = |®|. Then

> (=1 V(ar(o) + z,ar(0) + kr(0)) =

(U,E)EEF

(—=1)V(ar(o) +z + pr(o,X),ar(o) + kr(o) + pr(o, X)),
where € = €(o) is the number of O in o and € is the number of O in o.

Proof It is easy to see that a I-swap does not change ar(c), while it decreases
kr(o) by 1. Thus repeatedly applying the identity

V(a,b) = V(a,b+1)=V(a+1,0+1)

gives this result. O

Lemma 15 Let Ex be a A-pack with origin (0,%). Let ¥ = Ca(o) U @ with & C
Kr(o) and let x = |®|. Then

Y. (F) V(aa(o) +w,aa(0) +ka(o) =

(0,X)EEA
(=1)V(aa(o) + =+ palo,X), an(0) + ka(o) + palo, X)),

where € = €(0) is the number of O in o and € is the number of O in o.
Proof Similar to the proof of Lemma 14. 0
Theorem 13 Let 1) be the bijection on equivalence classes given above, let (o,X)

be a T'-origin and let ¢ (o,%2) = (¢/,%') be the corresponding A-origin. Write ¥ =
Cr(o) U® with ® C Kr(o) and similarly, X' = Ca(c’) U @' with & C KCa(o’). Then

V(ar(o) + |®| + pr(o, X),ar(0) + kr(o) + pr(o, X)) =
Viaa(a') + || + pal(c’,X), an(0”) + ka(d’) + pala’, ). (17.2)
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Proof First we will prove the equality of the second components
ar(o) + kr(o) + pr(o,X) = aa(d’) + ka(o’) + pa(a’, 2). (17.3)

Consider the left-hand side of (17.3). The quantities kp(o) and ar(o) are defined
in Chapter 15 before Proposition 21, where the latter is further defined in terms of
nr(o) and tr(o). Hence, the left-hand side of (17.3) is given by

—1 00=0 1 04=0
2a=(r=np+f 0 w0 o {y 220}
+{iel,d|oi=0,0i1# 0} |+ [{i €[1,d]|(0i-1,0:) = (O, %), = O} |,

where [a, b] denotes {x € Z|a < x < b}. Now

—1 O'OIO 1 7[1
2d—2tr+ 0 O'OZD :2d+1—2BC(0)+{ 70 = }
1 0o = * 0 0'07£|:|

where BC(o) = |{i € [0,d] | o; # *}| is the total number of boxes and circles in
0. Also the quantity 2nr contributes a 2 for each i € [1,d] with (o,_1,0;) = (0, 0).
We may regard this 2 as contributing 1 for each [ preceded by a O and 1 for each
O followed by a [J. From this it follows that

2np + [{i € [L,d] | oy =0,0i1 # O} |+ |[{i € [1,d] | (55-1,04) = (O, %),m; = O} |
={ie[l,d|o;=0}|+|{i€[0,d—1]|0oi =0, my1 =0}

Combining terms, we see that the left hand side of (17.3) is the sum of the two terms

2d +1—2BC(0) + |{i €[0,d] | o; = O} | (17.4)
and .
|{i€[0,d—1]|ai:O,m+1:D}|+{0 Zj;g}. (17.5)

Similarly, the right hand side of (17.3) is the sum of the two terms
2d+1—2BC(c") + [ {i € [0,d] | o} = O} | (17.6)

and /
. r } . 1 O'OZO
}{ze[l,d]\oi—o,ml—m}\jt{ 0 o) £ 0 } (17.7)
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Now, since the map 1) preserves the number of boxes and the number of circles in
the signature, we have
BC(o) = BC(d")

and
[{i€[0,d]|o;=0}|=|{ic0,d]|o, =0}

Hence the quantities (17.4) and (17.6) are equal. The quantity (17.5) counts the
number of 7 € [0,d] such that o; = O, ;41 # O (this includes the possibility that
i = d and 7;;1 is not defined). But 1 reflects the entries of o lying over strings of
O’s in n. After doing so, each such i reflects to a O in ¢’ that is preceeded by a [
(or is initial) in 7. These are exactly the indices counted by (17.7). Hence they are
equal.

This completes the proof of (17.3). To finish the proof of the theorem, we must
show that

ar(0) + 8] + pr(o, 5) = an(o’) + @] + pa(o’, ).

By the construction of the bijection 1, we have
cr(0) + @] = ca(o’) + @],

since these count the number of divisibility conditions, and this number is necessarily
constant when the bijection obtains. In view of (17.3), it thus suffices to establish

cr(o) + kr(o) = cal(c’) + ka(a'). (17.8)

The case n; = 0, = O for all 0 < 7 < d is trivial and we exclude it henceforth.

The quantity cr(o) + kr(o) counts the number of i € [1,d] such that o; = O
or g; = * but o0g,...,0;,_1 are not all 0. We claim that (excluding the trivial case
above)

cr(o) + kp(o) =[{i€[0,d]|o; =0 or o; =*}| — 1. (17.9)

To check this, there are two cases. First, suppose o9 = [J or o9 = *. Then the index
0 is counted in the first term on the right hand side of (17.9) even though it is not
in the range 1 < ¢ < d, but this is accounted for by subtracting 1 there. The indices
i € [1,d] with o; = O or g; = * are counted on both sides. Hence (17.9) holds. The
other possibility is 7y = 09 = (). The index ¢ = 0 is not counted in the first term
on the right hand side of (17.9). However, o begins with a (), and the first index
ip such that o;, # (O is counted in the first term on the right hand side of (17.9).
Subtracting 1 there makes up for the exclusion of the index iy on the left hand side
as it corresponds to a [J or * preceeded by a nonempty initial string of ()’s. The
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remaining indices ¢ > iy such that o; = [ or 0; = * are counted on both sides. Hence
(17.9) is also true in this case.
Similarly, we have (again excluding the case that all o, = Q)

cald)+ka(c") ={i€[0,d]| o =0or o, = x}| — 1.

But since the map 1) preserves the number of boxes and the number of stars in the
signature, we conclude that (17.8) holds, and the Theorem is proved. U
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Notation

an algebraic number field

n-th roots of unity

a finite set of places of F

ring of S integers

HUES FU

S-Hilbert (norm residue) symbol
auxiliary function in Zy

vector space of auxiliary functions ¥
Weyl group multiple Dirichlet Series
Coeflicients of Zy

power residue symbol

simple roots

a fixed prime of og

Gelfand-Tsetlin pattern

integer vectors of weight functions
two particular definitions for H
decorated integer arrays

decorated integers
additive character of Fs/og

Gauss sum Za mod ¢ (%) ¢ (%)
g™, p%)

9(p*,p")

residue field cardinality
products of Gauss sums
Schiitzenberger involution
reflection of (r + 1 — 4)-th row
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A
A
By
m(u, A)

wt By — A
Q;

€, fi

Sch : By — B,

Ux, dx : By — B_yor

Wo
rev

¢’ia €
Q

77, the weight lattice

a weight, often dominant

crystal graph with highest weight A
multiplicity of u in highest weight module for A
weight function

simple roots

Kashiwara operators
Schiitzenberger involution
involutions

long Weyl group element

mirror image array

number of times f; or e; applies

a reduced word

path from v to v/

highest weight vector

lowest weight vector

string vector of v with respect to long word €2
the word (1,2,1,3,2,1,---)

the word (r,r — 1,r,r — 2,7 — 1,r,--)
products of Gauss sums

Schur polynomial

Gelfand-Tsetlin patterns with top row A
simple reflections

short Gelfand-Tsetlin pattern

involute of t

short pattern prototype

preaccordions

products of Gauss sums

episode

accordion

involute accordion

signature-runes

a decorated accordion

products of Gauss sums

['-resotope

A-resotope (involute of A

free abelian group on the decorated accordions
cut and paste simplex of I'-accordions
(—1)¢, e = number of O

alternating sum of Gr

open simplex

closed simplex
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O © © © O O

10
10
11
13
13

14

14
14
14
14
14
20
23
23
32
34
34
35
35
37
38
39
40
41
42
42
42
42
42
45
45
45
47
47
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@07617@2

Op

&

¢:{1,2,--- ,2d+1}—>@B
Y15y Y2d+1

1/1:{1,2,--- ,2d+1}—>@B
51? 75éd+1

T,B,R.t,b

K1, *2, X3, k4, X5, *6

g

8A(0>7ICA<U)7NA(U)7

XA(a7 0)7 tA; (IA(O')

a bijection

mod n characteristic function
product of Gauss sums

(1,2,3,--- ,r—=1,r,r—1,---,3,2,1)
(ryor—1,r—2,---,3,2,1,2,3--- 1)
substrate

rows of substrate

@1 U @2

consecutive episodes

[-indexing

[-indexing

A’-indexing

A’-indexing

types of panel

see Table 9.1

q", k(%) or g(7:)

prescribed row sum for an episode
type

even values left and right of £

local type

episodes of the cartoon

shifted values of s, v;, 1;

Le, Re

{iln: = 0O}

cut and paste virtual resotope

c; if i € T, oo otherwise

change n; to * depending on inequalities
0(a,n)

(q _ 1)a q(d+1)s—b

V(a,a)

various statistics

characteristic function of n-divisibility
various statistics

product of Gauss sums

Gauss sum

various statistics

bijection between packs (see Proposition 24)
(> u| 0=+

> ulo; =0}

base 2 log of pack cardinality

number of [1,0

47
47
52
53
53
99
29
60
60
64
64
64
64
66
67
72
75
75
75
78
78
80
85
94
94
94
94
95
97
97
97
97
98
98
98
103
103
108
109
109
115
117
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Index

accordion, 29, 30
as lattice point in Euclidean space,
31
crystal interpretation, 47
nonstrict, 29
admissibility
I'- and A-, 95

belongs to prototype, 24
block
[J- and O-, 97, 98
bond
moving, 50
bond-marked cartoon, 50, 51, 60
indexing and, 61
resonances and, 55
box-circle duality, 18
boxing, 3, 4, 7, 15, 17, 24

canonical indexings, 54, 60, 69
cartoon, 27, 48, 49
bond-marked, 50, 51, 60
indexing and bond-marked, 61
involution and, 49
preaccordions and, 49
resonances and bond-marked, 55
simple, 55, 60
circling, 3, 4, 7, 15, 17, 24
circling compatibility condition, 30
Class I, II, IIT and IV, 55
compatible signature, 30, 31, 34
concur, 93
concurrence, 37, 93
equivalence relation, 94
operations on signatures and, 95
condition
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circling compatibility, 30
crystal, 7

standard, 10
crystal base, 7
crystal graph, 7
cut-and-paste simplex, 34

decoration, 3, 15, 17, 24, 29-31, 41, 44
distinguished edge, 50

episode, 27, 49, 54, 55
classes of, 55, 56
indexing and, 54

equalized pair, 98-100

facet, 35, 36, 85, 92
closed, 35

Gauss sum, 4
Gelfand-Tsetlin pattern, 3
nonstrict, 4, 5
short, 23-29, 31, 48, 50, 60, 76
short, involution on, 24, 26
short, resonant, 27-29, 31, 48, 50,
60, 76
strict, 3—5

indexing, 53, 55, 5961, 64, 70
canonical, 54, 60, 69
involution, 5, 22
cartoon and, 49
Schiitzenberger, 5, 22, 23, 26, 38,
41

knowability, 28, 36, 73, 74
Knowability Lemma, 28, 30, 73, 74, 76,
81
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left-hand rule, 3, 4, 25

local pattern, 67, 74

local type, 67, 68, 73, 74, 77, 79-81
locally strict, 67

long Weyl group element, iii, 8
long word, iii

maximal

E-, 73,74
middle bottom, 23
middle row, 23
minimal

E-, 73, 74

nonstrict accordion, 29
nonstrict pattern, 5
nonstrict signature, 89

origin
- and A-; 96, 99, 102
concurrence of, 99
origin of pack, 96, 99, 102

pack
I'- and A-, 96, 99, 102, 103
origin, 96, 99, 102
packet, 22, 26, 27, 32, 35, 36, 93
f-, 35,92, 93
packs
I'- and A-, 37
panel
classes of, 56
type of, 64
panels, 55
types of, 55, 56, 69
path, 11
pattern
local, 67, 74
stable, 28, 62
superstrict, 60

totally resonant, 27, 28, 31, 48, 52,
76-78
type, 67, 68, 73, 74, 77, 79-81
Pieri’s rule, 8
preaccordion, 24, 28-30
I'-, A, 28
crystal interpretation, 42, 47
prototype, 24, 26, 27, 64
belongs to, 24
resonant, 27
totally resonant, 27, 28, 31, 48, 52,
76-78

resonance, 27-29, 31, 47, 48, 50, 54, 60,
76
critical, 60
noncritical, 60
resotope, 31-33, 76, 83
I'- and A-, 31
virtual, 82
right-hand rule, 3, 4, 25
row
bottom, 23
middle, 23
top, 23
row sums, 39

Schutzenberger, 5, 22, 23, 26, 38, 41
short end, 42, 44, 45, 47
short Gelfand-Tsetlin pattern
substrate and, 49
short pattern, 23, 24, 26-29, 31, 48, 50,
60, 76
involution, 24, 26
resonant, 27-29, 31, 48, 50, 60, 76
signature, 30-34, 76, 82, 83
[-nonstrict, 89
compatible, 30, 31, 34
decoration encoded by, 30
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nodal, 34, 35, 82, 85 word, iv, 11, 12
signatures long, 11
operations on, 95 reduced, 11, 12

simple cartoon, 55, 60
simplex, 32-36, 82, 83
cut-and-paste, 34
Snake Lemma, 28, 53
snakes, 28, 53, b4, 56, 70-72
canonical indexings and, 54, 69
taxonomy, 56
stable, 26, 28
stable pattern, 62
string
1-string, 15, 16, 18
subsignature, 34, 36, 85
f-, 36
facets and, 36
substrate, 48, 49
short Gelfand-Tsetlin pattern and,
49
superstrict, 60
support, 33, 82, 83
swap
I- and A-, 95, 96

top row, 23

totally resonant pattern, 27, 28, 31, 48,
52, 76-78

totally resonant prototype, 27, 28, 31,
48, 52, 76-78

type, 24, 27, 64-69, 73

older terminology, 24
type of panel, 64

weight, 7
dominant, 7
weight function, 7
Weyl group multiple Dirichlet series, ii,
1



