ON THE AVERAGES OF CHARACTERISTIC POLYNOMIALS FROM CLASSICAL GROUPS

DANIEL BUMP AND ALEX GAMBURD

Abstract. We provide an elementary and self-contained derivation of formulae for averages of products and ratios of characteristic polynomials of random matrices from classical groups using classical results due to Weyl and Littlewood.

1. Introduction

The study of averages of characteristic polynomials of random matrices has attracted considerable attention in recent years. The interest has been motivated, in part, by connections with number theory, following the pioneering work of Keating and Snaith [39]; and, in part, by importance of these averages in quantum chaos, first discussed by Andreev and Simons [1]. Over the ensuing years it has become increasingly clear that averages of characteristic polynomials are a fundamental characteristic of random matrix models (see, for example, discussion in [8, 1.6] were the authors argue that they might be more fundamental than correlation functions). Results in the case of Hermitian ensembles were obtained in Baik, Deift and Strahov [2], Borodin and Strahov [8], Brézin and Hikami [9], [10], [11], [12], Forrester and Keating [27], Fyodorov [28], Fyodorov and Keating [29], Fyodorov and Strahov [31], [32], [30], Mehta and Normand [47] and Strahov and Fyodorov [52]. Averages of products in the case of compact classical groups were considered by Conrey, Farmer, Keating, Rubinstein, and Snaith in [17] in connection with conjectures for integral moments of zeta and L-functions [16].

Recently the averages of ratios in the case of compact classical groups were considered by Conrey, Farmer, and Zirnbauer [15] and by Conrey, Forrester and Snaith [18]. The approach in [15] is based on using supersymmetry and the theory of dual reductive pairs. The approach in [18] is based on reducing the orthogonal and symplectic case to the case of unitary invariant Hermitian matrices and then invoking the results obtained by Fyodorov and Strahov [32] and by Baik, Deift and Strahov [2]; the case of unitary group is treated by appealing to the formula of Day [21] for Toeplitz determinants,

The first author was supported in part by the NSF grant FRG DMS-0354662. The second author was supported in part by the NSF postdoctoral fellowship and by the NSF grant DMS-0501245. 1

for which the authors give a self-contained derivation using the method of Basor and Forrester [5].

The goal of this paper is to provide an elementary and self-contained derivation of formulas for averages of products of characteristic polynomials from classical groups, obtained in [17], and for averages of their ratios, obtained in [15] and [18] (we note that in [15] no restriction on the dimension of the group is imposed; see the remark at the beginning of section 3.3). We also obtain an elementary derivation of the formulas for integral moments of characteristic polynomials derived by Keating and Snaith [39, 40] using Selberg’s integral. Our proofs use classical results due to Weyl [54] and Littlewood [44] and can be viewed as application of symmetric function theory in random matrix theory along the lines pioneered by Diaconis and Shahshahani [24] and applied in Rains [49], Bump and Diaconis [14], Baik and Rains [3], Diaconis [22] and Diaconis and Gamburd [23]. We begin with review of symmetric function theory in Section 2 and consider the unitary group in Section 3.

In a nutshell, our method consists of expressing the mean value of a product or ratio of characteristic polynomials on a group G in terms of a symmetric function (such as a Schur polynomial) related to a character of an irreducible representation whose highest weight vector is a partition of “rectangular shape,” then reducing that value as a sum over elements of W/W_M , where W is the Weyl group of G, M is a subgroup of G and W_M is the Weyl group of M. This point is explained in Section 4. The symplectic group is considered in Section 5 and the orthogonal group is considered in section 6. Our results imply simple derivations of formulas for classical group characters of rectangular shape due to Okada [48] and Krattenthaler [42] and yield several generalizations; this is considered in Section 7.

2. Review of symmetric functions theory

2.1. Schur functions. A partition λ is a sequence λ_1 ⩾ λ_2 ⩾ · · · of nonnegative integers, eventually zero. By abuse of notation, we write λ = (λ_1, λ_2, · · · , λ_n) for any n such that λ_{n+1} = 0. There is a unique n such that λ_n > 0 but λ_{n+1} = 0 and this n = l(λ) is the length of λ. We call |λ| = ∑ λ_i the size of λ. If i > 0 let m_i = m_i(λ) be the number of parts λ_j of λ equal to i; in this case, we write λ = ⟨1^{m1} 2^{m2} 3^{m3} · · · ⟩.

The Young diagram of a partition λ is defined as the set of points (i, j) ∈ Z^2 such that 1 ⩽ i ⩽ λ_j; it is often convenient to replace the set of points above by squares. The conjugate partition λ^′ of λ is defined by the condition that the Young diagram of λ^′ is the transpose of the Young diagram of λ; equivalently m_i(λ^′) = λ_i − λ_{i+1}.

Young diagram of λ Young diagram of λ^′

In the figure we exhibited a partition λ = (5, 5, 3, 2) = ⟨1^02^13^15^2⟩; |λ| = 15 and l(λ) = 4.

Let λ and μ be partitions. We define λ + μ to be the partition (λ_1 + μ_1, λ_2 + μ_2, · · · ). On the other hand we define λ ∪ μ to be the partition whose parts are the union of the parts of λ and μ, arranged in descending order. For example if λ = (321) and μ = (22) then λ + μ = (541) and λ ∪ μ = (32221). The operations + and ∪ are dual to each other:

(λ + μ)^′ = λ^′ ∪ μ^′.

We write λ ⊃ μ if the diagram of λ contains the diagram of μ, or equivalently, if λ_i ⩾ μ_i for all i.

The elementary symmetric functions e_r(x_1, . . . , x_n) are defined by

(1) e_r(x_1, . . . , x_n) = ∑ i_1<···<i_r x_{i1} . . . x_{ir} ;

complete symmetric functions h_r(x_1, . . . , x_n) are defined by

(2) h_r(x_1, . . . , x_n) = ∑ i_1⩽···⩽i_r x_{i1} . . . x_{ir} .

Now given a partition λ, we define

(3) e_λ(x_1, . . . , x_n) = n∏ j=1 e_{λj} (x_1, . . . , x_n)

and similarly

(4) h_λ(x_1, . . . , x_n) = n∏ j=1 h_{λj} (x_1, . . . , x_n).

Schur functions are symmetric polynomials indexed by partitions. If λ is any partition of length ⩽ n we define

(5) s_λ(x_1, · · · , x_n) = det ( x^{λj +n−j} i )_n i,j=1 det ( x^{n−j}_i )_n i,j=1 =

| | | | | | x^{λ1+n−1} 1 x^{λ2+n−2} 1 . . . x^{λn}_1 x^{λ1+n−1} 2 x^{λ2+n−2} 2 . . . x^{λn}_2 . . . . . .. . . x^{λ1+n−1} n x^{λ2+n−2} n . . . x^{λn}_n

| | | | | | | | | | | | x^{n−1}_1 x^{n−2}_1 . . . 1 x^{n−1}_2 x^{n−2}_2 . . . 1 . . . . .. . . . x^{n−1}_n x^{n−2}_n . . . 1

| | | | | | If l(λ) > n we define s_λ(x_1, · · · , x_n) = 0.

The denominator in (5) is a Vandermonde determinant admitting the following simple evaluation:

(6) det(x^{n−j}_i ) = ∏ 1⩽j<k⩽n (x_j − x_k). Let Λ^{(n)} = Λ^{(n)}(x) denote the ring of symmetric polynomials with integer coefficients in x_1, · · · , x_n. Then s_λ(x_1, · · · , x_n) ∈ Λ^{(n)}. We have a homomorphism Λ^{(n+1)} −→ Λ^{(n)} in which the last variable x_{n+1} is specialized to 0, and under this homomorphism it is easy to see from the definition that this specialization takes s_λ to s_λ; that is,

(7) s_λ(x_1, · · · , x_n, 0) = s_λ(x_1, · · · , x_n).

This means that s_λ may be regarded as an element of the ring Λ

Λ = Λ(x) = lim_{←−} Λ^{(n)}(x).

The ring Λ is a polynomial ring in either h_1, h_2, · · · or e_1, e_2, · · · where h_n = s_{⟨n⟩} and e_n = s_{⟨1}n_⟩ (Bump [13], Proposition 36.5 or Macdonald [46], p. 22). It is a free abelian group with basis s_λ, as λ runs through all partitions. The ring Λ^{(n)} is a free abelian group with basis s_λ, as λ runs through the partitions of length ⩽ n.

The ring Λ has an involution ι which interchanges h_n ←→ e_n (Bump [13], Theorem 36.3). This involution takes s_λ to s_λ′ (Bump [13], Theorem 37.2 or Macdonald [46], (3.8) on p. 42).

We will make crucial use of the following classical result (see Weyl [54], Lemma 7.6.A; or, for modern presentations, Bump [13], Chapter 43 or Macdonald [46], (4.3) on p. 63.)

Proposition 1. (Cauchy identity) Let x_1, · · · , x_p and y_1, · · · , y_q be two sets of variables. Then (8) p∏ i=1 q∏ j=1 (1 − x_iy_j)^{−1} = ∑ λ s_λ(x_1, . . . , x_p)s_λ(y_1, . . . , y_q), where the sum is over all partitions λ of length ⩽ min(p, q).

Both sides are convergent provided the |x_i| and |y_j | are all less than 1; otherwise, this may be regarded as a formal identity.

We have also the dual Cauchy identity (9) p∏ i=1 q∏ j=1 (1 + x_iy_j) = ∑ λ s_λ(x_1, . . . , x_p)s_λ′ (y_1, . . . , y_q). The right hand side is a finite sum, since unless l(λ) ⩽ p and l(λ^′) ⩽ q we have either s_λ = 0 or s_λ′ = 0, so the diagram of λ must fit inside a p × q rectangle.

The dual Cauchy identity can be deduced from the standard Cauchy identity by making use of the involution on Λ. See Bump [13], Theorem 43.5 or Macdonald [46], (4.3^′) on p. 65.

If μ and ν are partitions, then s_μs_ν can be decomposed into Schur polynomials; we write

(10) s_μs_ν = ∑ λ c^λ_{μν} s_λ. where the sum is over partitions λ of size |μ| + |ν|. It follows from (7) that the Littlewood-Richardson coefficients c^ν_{λμ} are independent of n, and they are determined by this equation provided n ⩾ |λ| + |μ| (so that the s_ν are linearly independent).

Let x_1, · · · , x_p and y_1, · · · , y_q be two sets of variables. The Littlewood- Richardson coefficients also appear in

(11) s_λ(x_1, · · · , x_p, y_1, · · · , y_q) = ∑ μ,ν c^λ_{μν} s_μ(x_1, · · · , x_p)s_ν (y_1, · · · , y_q). See Macdonald [46], (5.9) on p. 72, who proves (11) from (10) using the Cauchy identity. We will also give a proof (which is closely related to Macdonald’s) in Section 2.4.

Particular cases of (10) are furnished by Pieri’s formula (see Bump [13], Theorem 42.4 or Macdonald [46], (5.16) on p. 73.) If λ ⊇ μ are partitions, we say that λ − μ is a horizontal strip if no two elements of the set theoretic difference of their diagrams lie in the same column; and we say that λ − μ is a vertical strip no two elements of the set theoretic difference of their diagrams lie in the same row.

The content of Pieri’s formula is that

(12) c^λ_{μ⟨r⟩} = { 1 if λ − μ is a horizontal strip and |λ| − |μ| = r; 0 otherwise.

Equivalently, we can write

(13) s_μh_r = ∑ λ s_λ, where the summation is over all partitions λ such that λ − μ is a horizontal r-strip.

Similarly we have

(14) s_μe_r = ∑ λ s_λ, where the summation is over all partitions λ such that λ − μ is a vertical r-strip.

From (11) and (13) it follows that

(15) s_λ(x_1, . . . , x_k, y) = ∑ μ s_μ(x_1, . . . , x_k)y^{|λ−μ|}, where the sum is over partitions μ such that λ − μ is a horizontal strip.

We denote by k^n = ⟨k^n⟩ the partition (k, . . . , k) of length n; assuming that λ is a partition of length less than or equal to n we denote

λ + k^n = (λ_1 + k, . . . , λ_n + k).

We have

(16) s_{λ+k}n (x_1, · · · , x_n) = e^k_n(x_1, · · · , x_n) s_λ(x_1, · · · , x_n).

This is immediate from the definition of the Schur polynomial together with the fact that e_n(x_1, · · · , x_n) = x_1 · · · x_n.

2.2. Connection with unitary group. Let g ∈ GL(n, C ) have eigenvalues t_1, · · · , t_n. Assuming that the length l(λ) ⩽ n, we define χ_λ(g) = χ^{(n)}_λ (g) = s_λ(t_1, · · · , t_n). (The assumption on l(λ) is necessary since otherwise s_λ(t_1, · · · , t_n) = 0.) The following result is a special case of the Weyl character formula [54], which expresses the characters of compact Lie groups as ratios of alternating functions; see, for example, Bump [13], Theorem 38.2. for a modern exposition.

Proposition 2. If λ is a partition of length ⩽ n, the function χ_λ is the character of an irreducible analytic representation π_λ = π^{(n)}_λ of GL(n, C ). It is irreducible; in fact, its restriction to U(n) is irreducible.

As a consequence, we have Schur orthogonality for the functions χ_λ. Let ⟨ , ⟩ denote the inner product with respect to the Haar measure on G = U(n), normalized so that the volume of G is 1. If μ = (μ_1, · · · , μ_n) where μ_i are integers (possibly negative) and μ_1 ⩾ · · · ⩾ μ_n, then we call μ a dominant weight. If λ and μ are dominant weights, we have

(17) ⟨χ_λ, χ_μ⟩ = { 1 if λ = μ; 0 otherwise.

Now (16) implies that if μ = λ + k^n, then χ_μ = det^k ⊗ χ_λ. From this observation we may extend the definition of χ_λ as follows. The dominant weight μ is a partition if and only if μ_n ⩾ 0. We can always write μ = λ+⟨k^n⟩ where λ is a partition for some k; for example, we can take k = μ_n. Then we define χ_μ = det^k ⊗ χ_λ. It is of course the character of an irreducible analytic representation of GL(n, C ), or its compact subgroup U(n). The following result is due to Weyl [54]; see Bump [13], Theorem 38.3. for a modern presentation.

Theorem 1. The characters of the irreducible analytic representations of GL(n, C ) are precisely the χ_λ as λ runs through the dominant weights. Their restrictions to U(n) are precisely the irreducible characters of U(n).

If λ is a partition, we call the representation π_λ of GL(n, C ) with character χ_λ a polynomial representation since its matrix coefficients are polynomials of the coordinate functions g_{ij} of g ∈ GL(n, C ). If λ is a dominant weight that is not necessarily a partition, we call π_λ a rational representation. Its matrix coefficients may have denominators that are powers of the determinant.

The value of s_λ(1^n) gives the dimension of the irreducible representation of U(n) with highest weight λ. From (5) using l’Hopital rule one easily derives for λ = (λ_1, . . . , λ_n) the following formula, known as the Weyl dimension formula [54]:

(18) s_λ(1, . . . , 1) = ∏ i<j(μ_i − μ_j) ∏ i<j (i − j) , where μ_i = λ_i + n − i.

8 7 5 3 2 7 6 4 2 1 4 3 1 2 1 Figure 1

It is easy to deduce that the right-hand side of (18) can be expressed in the following equivalent form (see [46] or [51]):

(19) s_λ(1^n) = ∏ u∈λ n + c(u) h(u) , where for a box u in a diagram λ, h(u) is a hook number of u and c(u) is a content number of u, which we now define. Given a diagram λ and a square u = (i, j) ∈ λ, the content of λ at u is defined by c(u) = j − i. A hook with a vertex u is a set of squares in λ directly to the right or directly below u. We define hook-length (also referred to as hook number) h(u) of λ at u by h(u) = λ_i + λ^′_j − i − j + 1.

Equivalently, h(u) is the number of squares directly to the right or directly below u, counting u itself once. For instance, in figure 1 we display hook lengths for partition λ = (5, 5, 3, 2).

2.3. Laplace expansion. The following classical result from linear algebra will be used repeatedly in what follows; its deeper meaning and significance will be discussed in Section 4.

Proposition 3. (Laplace expansion) Fix L rows of the matrix A. Then the sum of products of the minors of order L that belong to these rows by their cofactors is equal to the determinant of A.

Let Ξ_{L,K} consist of all permutations σ ∈ S_{K+L} such that (20) σ(1) < · · · < σ(L), σ(L + 1) < · · · < σ(L + K). Given (K + L) × (K + L) matrix A = (a_{ij} ) Laplace expansion in the first L rows can be written as follows:

det(a_{ij} ) = ∑ σ∈Ξ_{L,K} sgn(σ) | | | | | a_{1,σ(1)} · · · a_{1,σ(L)} . . . . a_{L,σ(1)} · · · a_{L,σ(L)}

| | | | | · | | | | | a_{L+1,σ(L+1)} · · · a_{L+K,σ(L+K)} . . . . a_{L+K,σ(L+1)} · · · a_{L+K,σ(L+K)}

| | | | | . We now record two simple applications of the Laplace expansion.

Lemma 1. Suppose λ = τ ∪ ρ with λ = (λ_1, . . . , λ_{L+K} ), τ = (λ_1, . . . , λ_L) and ρ = (λ_{L+1}, . . . , λ_{L+K} ). Then

s_λ(α_1, · · · , α_{L+K} ) = ∑ σ∈Ξ_{L,K} ∏ 1 ⩽ l ⩽ L 1 ⩽ k ⩽ K (α_{σ(l)} − α_{σ(L+k)})^{−1}

×s_{τ +⟨K}L_⟩(α_{σ(1)}, · · · , α_{σ(L)}) s_ρ(α_{σ(L+1)}, · · · , α_{σ(L+K)}) . (21)

Proof We apply the Laplace expansion in the first L rows to the determinant in

s_λ(α_1, · · · , α_{L+K} ) = Δ^{−1}

| | | | | | | | α^{K+λ1+L−1} 1 · · · α^{K+λ1+L−1} K+L . . . . α^{K+λL} 1 · · · α^{K+λL}_{K+L} α^{K+λL+1−1} 1 · · · α^{K+λL+1−1} K+L . . . . α^{λK+L} 1 · · · α^{λK+L}_{K+L}

| | | | | | | | where

Δ = | | | | | | α^{K+L−1} 1 · · · α^{K+L−1}_{K+L} α^{K+L−2} 1 · · · α^{K+L−2}_{K+L} . . . . 1 · · · 1

| | | | | | = ∏ i<j (α_i − α_j) = sgn(σ) ∏ i<j (α_{σ(i)} − α_{σ(j)})

and simplify. □

Lemma 2. For λ ⊆ ⟨ N^k ⟩ let λ̃ = (k − λ^′_N , · · · , k − λ^′_1). Then we have

(22) k∏ i=1 N∏ n=1 (x_i − t_n) = ∑ λ⊆N^k (−1)^{|λ̃|}s_λ(x_1, · · · , x_k)s_{λ̃}(t_1, · · · , t_N ). Using the fact that s_μ(−t_1, · · · , −t_N ) = (−1)^{|μ|}s_μ(t_1, · · · , t_N ) the formula may be written

(23) k∏ i=1 N∏ n=1 (x_i + t_n) = ∑ λ⊆N^k s_λ(x_1, · · · , x_k)s_{λ̃}(t_1, · · · , t_N ). Generalizations of this Lemma will be given below in Proposition 9 and also in Lemma 4, Lemma 6, and Lemma 5.

Proof Using the definition of Schur functions (5) and the Laplace expansion we can rewrite the right-hand side of (22) as follows:

(24) det

| | | | | | | | x^{N+k−1} 1 x^{N+k−2} 1 . . . 1 . . . . ... . . x^{N+k−1} k x^{N+k−2} k . . . 1 t^{N+k−1} 1 t^{N+k−2} 1 . . . 1 . . . . ... . . t^{N+k−1} N t^{N+k−2} N . . . 1

| | | | | | | | × 1 ∏ 1⩽i<j⩽k(xi − xj) 1 ∏ 1⩽i<j⩽N (ti − tj ) . Now the determinant in the equation (24) can be evaluated using the formula for Vandermonde determinant formula (6) to be equal to

(25) ∏ 1⩽i<j⩽k (x_i − x_j ) ∏ 1⩽i<j≤N (t_i − t_j) k∏ i=1 N∏ n=1 (x_i − t_n). Combining (24) and (25) completes the proof. See Remark 1 below. □

Remark 1. The following combinatorial fact is used implicitly in the last proof in determining which pair of Schur functions appears: if λ is a partition such that λ_1 ⩽ N and λ^′_1 ⩽ k, then the N + k numbers λ_i + k − i (for 1 ⩽ i ⩽ k) and k − 1 + j − λ^′_j (for 1 ⩽ j ⩽ N) are a permutation of {0, 1, 2, . . . , N + k − 1}. See Macdonald [46], (1.7) on p.3., or Bump [13], Proposition 37.2.

Remark 2. Lemma 2 can by proved by a simple application of dual Cauchy identity; conversely dual Cauchy is an immediate consequence of this Lemma.

2.4. On the role of Howe duality in symmetric function theory. The Cauchy identity (8) and dual Cauchy identity (9) play a crucial role in our derivations. While (as indicated in Remark 2) they admit simple formal or combinatorial proofs (see for example Macdonald [46] or Stanley [51]), their deeper meaning is revealed by Howe’s theory of dual pairs which we briefly review in this section.

Let G and H be groups, and let ω be a representation of G×H. Following Howe [35], [34], [37], we say that ω is a correspondence if ω = ⨁ i∈I π_i ⊗ σ_i where the π_i are irreducible representations of G and the σ_i are irreducible representations of H, and if there are no repetitions among the (isomorphism classes of the) π_i, nor among the σ_i. In this case π_i ←→ σ_i is the graph of a bijection between a set of irreducible representations of G and a set of irreducible representations of H. We call this bijection the graph of the correspondence. We refer to G × H as the dual pair of the correspondence.

A classical example is furnished by Frobenius-Schur duality, going back to Schur’s dissertation and emphasized by Weyl [54]. This is the fact that if V = C^n , then U(n) and the symmetric group S_k act on ⨂_k V ; the group U(n) acts by g : v_1 ⊗ · · · ⊗ v_k −→ (gv_1) ⊗ · · · ⊗ (gv_k), while S_k acts by permuting the components. These actions commute with each other, and they therefore give rise to a representation of U(n) × S_k. Frobenius-Schur duality is the fact that this representation is a correspondence. Frobenius- Schur duality allows computations on the unitary group sometimes to be transferred to the symmetric group, a principle that has applications to random matrix theory. See, for example Diaconis and Shahshahani [24] and Bump and Diaconis [14].

As as second example, the representation of GL(p, C ) × GL(q, C ) on the symmetric algebra ⋁ Mat_{p×q}(C ), or equivalently of the subgroups U(p) × U(q) is a correspondence. We now have the following interpretation of Cauchy identity. Let the group GL(p, C ) × GL(q, C ) act on Mat_{p×q}(C ) by left and right translation; that is,

(g_1, g_2) : X −→ g_1 X^tg_2.

Thus GL(p, C ) × GL(q, C ) acts on the symmetric algebra ⋁ Mat_{p×q}(C ), and we consider the trace of

(g_1, g_2) = x_1 ... x_p , y_1 . .. y_q , 0 < |xi|, |yj| < 1.

Since the eigenvalues of (g_1, g_2) on Mat_{p×q}(C ) are the pq quantities x_iy_j, p∏ i=1 q∏ j=1 (1 − x_iy_j)^{−1} = ∞∑ k=0 h_k(x_1y_1, · · · , x_py_q)

= tr ( (g_1, g_2) | ⋁ Mat_{p×q}(C ) ) .

Hence the Cauchy identity amounts to the statement that as GL(p, C ) × GL(q, C ) modules,

(26) ⋁ Mat_{p×q}(C ) ∼= ⨁ λ χ^{(p)}_λ (g_1) ⊗ χ^{(q)}_λ (g_2),

where the sum is over all partitions λ of length ⩽ min(p, q). This concrete interpretation is the basis of the proofs in Bump [13], Chapter 43 and Howe [37].

The dual Cauchy identity describes the decomposition of the exterior algebra over Mat_{p×q}(C ), which (unlike the symmetric algebra) is finitedimensional; it is discussed from the point of view of dual pairs in Howe [37].

We now turn to the discussion of (10) and (11) from the point of view of the theory of dual pairs. Equation (10) describes the decomposition rule for tensor products of representations of GL(n, C ), or equivalently, the compact subgroup U(n) of GL(n, C ):

χ^{(n)}_λ χ^{(n)}_μ = ∑ ν c^ν_{λμ}χ^{(n)}_ν , or π_λ ⊗ π_μ = ⨁ ν c^ν_{λμ}π_ν . Formula (11) is a reflection of the fact that Littlewood-Richardson coefficients appear in a different context, namely in the branching rule from U(p + q, C ) to the subgroup U(p) × U(q).

Given completely reducible representations, V and W of groups G and H respectively, together with an embedding H → G, we let [V, W ] = dim Hom_H (W, V ), where V is regarded as a representation of H by restriction. If W is irreducible, then [V, W ] is the multiplicity of W in V . A description of the numbers [V, W ] is referred in the mathematics and physics literature as a branching rule. We refer to Howe, Tan and Willenbring [36] for discussion of the problem of obtaining branching rules from the point of view of dual reductive pairs, and to King [41] for an extremely useful survey of known branching rules.

Now (11) follows from the following result by evaluating χ_λ on a matrix of U(p + q) with eigenvalues x_1, · · · , x_p in U(p) and y_1, · · · , y_q in U(q).

Theorem 2. We have

χ^{(p+q)}_ν |_{U(p)×U(q)}(g_1, g_2) = ∑ λ,μ c^ν_{λμ}χ_λ(g_1)χ_μ(g_2), π^{(p+q)} ν (g_1, g_2) = ⨁ λ,μ c^ν_{λμ}π_λ(g_1) ⊗ π_μ(g_2).

(27)

Whippman [55] attributes this fact to Coleman and (independently) Robinson. See also King [41]. The following proof is essentially the same as the one in Howe, Tan and Willenbring [36].

Proof Let Ω be a group and let ω be a representation of Ω. Let G_1 be a subgroup of Ω, and let H_2 be its centralizer. We assume that G_1 is the centralizer of H_2. We allow the possibility that G_1 and H_2 have nontrivial intersection. Even so, (g, h) −→ gh is a homomorphism G_1 × H_2 −→ Ω, and so ω gives rise to a representation of G × H. We are interested in the case where this restriction is a correspondence, so we may write ω|_{G1×H2} = ⨁ i∈I π^{(1)}_i ⊗ σ^{(2)}_i

where π^{(1)}_i and σ^{(2)}_i are irreducible representations of G_1 and H_2, respectively, and π^{(1)}_i ←→ σ^{(2)}_j is the graph of the correspondence.

Now suppose that H_1 is a subgroup of G_1. Thus the centralizer G_2 of H_1 contains H_2, and we assume that H_1 is the centralizer of G_2. We assume that ω|_{H1×G2} is also a correspondence, so we may write ω|_{H1×G2} = ⨁ j∈J σ^{(1)}_j ⊗ π^{(2)}_j ,

where σ^{(1)}_j and π^{(2)}_j are irreducible representations of H_1 and G_2, respectively. We thus have a seesaw:

G_1 � � � G_2 � � � H_1 H_2 In this diagram, the vertical lines are inclusions, and the diagonal are the dual pairs of the two correspondences.

Lemma 3. Let G_1 ⊃ H_1 and G_2 ⊃ H_2 be as above. If i ∈ I then only representations from the set {σ^{(1)}_j | j ∈ J} occur in the restriction of π^{(1)}_i to H_1, so we have the “branching rule” (28) π^{(1)}_i = ∑ j∈J c_{ij} σ^{(1)}_j

for some multiplicities c_{ij} . We have also for j ∈ J the branching rule π^{(2)}_j = ∑ i∈I c_{ji}σ^{(2)}_i .

Proof Any representation in the restriction of π^{(1)}_i to H_1 occurs in the restriction of ω to H_1, so it is among the σ^{(1)}_j . Thus we may write (28). Similarly we may write π^{(2)}_j = ∑ i∈I c^′_{ji}σ^{(2)}_i

for some multiplicities c^′_{ji}, and is just a matter of showing that the c_{ij} = c^′_{ij} . We restrict ω to H_1 × H_2 and get isomorphisms of H_1 × H_2-modules: ⨁ i,j c_{ij} σ^{(1)}_j ⊗ σ^{(2)}_i ∼= ⨁ i π^{(1)}_i ⊗ σ^{(1)}_i ∼= ω ∼= ⨁ j σ^{(1)}_j ⊗ π^{(2)}_j ∼= ⨁ i,j c^′_{ij} σ^{(1)}_j ⊗ σ^{(2)}_i and the statement follows. □

We may now complete the proof of Theorem 2. We will exhibit a see-saw: U(p + q) � � � � U(n) × U(n) � � � � U(p) × U(q) U(n) On the right side, U(n) is embedded diagonally in U(n) × U(n). The representation ω is the action of U((p + q)n) on the symmetric algebra on Mat_{(p+q)×n}(C ). The actions are as follows. Let X = ( X_1 X_2 ) ∈ Mat_{(p+q)×n}(C ), X_1 ∈ Mat_{p×n}(C ), X_2 ∈ Mat_{q×n}(C ).

The action of U(p+q) is by left multiplication, and the action of U(n)×U(n) is by right multiplication on X_1 and X_2 individually. The centralizer of U(p + q) is the diagonal subgroup U(n) of U(n) × U(n) and the centralizer of U(n) × U(n) is the subgroup U(p) × U(q) of U(p + q). As we have already explained (26) shows that the restriction of ω to either of these dual pairs is a correspondence, and the graphs of the correspondences are π^{(p+q)}_ν ←→ π^{(n)}_ν for the dual pair (U(p + q), U(n)), and π^{(p)}_λ ⊗ π^{(q)}_μ ←→ π^{(n)}_λ ⊗ π^{(n)}_μ for the dual pair (U(p) × U(q), U(n) × U(n)). The statement now follows from Lemma 3. □

3. Unitary group

3.1. Products. The goal of this section is to give a simple proof of Proposition 4, first derived by Conrey, Farmer, Keating, Rubinstein, and Snaith in [17], and of Corollary 1, first derived by Keating and Snaith [40].

We always normalize the Haar measure on a compact group so the total volume is 1. All integrations will be with respect to Haar measure. We will also sometimes denote by E_G f the integral of a function f over the group, its expected value with respect to the Haar probability measure.

Proposition 4. Let α_1, · · · , α_{K+L} be complex numbers and let Ξ_{L,K} consist of all permutations σ ∈ S_{K+L} described in (20).

Then

(29)

∫ U(N) {_L ∏ l=1 det(I + α^{−1}_l · g^{−1}) · K∏ k=1 det(I + α_{L+k}g) } dg = s_{⟨N} L_⟩(α_1, · · · , α_{K+L}) ∏_L l=1(α_l)^N = ∑ σ∈Ξ_{L,K} ∏_K k=1(α^{−1}_{σ(L+k)}α_{L+k})^N ∏_K k=1 ∏_L l=1(1 − α^{−1}_{σ(l)}α_{σ(L+k)}) .

Proof We have ∫ U(N) {_L ∏ l=1 det(I + α^{−1}_l · g^{−1}) · K∏ k=1 det(I + α_{L+k}g) } dg = L∏ l=1 α^{−N}_l ∫ U(N) K+L∏ k=1 det(I + α_kg)det(g)^L dg.

By the dual Cauchy identity, if t_1, · · · , t_N are the eigenvalues of g, K+L∏ k=1 det(I + α_kg) = ∑ λ s_λ(α_1, · · · , α_{K+L}) s_λ′ (t_1, · · · , t_N ), where λ runs through all partitions.

Note that det(g)^L = s_λ′ (t_1, · · · , t_N ) where λ = ⟨ N^L ⟩ and λ^′ = ⟨ L^N ⟩ . Thus integrating over g gives just this term. This proves the first line of (29). Now the second line follows by an application of Lemma 1. □

Remark 3. In view of discussion in Section 2.4 , we may characterize the preceding proof as using the dual pair U(N), U(k) to transfer the computation from U(N) to U(k). This is fully analogous to the method used (for example) in Diaconis and Shahshahani [24] of using Frobenius-Schur duality to transfer computations from the unitary group to the symmetric group.

Keating and Snaith [40] (see also Baker and Forrester [4]) proved Corollary 1 below (without restriction that k be an integer) using the Selberg integral (see Forrester [26] for a comprehensive and insightful discussion of the Selberg integral and its generalizations.) This result was important because of its relationship to conjectures of Conrey and Ghosh [19], Conrey and Gonek [20], and Keating and Snaith [40] for the moments of the Riemann zeta function, due to which a dramatic new aspect of predictive power of random matrix theory for the zeta function was established . Corollary 1. We have

(30) ∫ U(N) | det(g − I)|^{2k} dg = N−1∏ j=0 j!(j + 2k)! (j + k)!^2 . Proof Proposition 4 applied with α_i = 1 and L = K = k implies ∫ U(N) | det(g − I)|^{2k} dg = s⟨_{N k}⟩(1^{2k}). We now apply (19). It is easy to see, that for a partition λ = N^k the product of hook numbers is given by

(31) N−1∏ j=0 (j + k)! j! , whereas the product ∏ u∈λ(2k + c(u)) is given by k∏ i=1 N∏ j=1 (2k − i + j) = N−1∏ j=1 (j + 2k)! (j + k)! ;

the result follows. □

3.2. Littlewood-Schur symmetric functions. While the proof of the result for ratios in the unitary case can be given using Schur functions only, it becomes more neat and transparent if we use the following generalization of Schur functions. These are called hook Schur functions by Berele and Regev [6] who denoted them by HS_λ(x; y). Macdonald [46, p.27, ex. 5; p.45, ex. 3]) denotes them s_λ(x/y). These functions were considered earlier by Littlewood [43], pp. 66-70 in 1936 (see also Littlewood [44] p. 114–118, the section entitled “Extension to rational fractions of the formula for the S-function as a quotient of determinants”). Littlewood gave a formula for the LS_λ when λ = ⟨p^q⟩, which is important for us (a particular case of his formula is given in Proposition 9 below). We have not seen reference to this work of Littlewood in any of the post 1980-s papers. Perhaps an appropriate name for these functions is Littlewood-Schur symmetric functions, so we will denote them LS_λ.

Let x_1, · · · , x_k and y_1, · · · , y_l be two sets of variables. Define

LS_λ(x_1, · · · , x_k; y_1, · · · , y_l) = ∑ μ,ν c^λ_{μν} s_μ(x_1, · · · , x_k)s_ν′ ( y_1, · · · , y_l).

Since ι is an automorphism of Λ we have c^λ_{μν} = c^{λ′}_μ′_ν′ and so

(32) LS_λ(x_1, · · · , x_k; y_1, · · · , y_l) = LS_λ′ (y_1, · · · , y_l; x_1, · · · , x_k).

With possible exception of Proposition 8 the results in this section are not new, though the proofs may be. We start with the following generalization of Cauchy identity, due to Berele and Remmel [7], who also gave a bijective proof.

Proposition 5. Let α_1, · · · , α_m, β_1, · · · , β_n, γ_1, · · · , γ_s and δ_1, · · · , δ_t be four sets of variables. We have ∑ LS_λ(α_1, · · · , α_m; β_1, · · · , β_n) LS_λ(γ_1, · · · , γ_s; δ_1, · · · , δ_t) = ∏ i,k (1 − α_iγ_k)^{−1} ∏ i,l (1 + α_iδ_l) ∏ j,k (1 + β_j γ_k) ∏ j,l (1 − β_j δ_l)^{−1}.

(33)

Proof By (11) and the Cauchy identity we have ∑ λ ∑ μ,ν c^λ_{μν} s_μ(α_1, · · · , α_m)s_ν (β_1, · · · , β_n) ∑ σ,τ c^λ_{στ} s_σ(γ_1, · · · , γ_s)s_τ (δ_1, · · · , δ_t) = ∑ λ s_λ(α_1, · · · , α_m, β_1, · · · , β_n) s_λ(γ_1, · · · , γ_s, δ_1, · · · , δ_t) = ∏ i,k (1 − α_iγ_k)^{−1} ∏ i,l (1 − α_iδ_l)^{−1} ∏ j,k (1 − β_j γ_k)^{−1} ∏ j,l (1 − β_j δ_l)^{−1}.

Formally, the identity follows on applying the involution ι in the variables β and δ. To make a rigorous proof from this idea, we may proceed as follows. Rewrite the last identity ∑ λ ∑ μ,ν c^λ_{μν} s_μ(α_1, · · · , α_m)s_ν (β_1, · · · , β_n) ∑ σ,τ c^λ_{στ} s_σ(γ_1, · · · , γ_s)s_τ (δ_1, · · · , δ_t) = ∏ i,k (1 − α_iγ_k)^{−1} m∏ i=1 (_∞ ∑ N=0 α^N_i h_N (δ_1, · · · , δ_t) )

× ∏ j,k (1 − β_iγ_k)^{−1} n∏ j=1 (_∞ ∑ N=0 β^N_j h_N (δ_1, · · · , δ_t) ) . Since this is true for all t we may write ∑ λ ∑ μ,ν c^λ_{μν} s_μ(α_1, · · · , α_m)s_ν (β_1, · · · , β_n) ∑ σ,τ c^λ_{στ} s_σ(γ_1, · · · , γ_s)s_τ = ∏ i,k (1 − α_iγ_k)^{−1} m∏ i=1 (_∞ ∑ N=0 α^N_i h_N )

× ∏ j,k (1 − β_iγ_k)^{−1} n∏ j=1 (_∞ ∑ N=0 β^N_j h_N ) , where now s_τ and h_N are regarded as elements of the ring Λ which, we recall, is the inverse limit of the Λ^{(N)}. Applying the involution, which replaces s_τ by s_τ ′ and h_N by e_N , then specializing s_τ −→ s_τ (δ_1, · · · , δ_t) gives ∑ λ ∑ μ,ν c^λ_{μν} s_μ(α_1, · · · , α_m)s_ν (β_1, · · · , β_n) LS_λ(γ_1, · · · , γ_s; δ_1, · · · , δ_t) = ∏ i,k (1 − α_iγ_k)^{−1} ∏ i,l (1 + α_iδ_l) ∏ j,k (1 − β_iγ_k)^{−1} ∏ j,l (1 + β_jδ_l).

Now applying the same process again in the β_i gives the result. □

Proposition 6. We have LS_λ(x_1, · · · , x_{p+q}; y_1, · · · , y_l) = ∑ μ,ν c^λ_{μν} LS_μ(x_1, · · · , x_p; y_1, · · · , y_l)s_ν (x_{p+1}, · · · , x_{p+q}).

Proof By the definition of LS_λ and (11), we have

LS_λ(x_1, · · · , x_{p+q}; y_1, · · · , y_l) = ∑ θ,ϕ c^λ_{θϕ}s_θ(x_1, · · · , x_{p+q})s_ϕ′ (y_1, · · · , y_l) = ∑ θ,ϕ,ψ,ν c^λ_{θϕ}c^θ_{ψν} s_ψ(x_1, · · · , x_p)s_ϕ′ (y_1, · · · , y_l)s_ν (x_{p+1}, · · · , x_{p+q}) = ∑ μ,ϕ,ψ,ν c^λ_{μν} c^μ_{ψϕ}s_ψ(x_1, · · · , x_p)s_ϕ′ (y_1, · · · , y_l)s_ν (x_{p+1}, · · · , x_{p+q}), where we have used the identity ∑ θ c^λ_{θϕ}c^θ_{ψν} = ∑ μ c^λ_{μν} c^μ_{ψϕ}, which is a reflection of the fact that Λ is a commutative ring. (Both sides equal ⟨χ_λ, χ_ϕχ_ψχ_ν ⟩ where the product is taken over U(n) for any sufficiently large n.) The statement follows. □ A special case of this is a generalization of Pieri’s formula.

Proposition 7. We have LS_λ(x_1, · · · , x_k; y_1, · · · , y_l) = ∑ μ ⊆ λ λ − μ a horizontal strip LS_λ(x_1, · · · , x_{k−1}; y_1, · · · , y_l) x^{|λ|−|μ|}_k

= ∑ μ ⊆ λ λ − μ a vertical strip LS_λ(x_1, · · · , x_k; y_1, · · · , y_{l−1}) y^{|λ|−|μ|}_k .

Proof The second formula follows from the first on applying (32). We prove the first. If l = 0, this is Pieri’s formula (12). Applying this fact in Proposition 6 (with p = k − 1 and q = 1) gives the result. □ We also have the following generalization of Lemma 1:

Proposition 8. Suppose λ of length ⩽ K such that λ_L ⩾ λ_{L+1} + Q, let λ = τ ∪ ρ with τ = (λ_1, . . . , λ_L), ρ = (λ_{L+1}, · · · , λ_{L+K} ). Then LS_λ(α_1, · · · , α_{L+K} ; γ_1, . . . , γ_Q) = ∑ σ∈Ξ_{L,K} ∏ 1 ⩽ l ⩽ L 1 ⩽ k ⩽ K (α_{σ(l)} − α_{σ(L+k)})^{−1}

× LS_{τ +⟨K}L_⟩(α_{σ(1)}, · · · , α_{σ(L)}; γ_1, . . . , γ_Q) × LS_ρ(α_{σ(L+1)}, · · · , α_{σ(L+K)}; γ_1, . . . , γ_Q)

(34)

Proof We prove this by induction on Q. If Q = 0 this is Lemma 1. We assume that Q > 0 and that the statement is true for Q − 1. We enumerate the partitions μ ⊆ λ such that λ − μ is a vertical strip as follows. Let τ_1 ⊆ τ be a partition such that τ −τ_1 is a vertical strip, and let ρ_1 ⊆ ρ be a partition such that ρ − ρ_1 is a vertical strip. Then we let μ = τ_1 ∪ ρ_1 where

τ_1 = (μ_1, · · · , μ_L) ρ_1 = (μ_{L+1}, · · · μ_{L+K} ).

Since λ_L − λ_{L+1} ⩾ Q we have μ_L − μ_{L+1} ⩾ Q − 1, so μ is a partition, and the induction hypothesis is also satisfied. By Proposition 7 we have

LS_λ(α_1, · · · , α_{L+K} ; γ_1, . . . , γ_Q) = ∑ τ_1 ⊆ τ ρ_1 ⊆ ρ τ − τ_1, ρ − ρ_1 vertical strips

LS_μ(α_1, · · · , α_{L+K} ; γ_1, . . . , γ_{Q−1}) γ^{|λ|−|μ|}_Q

= ∑ τ_1 ⊆ τ ρ_1 ⊆ ρ τ − τ_1, ρ − ρ_1 vertical strips

∑ σ∈Ξ_{L,K} ∏ 1 ⩽ l ⩽ L 1 ⩽ k ⩽ K (α_{σ(l)} − α_{σ(L+k)})^{−1}

× LS_{τ1+⟨K}L_⟩(α_{σ(1)}, · · · , α_{σ(L)}; γ_1, . . . , γ_{Q−1})γ^{|τ |−|τ1|}_Q LS_{ρ1} (α_{σ(L+1)}, · · · , α_{σ(L+K)}; γ_1, . . . , γ_{Q−1})γ^{|ρ|−|ρ1|}_Q . Applying Proposition 7 again, the statement follows. □

Proposition 9. (Littlewood) We have

LS⟨_{(l+m)k} ⟩(x_1, · · · , x_k; y_1, · · · , y_l) = (_k ∏ i=1 x_i )_m ∏ 1 ⩽ i ⩽ k 1 ⩽ j ⩽ l (x_i + y_j).

Proof We claim that if N > k and μ ⊆ N^k then c⟨^{N k} ⟩_{μν} = { 1 if ν = (N − μ_k, N − μ_{k−1}, · · · , N − μ_1); 0 otherwise.

Indeed, let χ_μ, χ_ν and χ⟨_{N k}⟩ be the corresponding associated characters of U(k). We have χ⟨_{N k}⟩ = det^N . The Littlewood-Richardson coefficient c⟨^{N k}⟩_{μν} = ⟨ χ_μχ_ν , det^N ⟩ = ⟨ χ_ν , det^N ⊗ χ_μ ⟩ . Now det^N ⊗χ_μ is the character of an irreducible representation; if x_1, · · · , x_k are the eigenvalues of g, its value at g is s_{ν0} (x_1, · · · , x_k), where ν_0 = (N − μ_k, N − μ_{k−1}, · · · , N − μ_1).

This may be seen directly from the definition of the Schur polynomial s_μ. The statement follows.

Now taking N = l + m,

LS⟨_{(l+m)k} ⟩(x_1, · · · , x_k; y_1, · · · , y_l) = ∑ μ s_μ(x_1, · · · , x_k)s_ν′ (y_1, · · · , y_l), where we sum over all μ ∈ N^k and ν = (N − μ_k, N − μ_{k−1}, · · · , N − μ_1). We may restrict ourselves to μ for which s_ν′ ≠ 0. This means that ν_1 = l(ν^′) ⩽ l, which implies that μ_k ⩾ m. Thus ⟨ m^k ⟩ ⊆ μ ⊆ ⟨ N^k ⟩ , and we may write μ = ⟨ m^k ⟩ + μ̃ where now μ̃ ⊆ ⟨ l^k ⟩ , μ̃^′ ⊆ ⟨ k^l ⟩ and ν = (l − μ̃_k, · · · , l − μ̃_1), ν^′ = (k − μ̃^′_l, · · · , k − μ̃^′_1). We have s_ν′ (y_1, · · · , y_l) = (y_1 · · · y_l)^ks_{μ̃}′ (y^{−1}_1 , · · · , y^{−1}_l ), so by the dual Cauchy identity LS⟨_{(l+m)k} ⟩(x_1, · · · , x_k; y_1, · · · , y_l) = (_k ∏ i=1 x_i )_m (y_1 · · · y_l)^k ∑ s_μ(x_1, · · · , x_k)s_{μ̃}′ (y^{−1}_1 , · · · , y^{−1}_l )

= (_k ∏ i=1 x_i )_m (y_1 · · · y_l)^k ∏ 1 ⩽ i ⩽ k 1 ⩽ j ⩽ l (1 + x_iy^{−1}_j ),

and the statement follows. □

Remark 4. A substantial generalization of Proposition 9 is furnished by the following result, known as Sergeev-Pragacz Formula (see Macdonald [46, p. 60 ex. 24]). To describe it, let λ be a partition with λ_{k+1} ⩽ l. Let μ be the part of λ that falls within the k × l rectangle, let ν and η be the remaining parts to the right and underneath this rectangle, that is λ = (μ + ν) ∪ η. For example, if λ = (5, 5, 3, 2), k = 2, l = 3 we have μ = (3, 3), ν = (2, 2) and η = (2, 2, 1).

Then

(35) LS_λ(x_1, . . . , x_k; y_1, . . . , y_l) = 1 ∏ i<j(x_i − x_j) ∏ i<j(y_i − y_j) × ∑ w∈S_k×S_l ε(w)w x^{ν+δ}k y^{η′+δ}l ∏ (i,j)∈μ (x_i + y_j) , where δ_k = (k − 1, k − 2, . . . , 1, 0). In the special case when λ contains l^k (35) factorizes as follows:

(36)

LS_λ(x_1, . . . , x_k; y_1, . . . , y_l) = s_ν (x_1, . . . , x_k)s_η′ (y_1, . . . , y_l) k∏ i=1 l∏ j=1 (x_i + y_j).

Formula (36) is due to Berele and Regev [6, (6.20)]; it will be used in Section 7.

Remark 5. We conclude this section by remarking that Proposition 5 encodes an important property of the ring Λ, namely, the fact that it is a Hopf algebra. See Geissinger [33] and Zelevinsky [56]. We will not require this fact, and the reader may skip it. It seems important enough to include. The multiplication in Λ induces a map m : Λ ⊗ Λ −→ Λ, whose adjoint with respect to the basis for which the s_λ are orthonormal is a map m^∗ : Λ −→ Λ ⊗ Λ. Specifically we have

m(s_μ ⊗ s_ν ) = ∑ λ c^λ_{μν} s_λ, m^∗(s_λ) = ∑ μ,ν c^λ_{μν} s_μ ⊗ s_ν . The map m^∗ is a comultiplication making Λ a coalgebra. The Hopf axiom is the commutativity of the following diagram:

Λ ⊗ Λ^{m∗⊗m∗}−→ Λ ⊗ Λ ⊗ Λ ⊗ Λ^{1⊗τ ⊗1}−→ Λ ⊗ Λ ⊗ Λ ⊗ Λ ↓ m ↓ m⊗m Λ^{m∗}−→ Λ ⊗ Λ ,

where τ : R ⊗ R −→ R ⊗ R is the map τ(u ⊗ v) = v ⊗ u.

Proposition 10. (Geissinger [33]) The Hopf axiom is satisfied.

Proof The Hopf axiom reduces to the formula

(37) ∑ λ c^λ_{μν} c^λ_{στ} = ∑ φ,η c^σ_{φη}c^τ_{ψξ} c^μ_{φξ}c^ν_{ψη}, since if we apply m^∗ ∘ m to s_μ ⊗ s_ν, then extract the coefficient of s_σ ⊗ s_τ we obtain the left-hand side in (37), while if we perform the same computation with the map (m ⊗ m) ∘ (1 ⊗ τ ⊗ 1) ∘ (m^∗ ⊗ m^∗) we obtain the right-hand side.

To deduce (37) from the generalized Cauchy identity we note that (in an obvious notation) the left-hand side of (33) equals ∑ c^λ_{μν} s_μ(α)s_ν′ (β)c^λ_{στ} s_σ(γ)s_τ ′ (δ) while the right-hand side equals ∑ s_φ(α)s_φ(γ)s_ψ′ (β)s_ψ′ (δ)s_ξ (α)s_ξ′ (δ)s_η′ (b)s_η(γ) = ∑ c^σ_{φη}c^τ_{ψξ} s_φ(α)s_ξ(α)s_ψ′ (β)s_η′ (β)s_σ(γ)s_τ ′ (δ) = ∑ c^σ_{φη}c^τ_{ψξ} c^μ_{φξ}c^ν_{ψη} s_μ(α)s_ν′ (β)c^λ_{στ} s_σ(γ)s_τ ′ (δ). Comparing, we obtain the result. □

3.3. Ratios. The goal of this section is to give a simple proof of Theorem 3, which was established by Conrey, Farmer and Zirnbauer [15] and by Conrey, Forrester and Snaith [18]. We remark that in [15] the validity of Theorem 3 is established for all N, whereas in [18] it is established under the assumption N ≥ K ≥ Q. Theorem 3. Let α_1, · · · , α_{K+L} be complex numbers; let γ_1, . . . , γ_Q and δ_1, . . . δ_R be complex numbers satisfying |γ_q| < 1 and |δ_r| < 1. Let Ξ_{L,K} consist of all permutations σ ∈ S_{K+L} described in (20). If N ⩾ Q, R we have ∫ U(N) ∏_L l=1 det(I + α^{−1}_l · g^{−1}) · ∏_K k=1 det(I + α_{L+k} · g) ∏_Q q=1 det(I − γ_q · g) ∏_R r=1 det(I − δ_r · g^{−1}) dg = ∑ σ∈Ξ_{L,K} K∏ k=1 (α^{−1}_{σ(L+k)}α_{L+k})^N × ∏_Q q=1 ∏_L l=1(1 + γ_qα^{−1}_{σ(l)}) ∏_R r=1 ∏_K k=1(1 + δ_rα_{σ(L+k)}) ∏_K k=1 ∏_L l=1(1 − α^{−1}_{σ(l)}α_{σ(L+k)}) ∏_R r=1 ∏_Q q=1(1 − γ_qδ_r) . (38)

Proof By the dual Cauchy identity, L∏ l=1 det(I + α^{−1}_l · g^{−1}) · K∏ k=1 det(I + α_{L+k} · g)

= det(g)^L L∏ l=1 α^{−N}_l K+L∏ k=1 det(I + α_kg)

= det(g)^L L∏ l=1 α^{−N}_l ∑ λ s_λ(α_1, · · · , α_{K+L})χ_λ′ (g) (39)

On the other hand by the Cauchy identity Q∏ q=1 det(I − γ_qg)^{−1} = ∑ μ s_μ(γ_1, · · · , γ_Q) χ_μ(g)

and_R ∏ r=1 det(I − δ_r · g^{−1})^{−1} = ∑ ν s_ν (δ_1, · · · , δ_R) χ_ν (g).

Since we are assuming that N ⩾ Q, R, the sums in these identities is over all partitions μ of length ⩽ Q and ν of length ⩽ R.

By Schur orthogonality the left hand side in (38) equals ∑ λ,μ,ν ⟨ χ_λ′ χ_μ, det^L ⊗ χ_ν ⟩^L∏ l=1 α^{−N}_l s_λ(α_1, · · · , α_{L+K} )s_μ(γ_1, · · · , γ_Q)s_ν (δ_1, · · · , δ_R). We rewrite this as L∏ l=1 α^{−N}_l ∑ λ,μ,ν c^{ν̃}_λ′_μs_λ(α_1, · · · , α_{L+K} )s_μ(γ_1, · · · , γ_Q)s_ν (δ_1, · · · , δ_R) = L∏ l=1 α^{−N}_l ∑ ν LS_{ν̃} (γ_1, . . . , γ_Q; α_1, . . . , α_{L+K} )s_ν (δ_1, · · · , δ_R) = L∏ l=1 α^{−N}_l ∑ ν LS_{ν̂} (α_1, . . . , α_{L+K} ; γ_1, . . . , γ_Q)s_ν (δ_1, · · · , δ_R),

where ν̃ = ν + ⟨ L^N ⟩ and ν̂ = ν̃^′ = N^L ∪ ν^′. Now Proposition 8 is applicable since N ⩾ Q. It gives

LS_{ν̂} (α_1, . . . , α_{L+K} ; γ_1, . . . , γ_Q) = ∑ σ∈Ξ_{L,K} ∏ 1 ⩽ l ⩽ L 1 ⩽ k ⩽ K (α_{σ(l)} − α_{σ(L+k)})^{−1}×

LS_{⟨(N+K)}L_⟩(α_{σ(1)}, · · · , α_{σ(L)}; γ_1, . . . , γ_Q) LS_ν′ (α_{σ(L+1)}, · · · , α_{σ(L+K)}; γ_1, . . . , γ_Q).

Substituting this expression, then using Propositions 5 and 9, and the obvious fact that

(40) L∏ l=1 α^{−N}_l α^N_{σ(l)} = K∏ k=1 (α^{−1}_{σ(L+k)}α_{L+k})^N ,

completes the proof. □

Remark 6. We conclude this section by remarking that Theorem 3 in combination with Heine identity (see [53] or [14]) easily implies a formula of Day [21]. The derivation is parallel to that in [23, Section 3] where the formula due to Schmidt and Spitzer [50], of which Day’s formula is a generalization, is deduced from Proposition 4. A simple derivation of Day’s formula was given by Conrey, Forrester and Snaith [18] using the method of Basor and Forrester [5].

4. Common Features of the formulae

This section contains a remark about the nature of the proofs of the formulae for mean values of products and ratios of characteristic polynomials. In each of the formulas for mean values of products or ratios of characteristic polynomials, a sum appears over certain Weyl group elements. For example, in Theorem 3, this is the sum over Ξ_{L,K}, while in Theorem 4 below, it is the sum over the ε_i. In each case, the summation appears from the Laplace expansion of a determinant, as in Lemma 1.

Our method may be summarized in the following terms:

• The quantity in question (a mean value of a product or ratio of characteristic polynomials) is expressed in terms of the character χ_λ of an irreducible representation of the group G, typically one whose highest weight vector is a partition of rectangular type;

• The shape of the highest weight vector suggests reduction with respect to a particular parabolic subgroup P = MU. If W and W_M denote the Weyl groups of G and the Levi factor M, the irreducible character χ is a sum over W_M \M.

To make the paper as elementary as possible we always express these reductions by an application of the Laplace expansion of a determinant, but it seems worthwhile to note a more general reason such reductions are possible.

Let G be a reductive complex analytic Lie group, and let P be a parabolic subgroup with Levi decomposition P = MU, where M is the Levi factor and U the unipotent radical of P . Let T be a maximal torus of M, which is therefore also a maximal torus of G. We will denote by g and t the Lie algebras of G and T .

Let Φ ⊂ t^∗ be the root system of G, and let Φ_M ⊂ Φ be the root system of M. We choose an ordering of the roots so that the roots in U are positive. Let ρ, ρ_M be half the sum of the positive root in Φ and Φ_M , respectively, and let ρ_U be half the sum of the positive roots in U, so that ρ = ρ_M + ρ_U .

Let W and W_M be the Weyl groups of G and M with respect to t. Let C and C_M be the positive Weyl chambers, so

C = {x ∈ t^∗ | ⟨α, x⟩ ⩾ 0 for all α ∈ Φ^+ }, C_M = {x ∈ t^∗ | ⟨α, x⟩ ⩾ 0 for all α ∈ Φ^+_M } .

If Λ ⊂ t^∗ is the lattice of weights, that is, differentials of rational characters of T , then it is known that

Λ ∩ C^∘ = ρ + (Λ ∩ C), Λ ∩ C^∘_M = ρ_M + (Λ ∩ C_M ).

(41)

Each coset in W_M \W has a unique representative w such that wC ⊂ C_M . Let Ξ be this set of coset representatives.

Now let λ ⊂ Λ∩C be a dominant weight. If w ∈ Ξ then w(λ+ρ) = λ_w +ρ_M where by (41) we have λ_w ∈ Λ ∩ C_M .

The Weyl character formula expresses the character χ^G_λ as ∑ w∈W (−1)^{l(w)}e^{w(λ+ρ)} e^{−ρ} ∏ α∈Φ^+ (1 − e α) = ∑ w∈Ξ ∑ σ∈W_M (−1) l(σw)eσw(λ+ρ) e^{−ρ} ∏ α∈Φ^+ (1 − e α) . Here l is the length function on the Weyl group.

We note that if w ∈ W_M then w(ρ_U ) = ρ_U . It follows that

χ^G_λ = 1 e^{−ρU} ∏ α∈Φ^+−Φ^+_U (1 − e α) ∑ w∈Ξ (−1)^{l(w)}χ^M_{λw} . This generalization of Lemma 1 could be used everywhere in this paper that the Laplace expansion is invoked.

5. Symplectic Group A unitary matrix g is said to be symplectic if gJ^tg = J where J = ( 0 I_N −I_N 0 ) . A symplectic matrix has determinant equal to 1. The symplectic group Sp(2N) is the group of 2N × 2N symplectic matrices. The eigenvalues of a symplectic matrix are e^{±iθ1} , · · · , e^{±iθN} with 0 ⩽ θ_1 ⩽ θ_2 ⩽ · · · ⩽ θ_N ⩽ π. The Weyl integration formula [54] for integrating a symmetric function f(A) = f(θ_1, · · · , θ_N ) over Sp(2N) with respect to Haar measure is

E_{Sp(2N)}f = ∫ Sp(2N) f(g) dg = 2^{N 2} π^N N! × ∫ [0,π]^N f(θ_1, · · · , θ_N ) ∏ 1⩽j<k≤N (cos θ_k − cos θ_j)^2 N∏ n=1 sin^2 θ_n dθ_1 · · · dθ_N .

Denoting the irreducible representation of U(2n) with highest weight λ by F^λ_{(2n)} and the irreducible representation of Sp(2n) with highest weight μ by V^μ_{(2n)} we have the following classical branching rule, due to Littlewood [45], [44]. Denoting by [F^λ_{(2n)}, V^μ_{(2n)}] the multiplicity of V^λ_{(2n)} in the restriction to Sp(2n) of F^λ_{(2n)}, Littlewood [44] p. 295 gave the branching rule

(42) [F^λ_{(2n)}, V^μ_{(2n)}] = ∑ β^′ even c^λ_{μβ} (l(λ), l(μ) < n). Here a partition λ is called even if all its parts are even (and similarly, it is called odd if all its parts are odd. See also Howe, Tan and Willenbring [36] and King [41] for this branching rule.

Denoting the irreducible character of the symplectic group Sp(2n) labelled by partition λ by χ^{Sp2n}_λ , the Weyl character formula [54] in the case of symplectic group can be written

(43) χ^{Sp2n}_λ (x^{±1}_1 , · · · , x^{±1}_n ) = det_{1⩽i,j⩽n}(x^{λi+n−i+1} j − x^{−(λi+n−i+1)} j ) det_{1⩽i,j⩽n}(x^{n−i+1}_j − x^{−(n−i+1)}_j ) .

The determinant in the denominator can be evaluated as by Weyl [54]:

(44) det_{1⩽i,j⩽n}(x^{n−i+1}_j − x^{−(n−i+1)}_j ) = ∏ i<j(x_i − x_j)(x_ix_j − 1) ∏ i(x^2_i − 1) (x_1 · · · x_n)^n . The Weyl dimension formula for the the dimension of the irreducible representation of the symplectic group Sp(2k) labelled by partition λ is

dim(χ^{Sp2k}_λ ) = ∏ i<j (μ_i − μ_j)(μ_i + μ_j + 2) ∏ i(μ_i + 1) (2k − 1)!(2k − 3)! · · · 1! , where μ_i = λ_i + k − i.

An alternative expression is given by El-Samra and King [25], in the following analogue of the hook formula (19):

(45) dim(χ^{Sp2k}_λ ) = ∏ u∈λ 2k + c^{Sp}(u) h(u) , where

c^{Sp}(i, j) = { i + j − λ^′_i − λ^′_j if i ⩽ j; λ_i + λ_j + 2 − i − j if i > j.

We will make crucial use of the following analog of Lemma 2:

Lemma 4. For λ ⊆ ⟨ N^k ⟩ let λ̃ = (k − λ^′_N , · · · , k − λ^′_1). Then we have k∏ i=1 N∏ n=1 (x_i + x^{−1}_i − t_n − t^{−1}_n ) = ∑ λ⊆N^k (−1)^{|λ̃|}χ^{Sp(2k)}_λ (x^{±1}_1 , · · · , x^{±1}_k )χ^{Sp(2N)}_{λ̃} (t^{±1}_1 , · · · , t^{±1}_N ).

(46)

Proof Using Weyl character formula (43) and the Laplace expansion we can rewrite the right-hand side of (46) as follows:

(47) det

| | | | | | | | | x^{N+k}_1 − x^{−(N+k)} 1 x^{N+k−1} 1 − x^{−(N+k−1)} 1 . . . x^1 − x^{−1}_1 . . . . .. . . . x^{N+k}_k − x^{−(N+k)} k x^{N+k−1} k − x^{−(N+k−1)} k . . . x^1_k − x^{−1}_k t^{N+k}_1 − t^{−(N+k)} 1 t^{N+k−1} 1 − t^{−(N+k−1)} 1 . . . t^1 − t^{−1}_1 . . . . .. . . . t^{N+k}_N − t^{−(N+k)} N t^{N+k−1} N − t^{−(N+k−1)} N . . . t^1_N − t^{−1}_N

| | | | | | | | | × (x_1 . . . x_k)^k ∏ 1⩽i<j≤k(xi − xj)(xixj − 1) ∏_k i=1(x^2_i − 1) × (t_1 . . . t_N )^N ∏ 1⩽i<j≤N (ti − tj )(titj − 1) ∏_N i=1(t^2_i − 1) .

Now the determinant in the equation (47) can be evaluated using the Weyl denominator formula (44) to be equal to (48) ∏ 1⩽i<j⩽k (x_i − x_j )(x_ix_j − 1) k∏ i=1 (x^2_i − 1) ∏ 1⩽i<j⩽N (t_i − t_j)(t_it_j − 1) N∏ i=1 (t^2_i − 1)× ∏_k i=1 ∏_N n=1(x_i − t_n)(x_it_n − 1) (x_1 . . . x_k)^{N+k}(t_1 . . . t_N )^{N+k} . Finally combining (47) and (48) we get that the expression on the righthand side of (46) equals to ∏_k i=1 ∏_N n=1(x_i − t_n)(x_it_n − 1) (x_1 . . . x_k)^N (t_1 . . . t_N )^k = k∏ i=1 N∏ n=1 (x_i + x^{−1}_i − t_n − t^{−1}_n ),

completing the proof. □ Remark 7. Lemma 4 is stated in slightly different form in Jimbo and Miwa [38]. Another proof can be found in Howe [37], Theorem 3.8.9.3, which we digress to briefly discuss. We will describe an action of a group on a space of functions (or tensor fields) on some space as geometric if it is induced by an action of the group on the underlying space. As with our discussion of the Cauchy identity, we may consider the action of (g, h) : X −→ det(h)^{−k} · gX^th of Sp(2k) × GL(N) on Mat_{2k×N} (C ) = C^{2kN} . This induces an action of Sp(2k) × GL(N) on the symmetric and exterior algebras over C^{2kN} , which is geometric. The trace of (g, h) ∈ Sp(2k) × GL(N), where t^{±1}_i are the eigenvalues of g and x_n are the eigenvalues of h is k∏ i=1 N∏ n=1 x^{−1}_n (1 + x_nt_i)(1 + x_nt^{−1}_i ) = k∏ i=1 N∏ n=1 (x_i + x^{−1}_i + t_n + t^{−1}_n ).

Howe considers the centralizer of Sp(2k) in this geometric action on the exterior algebra Λ(C^{2kN} ) and observes that it is properly larger than GL(N); in fact, it is a group isomorphic to Sp(2N), though the second symplectic group does not act geometrically. He finds the complete isotypic decomposition of Λ(C^{2kN} ):

(49) Λ(C^{2kN} ) ∼= ∑ λ V^λ_{(2k)} ⊗ V^{λ̃}_{(2N)},

where V^λ_{(2k)} is an irreducible representation of Sp(2k) with highest weight λ, and λ runs over all partitions fitting inside k × N rectangle. Taking traces gives

(50) k∏ i=1 N∏ n=1 (x_i + x^{−1}_i + t_n + t^{−1}_n ) = ∑ λ⊆N^k χ^{Sp(2k)} λ (x^{±1}_1 , · · · , x^{±1}_k )χ^{Sp(2N)}_{λ̃} (t^{±1}_1 , · · · , t^{±1}_N ),

and replacing the second symplectic matrix with its negative gives (46). 5.1. Products. The goal of this section is to give simple proofs of the Proposition 11, first derived by Conrey, Farmer, Keating, Rubinstein, and Snaith in [17], and of Corollary 2, first derived by Keating and Snaith [39]. Proposition 11. Notation being as above we have: ∫ Sp(2N) k∏ j=1 det(I + x_j g) dg = (x_1 . . . x_k)^N χ^{Sp(2k)}⟨_{N k} ⟩ (x^{±1}_1 , · · · , x^{±1}_k ) = ∑ ε∈{±1} k∏ j=1 x^{N(1−εj )} j ∏ i⩽j (1 − x^{εi}_i x^{εj}_j )^{−1}.

(51)

Proof Denoting the eigenvalues of g in Sp(2N) by t^{±1}_1 , · · · , t^{±1}_N we have: k∏ i=1 det(I + x_ig) = k∏ i=1 N∏ n=1 (1 + x_it_n)(1 + x_it^{−1}_n ).

Using (50) we have:

(x_1 · · · x_k)^{−N} E_{Sp(2N)} k∏ j=1 det(I + x_jg) =

E_{Sp(2N)} N∏ n=1 k∏ i=1 (x_i + x^{−1}_i + t_n + t^{−1}_n ) =

E_{Sp(2N)} ∑ λ⊆N^k χ^{Sp(2k)} λ (x^{±1}_1 , · · · , x^{±1}_k )χ^{Sp(2N)}_{λ̃} (t^{±1}_1 , · · · , t^{±1}_N ) =

χ^{Sp(2k)}

N^k (x ±1 1 , · · · , x^{±1}_k ). In the last line we used the fact that E_{Sp(2N)}χ^{Sp(2N)}_λ = { 1 if λ = ∅; 0 otherwise.

Consequently we obtain

(52) E_{Sp(2N)} k∏ j=1 det(I + x_j g) = (x_1 . . . x_k)^N χ^{Sp(2k)}_{N k} (x^{±1}_1 , · · · , x^{±1}_k ), proving the first line of (51).

Now using the Weyl character formula (43) for symplectic group and the evaluation (44) of the denominator in (43) we have:

(x_1 . . . x_k)^N χ^{Sp(2k)}_{N k} (x^{±1}_1 , · · · , x^{±1}_k ) = | | | | x^{N+k}_1 − x^{−(N+k)} 1 x^{N+k−1} 1 − x^{−(N+k−1)} 1 · · · x^{N+1}_1 − x^{−(N+1)}_1 . . . . .. . . . x^{N+k}_k − x^{−(N+k)} k x^{N+k−1} k − x^{−(N+k−1)} k · · · x^{N+1}_k − x^{−(N+1)}_k

| | | |

× (x_1 · · · x_k)^{k+N} ∏ 1⩽i<j⩽k(xi − xj )(xixj − 1) ∏_k i=1(x^2_i − 1) . (53)

Now splitting the determinant in (53) we can rewrite it as follows: ∑ ε∈{±1}^k det | | | | ε_1x^{ε1(N+k)}

1 ε_1x^{ε1(N+k−1)}

1 · · · ε_1x^{ε1(N+1)}_1 . . . . . .. . . ε_kx^{εk(N+k)} k ε_kx^{εk(N+k−1)} k · · · ε_kx^{εk(N+1)}_k

| | | | =

∑ ε∈{±1}^k k∏ i=1 ε_ix^{εi(N+1)} i det | | | | x^{ε1(k−1)} 1 x^{ε1(k−2)} 1 · · · 1 . . . . .. . . . x^{εk(k−1)} k x^{εk(k−2)} k · · · 1

| | | | =

∑ ε∈{±1}^k k∏ i=1 ε_ix^{εi(N+1)} i ∏ i<j (x^{εi}_i − x^{εj}_j ), where in the last line we have used the Vandermonde determinant evaluation.

Next, making use of the elementary identities

(54) ∏_k i=1 ε_ix^{(1+εi)}_i ∏_k i=1(x^2_i − 1) = 1 ∏_k i=1(1 − x^{−2εi} ) ,

(55) x^{εi}_i − x^{εj}_j (x_i − x_j)(x_ix_j − 1) = x^{εi−1}_i x^{ε−1}_j x^{εi}_i x^{εj}_j − 1 , and noting that

(56) ∏ 1⩽i<j⩽k x^{εi−1}_i x^{ε−1}_j = k∏ i=1 x^{(k−1)(εi−1)} i , the right hand side of (53) is easily seen to be equal to ∑ ε∈{±1}^k k∏ j=1 x^{N(1+εj )} j ∏ i⩽j (1 − x^{−εi}_i x^{−εj}_j )^{−1} = ∑ ε∈{±1}^k k∏ j=1 x^{N(1−εj )} j ∏ i⩽j (1 − x^{εi}_i x^{εj}_j )^{−1}, completing the proof. □

Corollary 2. We have ∫ Sp(2N)

det(I − g)^k dg = dim(χ^{Sp(2k)}_{⟨N k ⟩} ) =

(N + k)! N!k! k∏ i=1 (k + 2N + i)!i!

(2i + 2N)!(2i − 1)!

(57)

The mean value E_{Sp(2N)} det(I − g)^k was computed by Keating and Snaith in [39] using the Selberg integral (without restriction that k be an integer). They found it to be

(58) 2^{2Nk} N∏ j=1 Γ(1 + N + j)Γ(^1_2 + k + j) Γ(1 + N + k + j)Γ(^1_2 + j) . For integer k we can rewrite (58) using the duplication formula

2^{2z−1}Γ(z)Γ ( z + 1 2 ) = √ πΓ(2z) in the form_N ∏ j=1 (N + j)!(2k + 2j − 1)!(j − 1)! (N + k + j)!(2j − 1)!(k + j − 1)! , and the latter expression is equal to the one appearing on the right-hand side of (57) by an elementary computation. Proof We have:

(59) ∫ Sp(2N)

det(I − g)^k dg = dim(χ^{Sp(2k)}_{⟨N k ⟩} ).

Applying (45) to the partition λ = N^k and recalling that the product of hook numbers for partition N^k is given by (31), we obtain

dim(χ^{Sp(2k)}_{⟨N k ⟩} ) = N∏ j=1 (j − 1)!

(j + k − 1)! k∏ j=1 (j + k)! j! k∏ i=1 (k + 2N + i)! (2i + 2N)! k∏ i=1 i! (2i − 1)! = (N + k)! N!k! k∏ i=1 (k + 2N + i)!i!

(2i + 2N)!(2i − 1)! . Thus we have established that

E_{Sp(2N)} det(I − g)^k =

(N + k)! N!k! k∏ i=1 (k + 2N + i)!i!

(2i + 2N)!(2i − 1)! , completing the proof of Corollary 2. □

5.2. Ratios. The goal of this section is to give a simple proof of Theorem 4, first established in Conrey, Farmer and Zirnbauer [15] and in Conrey, Forrester and Snaith [18].

Theorem 4. Let y_j be complex numbers with |y_j| < 1. Suppose N ⩾ l. Then we have: ∫ Sp(2N) ∏_k j=1 det(I + x_jg) ∏_l i=1 det(I − y_ig) dg = ∑ ε∈{±1}^k k∏ j=1 x^{N(1−εj )} j ∏_k i=1 ∏_l j=1(1 + x^{εi}_i y_j) ∏ i⩽j(1 − x^{εi}_i x^{εj}_j ) ∏ 1⩽i<j⩽l(1 − yiyj) . Proof: When l(λ) ⩽ N we may write the branching rule (42) in the form

(60) s_λ(t^{±1}_1 , · · · , t^{±1}_N ) = ∑ μ⊆λ χ^{Sp(2N)} μ (t^{±1}_1 , · · · , t^{±1}_N ) ∑ β^′ even c^λ_{μβ} .

Also we have the following identity of Littlewood [44] ∏ 1⩽i<j⩽l (1 − y_iy_j)^{−1} = ∑ β^′ even s_β(y_1, · · · , y_l). These two formulas, together with the Cauchy identity (8) yields the following Cauchy identity for Sp(2N), known to Weyl [54] and Littlewood [44]: 1 ∏_N n=1 ∏_l j=1(1 − y_jt_n)(1 − y_jt^{−1}_n ) = 1 ∏ i<j(1 − y_iy_j) ∑ μ χ^{Sp(2N)} μ (t^{±1}_1 , · · · , t^{±1}_N )s_μ(y_1, · · · , y_l).

Combining this identity with (50) we have, with t^{±1}_i the eigenvalues of g ∈ Sp(2N) ∏_k j=1 det(I + x_j g) ∏_l i=1 det(I − y_ig) = (x_1 · · · x_k)^N ∏ i<j(1 − y_iy_j) ∑ λ⊆N^k χ^{Sp(2k)} λ (x^{±1}_1 , · · · , x^{±1}_k )χ^{Sp(2N)}_{λ̃} (t^{±1}_1 , · · · , t^{±1}_N ) ∑ μ χ^{Sp(2N)} μ (t^{±1}_1 , · · · , t^{±1}_N )s_μ(y_1, · · · , y_l).

Since

E_{Sp(2N)}χ^{Sp(2N)}_λ (g)χ^{Sp(2N)}_μ (g) = { 1 if λ = μ, l(λ) ⩽ N; 0 otherwise,

the theorem follows from the following Proposition.

Proposition 12. Notation being as in Lemma 4 we have

∑ λ⊆⟨N^k⟩ χ^{Sp(2k)} λ (x^{±1}_1 , · · · , x^{±1}_k )s_{λ̃}(y_1, · · · , y_l) = ∑ ε∈{±1}^k k∏ j=1 x^{−Nεj}_j ∏_k i=1 ∏_l j=1(1 + x^{εi}_i y_j) ∏ i⩽j (1 − x^{εi}_i x^{εj}_j ) . (61)

Proof In order to yield a non-zero contribution to the sum on the lefthand side of (61) λ must be of the form λ = (N − l)^k + μ with μ ⊆ l^k. Now keeping in mind the Weyl character formula for symplectic group (43) and the numerator evaluation (44), together with the definition (5) of the Schur function s_{λ̃} and Vandermonde identity expressing the denominator in (5) as ∏ i<j (x_i − x_j), we can rewrite the expression on the left-hand side of (61) as follows, using the Laplace expansion:

det

| | | | | | | | x^{N+k}_1 − x^{−(N+k)} 1 x^{N+k−1} 1 − x^{−(N+k−1)} 1 · · · x^{(N−l+1)}_1 − x^{−(N−l+1)}_1 . . . . . .. . . x^{N+k}_k − x^{−(N+k)} k x^{N+k−1} k − x^{−(N+k−1)} k · · · x^{(N−l+1)}_k − x^{−(N−l+1)}_k (−y_1)^{l+k−1} (−y_1)^{l+k−2} · · · 1 . . . . . .. . . (−y_l)^{l+k−1} (−y_l)^{l+k−2} · · · 1

| | | | | | | |

× 1 ∏ 1⩽i<j⩽l(yj − yi) (x_1 · · · x_k)^k ∏ 1⩽i<j⩽k(xi − xj )(xixj − 1) ∏_k i=1(x^2_i − 1) .

Now splitting the determinant in this expression we can rewrite it as follows:

∑ ε∈{±1}^k det

| | | | | | | | ε_1x^{ε1(N+k)}

1 ε_1x^{ε1(N+k−1)} 1 · · · ε_1x^{ε1(N−l+1)} 1 . . . . . .. . . ε_kx^{εk(N+k)} k ε_kx^{εk(N+k−1)} k · · · ε_kx^{εk(N−l+1)} k (−y_1)^{l+k−1} (−y_1)^{l+k−2} · · · 1 . . . . . .. . . (−y_l)^{l+k−1} (−y_l)^{l+k−2} · · · 1

| | | | | | | | ;

and this can be further expressed in the following way:

∑ ε∈{±1}^k k∏ i=1 ε_ix^{εi(N−l+1)} i det

| | | | | | | | x^{ε1(l+k−1)} 1 x^{ε1(l+k−2)} 1 · · · 1 . . . . ... . . x^{ε1(l+k−1)} k x^{ε1(l+k−2)} k · · · 1 (−y_1)^{l+k−1} (−y_1)^{l+k−2} · · · 1 . . . . ... . . (−y_l)^{l+k−1} (−y_l)^{l+k−2} · · · 1

| | | | | | | | =

∑ ε∈{±1}^k k∏ i=1 ε_ix^{εi(N−l+1)} i ∏ i<j (x^{εi}_i − x^{εj}_j ) ∏ 1⩽i<j⩽l (y_j − y_i) k∏ i=1 l∏ j=1 (x^{εi}_i + y_j),

where in the last line we have used the Vandermonde determinant evaluation.

Next, making use of the elementary identities (54), (55), (56), the expression on the right-hand side is easily brought to the form ∑ ε∈{±1}^k k∏ j=1 x^{−Nεj}_j ∏_k i=1 ∏_l j=1(1 + x^{εi}_i y_j) ∏ i⩽j (1 − x^{εi}_i x^{εj}_j ) . □ 6. Orthogonal group

A matrix g is said to be orthogonal if it is real and g^tg = I, where^tg denotes the transpose of g. In particular, it is unitary. We let O(N) denote the group of N ×N orthogonal matrices. We let SO(N) denote the subgroup of U(N) consisting of N × N orthogonal matrices with determinant equal to 1.

For any complex eigenvalue of an orthogonal matrix, its complex conjugate is also an eigenvalue. The eigenvalues of g ∈ SO(2N) can be written as e^{±iθ1} , · · · , e^{±iθN} with 0 ⩽ θ_1 ⩽ θ_2 ⩽ · · · ⩽ θ_N ⩽ π. The Weyl integration formula [54] for integrating a symmetric function f(g) = f(θ_1, · · · , θ_N ) over SO(2N) with respect to Haar measure is given by E_{SO(2N)}f(g) = ∫ SO(2N) f(g) dg = 2^{(N−1)2} π^N N! ∫ [0,π]^N f(θ_1, · · · , θ_N ) ∏ 1⩽j<k⩽N (cos θ_k − cos θ_j)^2dθ_1 · · · dθ_N .

The eigenvalues of g ∈ SO(2N + 1) can be written as 1, e^{±iθ1} , · · · , e^{±iθN} with 0 ⩽ θ_1 ⩽ θ_2 ⩽ · · · ⩽ θ_N ⩽ π. The Weyl integration formula [54] for integrating a symmetric function f(g) = f(θ_1, · · · , θ_N ) over SO(2N + 1) with respect to Haar measure is given by

E_{SO(2N+1)}f = ∫ SO(2N+1) f(g) dg = 2^{1+(N−1)2} π^{N−1}(N − 1)! ∫ [0,π]^{N−1} f(θ_1, · · · , θ_{N−1}) ∏ 1⩽j<k⩽N (cos θ_k − cos θ_j )^2dθ_1 · · · dθ_{N−1},

where θ_N = 0.

Denoting the irreducible representation of U(2n) with highest weight λ by F^λ_{(2n)} and the irreducible representation of O(2n) with highest weight μ by E^μ_{(2n)} we have the following classical branching rule, due to Littlewood [45, 44] (62) [F^λ_{(2n)}, E^μ_{(2n)}] = ∑ 2δ c^λ_{μ(2δ)}. Denoting the irreducible character of SO(2n + 1) labelled by partition λ by χ^{SO(2n+1)} λ , the Weyl character formula [54] in the case of SO(2n + 1) may be written (63)

χ^{SO(2n+1)} λ (x^{±1}_1 , · · · , x^{±1}_n , 1) = det_{1⩽i,j⩽n}(x^{λi+n−i+1/2} j − x^{−(λi+n−i+1/2)} j ) det_{1⩽i,j⩽n}(x^{n−i+1/2} j − x^{−(n−i+1/2)} j ) ; the determinant in the numerator can be evaluated as follows [54]:

(64) det_{1⩽i,j⩽n}(x^{n−i+1}_j − x^{−(n−i+1)}_j ) = ∏ i<j (x_i − x_j )(x_ix_j − 1) ∏_k i=1(1 − x_i) (x_1 · · · x_n)^{n−1/2} . In case of SO(2n) the situation is more subtle. Denoting the irreducible character of SO(2n) labelled by partition λ by χ^{SO(2n)}_λ , the Weyl character formula [54] in the case of SO(2n) reads χ^{SO(2n)} λ (x^{±1}) =

(65) det_{1⩽i,j⩽n}(x^{λi+n−i}_j + x^{−(λi+n−i)} j ) + det_{1⩽i,j⩽n}(x^{λi+n−i}_j − x^{−(λi+n−i)}_j ) det_{1⩽i,j⩽n}(x^{n−i}_j + x^{−(n−i)}_j ) . Here λ_1 ⩾ λ_2 ⩾ · · · λ_{n−1} ⩾ |λ_n|, so for a partition λ we have two characters: λ_+ associated with (λ_1, · · · , λ_n) and λ_− associated with (λ_1, · · · , −λ_n) (this corresponds to the involution in the Dynkin diagram of type D_n). The second term in the numerator in (65) changes sign when λ_n is replaced by

−λ_n; in particular it vanished when λ_n = 0. When λ_n = 0, the character χ^{SO(2n)} λ also yields the character of the orthogonal group O(2N). When λ_n ≠ 0, the irreducible character of O(2N) is given by χ^{SO(2n)}_{λ+} + χ^{SO(2n)}_{λ−} :

(66) χ^{O(2n)}_λ (x^{±1}) = det_{1⩽i,j⩽n}(x^{λi+n−i}_j + x^{−(λi+n−i)} j ) det_{1⩽i,j⩽n}(x^{n−i}_j + x^{−(n−i)}_j ) .

The determinant in the numerator of (65) can be evaluated as follows [54]:

(67) det_{1⩽i,j⩽n}(x^{n−i}_j + x^{−(n−i)}_j ) = ∏ i<j(x_i − x_j)(x_ix_j − 1) (x_1 · · · x_n)^{n−1} .

6.1. Products and ratios for SO(2N).

Lemma 5. For λ ⊆ k^N let λ̃ = (k − λ^′_N , · · · , k − λ^′_1). Then we have k∏ i=1 N∏ n=1 (x_i + x^{−1}_i − t_n − t^{−1}_n ) = ∑ λ⊆N^k (−1)^{|λ̃|}(χ^{SO(2k)}_{λ+} (x^{±1}_1 , · · · , x^{±1}_k )χ^{SO(2N)}_{λ̃+} (t^{±1}_1 , · · · , t^{±1}_N )+

χ^{SO(2k)} λ_− (x ±1 1 , · · · , x^{±1}_k )χ^{SO(2N)}_{λ̃−} (t^{±1}_1 , · · · , t^{±1}_N )).

(68) Proof The lemma is stated in slightly different form in Jimbo and Miwa [38]. It may be proved by the method of Lemma 2 and Lemma 4. □ We begin by giving a simple proof of the following proposition, first established in [17].

Proposition 13. Notation being as above we have

E_{g∈SO(2N)} k∏ j=1 det(I + x_jg) = (x_1 . . . x_k)^N χ^{O2k}_{⟨N k⟩}(x^{±1}_1 , · · · , x^{±1}_k ) = ∑ ε∈{±1} k∏ j=1 x^{N(1−εj )} j ∏ i<j (1 − x^{εi}_i x^{εj}_j )^{−1}.

(69)

Proof Denoting the eigenvalues of g in SO(2N) by t^{±1}_1 , · · · , t^{±1}_N we have: k∏ i=1 det(I + x_ig) = k∏ i=1 N∏ n=1 (1 + x_it_n)(1 + x_it^{−1}_n ).

Using (68) we have (where t_i are the eigenvalues of g ∈ SO(2N))

(x_1 · · · x_k)^{−N} E_{SO(2N)} ∏_k j=1 det(I + x_jg) =

E_{SO(2N)} ∏_N n=1 ∏_k i=1(x_i + x^{−1}_i + t_n + t^{−1}_n ) =

E_{SO(2N)}( ∑ λ⊆N^k χ SO(2k) λ_+ (x ±1 1 , · · · , x^{±1}_k )χ^{SO(2N)}_{~λ+} (t^{±1}_1 , · · · , t^{±1}_N )+

χ^{SO(2k)} λ_− (x ±1 1 , · · · , x^{±1}_k )χ^{SO(2N)}_{~λ−} (t^{±1}_1 , · · · , t^{±1}_N )) = χ^{O(2k)} ⟨N^k⟩ (x ±1 1 , · · · , x^{±1}_k ).

In the last line we used the fact that

E_{SO(2N)}χ^{SO(2N)} λ = { 1 if λ = ∅; 0 otherwise

and χ^{O(2n)}_λ = χ^{SO(2n)}_{λ+} + χ^{SO(2n)}_{λ−} (see discussion preceding (66)).

Consequently we obtain

(70) E_{SO(2N)} k∏ j=1 det(I + x_jg) = (x_1 . . . x_k)^N χ^{O2k}_{⟨N k⟩}(x^{±1}_1 , · · · , x^{±1}_k ),

proving the first line of (69).

Now using the Weyl character formula for the orthogonal group (66) and numerator evaluation (67) we have: (71)

(x_1 . . . x_k)^N χ^{O(2k)}_{N k} (x^{±1}_1 , · · · , x^{±1}_k ) =

det | | | | x^{N+k−1} 1 + x^{−(N+k−1)} 1 x^{N+k−2}_1 − x^{−(N+k−2)} 1 · · · x^N_1 − x^{−(N)}_1 . . . . ... . . x^{N+k−1} k − x^{−(N+k−1)} k x^{N+k−2}_k − x^{−(N+k−2)} k · · · x^N_k − x^{−(N)}_k

| | | |

× (x_1 · · · x_k)^{k+N−1} ∏ 1⩽i<j⩽k(xi − xj )(xixj − 1) .

Next, splitting the determinant in this expression we can rewrite it as follows: ∑ ε∈{±1}^k det | | | | x^{ε1(N+k−1)} 1 x^{ε1(N+k−2)} 1 · · · x^{ε1(N)}_1 . . . . .. . . . x^{εk(N+k−1)} k x^{εk(N+k−2)} k · · · x^{εk(N)}_k

| | | | =

∑ ε∈{±1}^k k∏ i=1 x^{εi(N)}_i det | | | | x^{ε1(k−1)} 1 x^{ε1(k−2)} 1 · · · 1 . . . . . .. . . x^{εk(k−1)} k x^{εk(k−2)} k · · · 1

| | | | =

∑ ε∈{±1}^k k∏ i=1 x^{εiN}_i ∏ i<j (x^{εi}_i − x^{εj}_j ), where in the last line we have used the Vandermonde determinant evaluation.

Now making use of the elementary identities (55) and (56) the right hand side of (71) is easily seen to be equal to ∑ ε∈{±1} k∏ j=1 x^{−Nεj}_j ∏ i<j (1 − x^{εi}_i x^{εj}_j )^{−1},

completing the proof. □ We note that proceeding along exactly the same lines we easily establish the following result:

Proposition 14. Notation being as above we have

(72) E_{M∈O(2N)} k∏ j=1 det(I + x_j M) = (x_1 . . . x_k)^N χ^{SO2k}_{(N k)+} (x^{±1}_1 , . . . , x^{±1}_k ) = ∑ ε∈{±1} sgn(ε)=1 k∏ j=1 x^{N(1−εj )} j ∏ i<j (1 − x^{εi}_i x^{εj}_j )^{−1}.

In particular, in analogy with the unitary and symplectic cases, we have:

(73) E_{g∈O(2N)} det(I − g)^k = dim(χ^{SO(2k)}_{⟨N k ⟩} ).

The Weyl dimension formula for the the dimension of the irreducible representation of the group SO(2k) labelled by partition λ is given by

dim(χ^{SO(2k)} λ ) = 2^{k−1} ∏ i<j (μ_i − μ_j)(μ_i + μ_j ) (2k − 2)!(2k − 4)! · · · 2! , where μ_i = λ_i + k − i.

An alternative expression, given by El-Samra and King [25], is furnished by the following analogue of hook formula (19):

(74) dim(χ^{SO2k}_λ ) = ∏ u∈λ 2k + c^{SO}(u) h(u) , where

c^{SO}(i, j) = { i + j − λ^′_i − λ^′_j − 2 if i < j λ_i + λ_j − i − j if i ⩾ j. Applying (74) to the partition λ = N^k and recalling that the product of hook numbers for partition N^k is given by (31), we obtain, in view of (73):

E_{g∈O(2N)} det(I − g)^k = 2^k

(N + k − 1)! (N − 1)!(k − 1)! × k∏ i=1 (2i − 3)!(i + k + 2N − 2)!(i + 2N − 2)!

(i + N − 1)!(2i + 2N − 2)!(i + k + N − 2)! . We remark that in [39] Keating and Snaith derived the following expression using Selberg’s integral (without restriction that k be an integer):

(75) E_{SO(2N)} det(I − g)^k = 2^{2Nk} N∏ j=1 Γ(N + j − 1)Γ(k + j −^1_2 ) Γ(N + k + j − 1)Γ(j −^1_2 ) ; for integer k this is easily derived from (70) and the Weyl dimension formula.

We now turn to ratios.

Proposition 15. Notation being as above we have

(76)

∑ λ⊆N^k χ^{O2k}_λ (x^{±1}_1 , . . . , x^{±1}_k )s_{λ̃}(y_1, . . . , y_l) = ∑ ε∈{±1}^k k∏ j=1 x^{−Nεj}_j ∏_k i=1 ∏_l j=1(1 + x^{εi}_i y_j) ∏ i<j(1 − x^{εi}_i x^{εj}_j ) . Proof In order to yield a non-zero contribution to the sum on the lefthand side of (76) λ must be of the form λ = (N − l)^k + μ with μ ⊆ l^k. Now keeping in mind the Weyl character formula (66) and numerator evaluation (67), together with the definition of the Schur polynomial, we can rewrite the expression on the left-hand side of (76) as follows, using the Laplace expansion: (77)

det

| | | | | | | | x^{N+k−1} 1 + x^{−(N+k−1)} 1 x^{N+k−2}_1 + x^{−(N+k−2)} 1 . . . x^{N−l}_1 + x^{−(N−l)}_1 . . . . ... . . x^{N+k−1} k + x^{−(N+k−1)} k x^{N+k−2}_k + x^{−(N+k−2)} k . . . x^{N−l}_k + x^{−(N−l)}_k (−y_1)^{l+k−1} (−y_1)^{l+k−2} . . . 1 . . . . ... . . (−y_l)^{l+k−1} (−y_l)^{l+k−2} . . . 1

| | | | | | | |

× 1 ∏ 1⩽i<j⩽l(yj − yi) (x_1 . . . x_k)^{k−1} ∏ 1⩽i<j⩽k(xi − xj )(xixj − 1) .

Now splitting the determinant in this expression we can rewrite it as follows:

∑ ε∈{±1}^k det

| | | | | | | | x^{ε1(N+k−1)} 1 x^{ε1(N+k−2)} 1 · · · x^{ε1(N−l)}_1 . . . . . .. . . x^{εk(N+k−1)} k x^{εk(N+k−2)} k · · · x^{εk(N−l)}_k (−y_1)^{l+k−1} (−y_1)^{l+k−2} . . . 1 . . . . . .. . . (−y_l)^{l+k−1} (−y_l)^{l+k−2} . . . 1

| | | | | | | | =

∑ ε∈{±1}^k k∏ i=1 x^{εi(N−l)} i det

| | | | | | | | x^{ε1(l+k−1)} 1 x^{ε1(l+k−2)} 1 · · · 1 . . . . . .. . . x^{εk(l+k−1)} k x^{εk(l+k−2)} k · · · 1 (−y_1)^{l+k−1} (−y_1)^{l+k−2} . . . 1 . . . . . .. . . (−y_l)^{l+k−1} (−y_l)^{l+k−2} . . . 1

| | | | | | | |

=

∑ ε∈{±1}^k k∏ i=1 x^{εi(N−l)} i ∏ i<j (x^{εi}_i − x^{εj}_j ) ∏ 1⩽i<j⩽l (y_j − y_i) k∏ i=1 l∏ j=1 (x^{εi}_i + y_j),

where in the last line we have used the Vandermonde determinant evaluation.

Next, making use of the elementary identities (55), (56), the expression on the right-hand side of (77) is easily brought to the form ∑ ε∈{±1}^k k∏ j=1 x^{−Nεj}_j ∏_k i=1 ∏_l j=1(1 + x^{εi}_i y_j) ∏ i<j (1 − x^{εi}_i x^{εj}_j ) ,

proving the proposition. □

Theorem 5. Assume N ⩾ l and |y_i| < 1. Then we have: E_{g∈SO(2N)} ∏_k j=1 det(I + x_j g) ∏_l i=1 det(I − y_ig) = ∑ ε∈{±1} k∏ j=1 x^{N(1−εj )} j ∏_k i=1 ∏_l j=1(1 + x^{εi}_i y_j) ∏ i<j(1 − x^{εi}_i x^{εj}_j ) ∏ 1⩽i⩽j⩽l(1 − yiyj) .

Proof The Cauchy identity for SO(2N) has the following form: 1 ∏_N n=1 ∏_l j=1(1 − y_jt_n)(1 − y_j t^{−1}_n ) = 1 ∏ i⩽j(1 − y_iy_j) ∑ μ χ^{O(2N)} μ (t^{±1}_1 , · · · , t^{±1}_N )s_μ(y_1, · · · , y_l).

(78)

Combining (78) and (68) we have: ∏_k j=1 det(I + x_j M) ∏_l i=1 det(I − y_iM) = (x_1 . . . x_k)^N ∏ i⩽j (1 − y_iy_j) × ∑ μ χ^{O2N}_μ (t^{±1}_1 , . . . , t^{±1}_N )s_μ(y_1, . . . , y_l)× ∑ λ⊆N^k (χ^{SO2k}_{λ+} (x^{±1}_1 , . . . , x^{±1}_k )χ^{SO2N}_{λ̃+} (t^{±1}_1 , . . . , t^{±1}_N )+

χ^{SO2k}_{λ−} (x^{±1}_1 , . . . , x^{±1}_k )χ^{SO2N}_{λ̃−} (t^{±1}_1 , . . . , t^{±1}_N ))

Since

(79) E_{SO(2N)}χ^{SO2N}_{λ±} (M)χ^{O2N}_μ (M) = { 1, if λ = μ, l(λ) ⩽ N; 0, otherwise,

the result now follows from Proposition 15. □

We note that proceeding along the same lines we easily establish the following result.

Theorem 6. Assume N ⩾ l and |y_i| < 1. Then we have:

E_{O(2n)} ∏_k j=1 det(I + x_j g) ∏_l i=1 det(I − y_ig) = ∑ ε ∈ {±1} sgn(ε) = 1

k∏ j=1 x^{N(1−εj )} j ∏_k i=1 ∏_l j=1(1 + x^{εi}_i y_j) ∏ i<j(1 − x^{εi}_i x^{εj}_j ) ∏ 1⩽i⩽j⩽l(1 − yiyj) .

6.2. Products and ratios for SO(2N + 1).

Lemma 6. For λ ⊆ N^k let λ̃ = (k − λ^′_N , · · · , k − λ^′_1). Then we have

(80) k∏ i=1 N∏ n=1 (x_i + x^{−1}_i − t_n − t^{−1}_n ) = ∑ λ⊆N^k (−1)^{|λ̃|}χ^{SO(2k+1)} λ (x^{±1}_1 , · · · , x^{±1}_k , 1)χ^{SO(2N+1)}_{λ̃} (t^{±1}_1 , · · · , t^{±1}_N , 1).

Proof The lemma is stated in slightly different form in Jimbo and Miwa [38]. It may be proved by the method of Lemma 2 and Lemma 4. □

Proposition 16. Notation being as above we have

E_{SO(2N+1)} k∏ j=1 det(I − x_jg) =

(x_1 . . . x_k)^N k∏ i=1 (1 − x_i)χ^{SO(2k+1)} ⟨N^k ⟩ (x ±1 1 , · · · , x^{±1}_k , 1) = ∑ ε∈{±1} sgn(ε) k∏ j=1 x^{(N+1/2)(1−εj )} j ∏ i<j (1 − x^{εi}_i x^{εj}_j )^{−1}.

(81)

Proof Using (80) we have:

(x_1 · · · x_k)^{−N} E_{SO(2N+1)} k∏ j=1 det(I − x_j g) = k∏ i=1 (1 − x_i)E_{SO(2N+1)} N∏ n=1 k∏ i=1 (x_i + x^{−1}_i − t_n − t^{−1}_n ) = E_{SO(2N+1)} ∑ λ⊆N^k (−1)^{|λ̃|}χ^{SO(2k+1)} λ (x^{±1}_1 , · · · , x^{±1}_k , 1)χ^{SO(2N+1)}_{λ̃} (t^{±1}_1 , · · · , t^{±1}_N , 1) =

χ^{SO(2k+1)} ⟨N^k⟩ (x ±1 1 , · · · , x^{±1}_k , 1). In the last line we used the fact that E_{SO(2N+1)}χ^{SO(2N+1)} λ = { 1 if λ =∅; 0 otherwise.

Consequently we obtain (82) E_{SO(2N+1)} k∏ i=1 det(I−x_ig) = (x_1 . . . x_k)^N k∏ i=1 (1−x_i)χ^{SO(2k+1)} ⟨N^k ⟩ (x ±1 1 , · · · , x^{±1}_k , 1),

proving the first line of (81).

Next, using the Weyl character formula for SO(2n + 1) together with the Weyl denominator formula for SO(2n + 1) we can rewrite the right-hand side of (82) as follows:

(x_1 . . . x_k)^N k∏ i=1 (1 − x_i)χ^{SO(2k+1)} ⟨N^k ⟩ (x ±1 1 , · · · , x^{±1}_k , 1) =

(83)

det(x^{N+k+ 12 −j} i − x^{−(N+k+ 12 −j)} i )_{1⩽i,j⩽k} (x_1 · · · x_k)^{k+N−1/2} ∏ 1⩽i<j⩽k(xi − xj)(xixj − 1) .

Splitting the determinant in this expression we can rewrite it as follows: ∑ ε∈{±1}^k det | | | | ε_1x^{ε1(N+k−1/2)} 1 ε_1x^{ε1(N+k−3/2)}

1 · · · ε_1x^{ε1(N+1/2)} 1 . . . . .. . . . ε_kx^{εk(N+k−1/2)} k ε_kx^{εk(N+k−3/2)} k · · · ε_kx^{εk(N+1/2)} k

| | | | =

∑ ε∈{±1}^k k∏ i=1 ε_ix^{εi(N+1/2)} i det | | | | x^{ε1(k−1)} 1 x^{ε1(k−2)} 1 · · · 1 . . . . .. . . . x^{εk(k−1)} k x^{εk(k−2)} k · · · 1

| | | | =

∑ ε∈{±1}^k k∏ i=1 ε_ix^{εi(N+1/2)} i ∏ i<j (x^{εi}_i − x^{εj}_j ), where in the last line we have used the Vandermonde determinant evaluation.

Now making use of the elementary identities (55) and (56) the right hand side of (83) is easily seen to be equal to ∑ ε∈{±1}^k sgn(ε) k∏ j=1 x^{(N+1/2)(1+εj )} j ∏ i<j (1 − x^{−εi}_i x^{−εj}_j )^{−1} = ∑ ε∈{±1}^k sgn(ε) k∏ j=1 x^{(N+1/2)(1−εj )} j ∏ i<j (1 − x^{εi}_i x^{εj}_j )^{−1},

completing the proof. □

We remark that proceeding along similar lines we easily establish the following result.

Proposition 17. Notation being as above we have E_{g∈O}−_{(2N)} k∏ j=1 det(I + x_j g) = (x_1 · · · x_k)^N χ^{SO(2k)}_{(N k )−} (x^{±1}_1 , · · · , x^{±1}_k ) = ∑ ε∈{±1} sgn(ε) k∏ j=1 x^{N(1−εj )} j ∏ i<j (1 − x^{εi}_i x^{εj}_j )^{−1}.

We now turn to ratios.

Proposition 18. Notation being as above we have ∑ λ⊆N^k (−1)^{|λ̃|}χ^{SO(2k+1)} λ (x^{±1}_1 , · · · , x^{±1}_k , 1)s_{λ̃}(y_1, · · · , y_l) =

(84)

(x_1 · · · x_k)^{1/2} ∏_k i=1(1 − x_i) ∑ ε∈{±1}^k sgn(ε) k∏ j=1 x^{−(N+1/2)εj} j ∏_k i=1 ∏_l j=1(1 + x^{εi}_i y_j) ∏ i<j(1 − x^{εi}_i x^{εj}_j ) .

Proof In order to yield a non-zero contribution to the sum on the left-hand side of (84), λ must be of the form λ = (N −l)^k +μ with μ ⊆ l^k. Now keeping in mind the Weyl character formula (63) for SO(2n + 1) and the numerator evaluation (64), together with the definition (5) of the Schur polynomial, and the Vandermonde determinant evaluation of the denominator in that formula, we can rewrite the expression on the left-hand side of (84) as follows, using the Laplace expansion:

det

| | | | | | | |

X_{1,k+l} X_{1,k+l−1} · · · X_{11} . . . . .. . . . X_{k,k+l} X_{k,k+l−1} · · · X_{k1} (−y_1)^{l+k−1} (−y_1)^{l+k−2} · · · 1 . . . . .. . . . (−y_l)^{l+k−1} (−y_l)^{l+k−2} · · · 1

| | | | | | | |

×

∏ 1⩽i<j⩽l 1 y_j − y_i ∏ 1⩽i<j⩽k (x_1 · · · x_k)^{k−1/2} (x_i − x_j)(x_ix_j − 1) k∏ i=1 1 1 − x_i , (85)

where X_{ij} = x^{N−l− 12 +j} i − x^{−(N−l− 12 +j)} i . Splitting the determinant in this expression we can rewrite it as follows:

∑ ε∈{±1}^k det

| | | | | | | | ε_1x^{ε1(N+k−1/2)} 1 ε_1x^{ε1(N+k−3/2)} 1 · · · ε_1x^{ε1(N−l+1/2)} 1 . . . . . .. . . ε_kx^{εk(N+k−1/2)} k ε_kx^{εk(N+k−3/2)} k · · · ε_kx^{εk(N−l+1/2)} k (−y_1)^{l+k−1} (−y_1)^{l+k−2} · · · 1 . . . . . .. . . (−y_l)^{l+k−1} (−y_l)^{l+k−2} · · · 1

| | | | | | | |

=

∑ ε∈{±1}^k k∏ i=1 ε_ix^{εi(N−l+1/2)} i det

| | | | | | | |

1 x^{ε1}_1 · · · x^{ε1(l+k−1)}_1 . . . . ... . . 1 x^{εk}_k · · · x^{εk(l+k−1)}_k (−y_1)^{l+k−1} (−y_1)^{l+k−2} · · · 1 . . . . ... . . (−y_l)^{l+k−1} (−y_l)^{l+k−2} · · · 1

| | | | | | | | or, using the Vandermonde determinant evaluation, ∑ ε∈{±1}^k k∏ i=1 ε_ix^{εi(N−l+1/2)} i ∏ i<j (x^{εi}_i − x^{εj}_j ) ∏ 1⩽i<j⩽l (y_j − y_i) k∏ i=1 l∏ j=1 (x^{εi}_i + y_j),

Now making use of the elementary identities (55), (56), the expression on the right-hand side of (85) is easily brought to the form expressed on the right-hand of (84). □

Theorem 7. Assume N ⩾ l and |y_i| < 1. Then we have:

E_{SO(2N+1)} ∏_k j=1 det(I − x_jg) ∏_l i=1 det(I − y_ig) = ∑ ε∈{±1} sgn(ε) k∏ j=1 x^{(N+1/2)(1−εj )} j ∏_k i=1 ∏_l j=1(1 + x^{εi}_i y_j) ∏ i<j (1 − x^{εi}_i x^{εj}_j ) ∏ 1⩽i⩽j⩽l(1 − yiyj) . Proof The Cauchy identity for SO(2N + 1) has the following form: N∏ n=1 l∏ j=1 1 (1 − y_jt_n)(1 − y_jt^{−1}_n ) l∏ j=1 1 1 − y_j = ∏ i⩽j 1 1 − y_iy_j ∑ μ χ^{SO(2N+1)} μ (t^{±1}_1 , · · · , t^{±1}_N , 1)s_μ(y_1, · · · , y_l).

(86)

Consequently, using (86) and (80) we have ∏_k j=1 det(I − x_jg) ∏_l i=1 det(I − y_ig) = (x_1 · · · x_k)^N ∏_k i=1(1 − x_i) ∏ i⩽j(1 − y_iy_j) × ∑ λ⊆N^k (−1)^{|λ̃|}χ^{SO(2k+1)} λ (x^{±1}_1 , · · · , x^{±1}_k , 1)χ^{SO(2N+1)}_{λ̃} (t^{±1}_1 , · · · , t^{±1}_N , 1)× ∑ μ χ^{SO(2N+1)} μ (t^{±1}_1 , · · · , t^{±1}_N , 1)s_μ(y_1, · · · , y_l).

Since

E_{SO(2N+1)}χ^{SO(2N+1)} λ (g)χ^{SO(2N+1)} μ (g) = { 1 if λ = μ,l(λ) ⩽ N; 0 otherwise,

The theorem now follows from Proposition 18. □

We note that proceeding along similar lines we easily establish the following result.

Theorem 8. Suppose N ⩾ l and |y_i| < 1. Then we have: E_{g∈O}−_{(2N)} ∏_k j=1 det(I + x_jg) ∏_l i=1 det(I − y_ig) = ∑ ε∈{±1} sgn(ε) k∏ j=1 x^{N(1−εj )} j ∏_k i=1 ∏_l j=1(1 + x^{εi}_i y_j) ∏ i<j(1 − x^{εi}_i x^{εj}_j ) ∏ 1⩽i⩽j⩽l(1 − yiyj) .

7. Classical group characters of rectangular shape

In this section using results of Sections 5 and 6 we give simple proofs of identities of Okada [48] and Krattenthaler [42] and derive generalizations of their results for Littlewood-Schur functions.

7.1. Symplectic Group. The branching rule (42) implies

(87) E_{Sp(2N)}s_λ(g) = { 1 if λ^′ is even; 0 otherwise .

The importance of (87) in random matrix theory context was emphasized by Rains [49] and Baik and Rains [3].

Using (87) we obtain:

(88) E_{Sp(2N)} k∏ j=1 det(I + x_jg) = ∑ λ_1 ⩽ 2N λ even s_λ(x_1, . . . x_k),

an identity first noted by Baik and Rains [3].

Combining this with Proposition 11, we have ∑ λ_1 ⩽ 2N λ even

s_λ(x_1, . . . x_k) = (x_1 . . . x_k)^N χ^{Sp2k}_{⟨N k ⟩}(x^{±1}_1 , · · · , x^{±1}_k ) =

∑ ε∈{±1} k∏ j=1 x^{N(1−εj )} j ∏ i⩽j (1 − x^{εi}_i x^{εj}_j )^{−1},

(89)

an identity first derived by Okada [48] and Krattenthaler [42].

Using Theorem 4 we now prove the following generalization of (89):

Proposition 19. Assume N ⩾ l. Then we have: ∑ λ_1 ⩽ 2N λ even

LS_ν (x_1, . . . , x_k; y_1, . . . , y_l) =

∑ ε∈{±1}^k k∏ j=1 x^{N(1−εj )} j ∏_k i=1 ∏_l j=1(1 + x^{εi}_i y_j) ∏ i⩽j(1 − x^{εi}_i x^{εj}_j ) ∏ 1⩽i<j⩽l(1 − yiyj) .

Proof By the dual Cauchy identity k∏ j=1 det(I + x_j g) = ∑ η s_η(x_1, . . . , x_k)s_η′ (t^{±1}_1 , . . . , t^{±1}_N ).

On the other hand, by the Cauchy identity 1 ∏_l i=1 det(I − y_ig) = ∑ μ s_μ(y_1, . . . , y_l)s_μ(t^{±1}_1 , . . . , t^{±1}_N ).

Consequently, using (87), we have (90) E_{M∈Sp(2N)} ∏_k j=1 det(I + x_jM) ∏_l i=1 det(I − y_iM) = ∑ l(ν)≤2N ν^′ even

c^ν_η′_μs_η(x_1, . . . , x_k)s_μ(y_1, . . . , y_l) = ∑ l(ν)⩽2N ν^′ even

LS_ν (y_1, . . . , y_l; x_1, . . . , x_k) = ∑ ν_1⩽2N νeven

LS_ν (x_1, . . . , x_k; y_1, . . . , y_l),

an identity first noted by Baik and Rains [3]. Combining (90) with Theorem 4 completes the proof. □

We remark that Krattenthaler [42] (3.6) proved the following generalization of (89):

(91) ∑ λ ⊆ (2N)^k r(λ) = r s_λ(x_1, . . . , x_k) = (x_1 · · · x_k)^N χ^{Sp(2k)}_{N k−r∪(N−1)r} (x^{±1}_1 , · · · , x^{±1}_k )

where r(λ) denotes the number of odd rows of λ.

We now show how (91) can be used to give an alternative proof of Theorem 4. In (90) write ν = λ∪τ with λ ∈ (2N)^k. By the Berele-Regev factorization (36) we have

LS_ν (x_1, . . . , x_k; y_1, . . . , y_l) = LS_λ(x_1, . . . , x_k; y_1, . . . , y_l)s_τ ′ (y_1, . . . , y_l).

Consequently, ∑ ν_1 ⩽ 2N ν even

LS_ν (x_1, . . . , x_k; y_1, . . . , y_l) = ∑ τ^′even s_τ (y_1, . . . , y_l)× ∑ λ ⊆ (2N)^k λ even

LS_λ(x_1, . . . , x_k; y_1, . . . , y_l).

Since

(92) ∑ τ^′ even

s_τ (y_1, . . . , y_l) = 1 ∏ 1⩽i<j⩽l(1 − yiyj) , Theorem 4 follows from the following Proposition (applied with u = 0).

Proposition 20. Let r(λ) denote the number of odd rows of λ. Then ∑ λ⊆(2N)^k u^{r(λ)} LS_λ(x_1, . . . , x_k; y_1, . . . , y_l) = ∑ ε∈{±1}^k k∏ j=1 x^{N(1−εj )} j ∏_k i=1 ∏_l j=1(1 + x^{εi}_i y_j) ∏_k i=1(1 + x^{εi}_i u) ∏ i⩽j (1 − x^{εi}_i x^{εj}_j )

Proposition 20 in turn follows from the following lemma by induction on the number of variables y using the generalized Pieri formula given in Proposition 7.

Lemma 7. Let r(λ) denote the number of odd rows of λ. Then

(93) ∑ λ⊆(2N)^k u^{r(λ)}s_λ(x_1, . . . , x_k) = ∑ ε∈{±1}^k k∏ j=1 x^{N(1−εj )} j ∏_k i=1(1 + x^{εi}_i u) ∏ i⩽j (1 − x^{εi}_i x^{εj}_j ) . We remark that (93) generalizes the classical formula due to Littlewood [44]

(94) ∑ λ u^{r(λ)}s_λ(x_1, . . . , x_k) = k∏ i=1 1 + ux_i 1 − x^2_i ∏ i<j 1 1 − x_ix_j . We now give a proof of Lemma 7 using Krattenthaler’s formula (91). Let φ_{k,N} (r) = (x_1 . . . x_k)^N χ^{Sp2k}_{N k−r∪(N−1)r} (x^{±1}_1 , . . . , x^{±1}_k ).

We have

(95) ∑ λ⊆(2N)^k u^{r(λ)}s_λ(x_1, . . . , x_k) = k∑ r=0 u^rφ_{k,N} (r). Let a^{(r)}_{ij} = { x^{i−1}_j − x^{2N+2k+1−i} j if i ⩽ k − r, x^i_j − x^{2N+2k−i} j if i > k − r. In light of the Weyl character formula (43) applied to partition λ = N^{k−r} ∪ (N − 1)^r, combined with (44) we have

(96) φ_{k,N} (r) = det(a^{(r)}_{ij} ) ∏_k i=1(1 − x^2_i ) ∏ i<j(x_i − x_j)(x_ix_j − 1) . Now using (89) we have

φ_{k,N} (0) = det(a^{(0)}_{ij} ) ∏_k i=1(1 − x^2_i ) ∏ i<j (x_i − x_j )(x_ix_j − 1) = (97) det(x^{j−1}_i − x^{2N+2k+1−j} i ) ∏_k i=1(1 − x^2_i ) ∏ i<j(x_i − x_j)(x_ix_j − 1) = ∑ ε∈{±1} ∏_k j=1 x^{N(1−εj )} j ∏ i⩽j (1 − x^{εi}_i x^{εj}_j ) Next, by the definition of the determinant,

det(a^{(0)}_{ij} ) = det(x^{j−1}_i − x^{2N+2k+1−j} i ) = ∑ w∈S_k sgn(w) ∑ ε ∏ ε_{wj} =1 x^{j−1}_{wj} ∏ ε_{wj} =−1 (−x^{2N+2k−j+1} w_j ), (98) and (99)

det(a^{(r)}_{ij} ) = ∑ w∈S_k sgn(w) ∑ ε k−r∏ j=1 ∏ ε_{wj} =1 x^{j−1}_{wj} ∏ ε_{wj} =−1 (−x^{2N+2k−j+1} w_j ) ×

k∏ j=k−r+1 ∏ ε_{wj} =1 x^j_{wj} ∏ ε_{wj} =−1 (−x^{2N+2k−j} w_j ) =

∑ w∈S_k sgn(w) ∑ ε k−r∏ j=1 ∏ ε_{wj} =1 x^{j−1}_{wj} ∏ ε_{wj} =−1 (−x^{2N+2k−j+1} w_j ) ×

k∏ j=k−r+1 ∏ ε_{wj} =1 x^{j−1}_{wj} ∏ ε_{wj} =−1 (−x^{2N+2k−j+1} w_j ) k∏ j=k−r+1 x^{εw(j)}_{w(j)} = ∑ ε ∑ w∈S_k sgn(w) ∏ ε_{wj} =1 x^{j−1}_{wj} ∏ ε_{wj} =−1 (−x^{2N+2k−j+1} w_j ) ∑ i_1<···<i_r x^{εi1}_{i1} . . . x^{εir}_{ir} . Consequently, using (96), (97), (98) and (99) we have

(100) φ_{k,N} (r) = ∑ ε∈{±1} ∏_k j=1 x^{N(1−εj )} j ∏ i⩽j(1 − x^{εi}_i x^{εj}_j ) e_r(x^{ε1}_1 · · · x^{εk}_k ),

and this combined with (95) and k∑ j=0 e_j (x_1, · · · , x_k)y^j = k∏ i=1 (1 + x_iy)

completes the proof of Lemma 7, and consequently Proposition 20 and Theorem 4.

7.2. Orthogonal group. Branching rule (62) implies

(101) E_{O(2N)} s_λ(g) = { 1 if λ is even, l(λ) ⩽ 2N; 0 otherwise.

where 2ν represents the partition produced by doubling each elements of ν; note that λ = 2ν means that λ is even. The importance of (101) in random matrix theory context was emphasized by Rains [49] and Baik and Rains [3].

Proceeding exactly as in the case of symplectic group, we have, using (101)

(102) E_{O(2N)} k∏ j=1 det(I + x_j g) = ∑ λ_1 ⩽ 2N λ^′ even s_λ(x_1, . . . x_k), an identity first noted by Baik and Rains [3]. Combining this with Proposition 14, we recover the following formula due to Okada [48] and Krattenthaler [42].

(103)

∑ λ_1⩽2N λ^′ even

s_λ(x_1, . . . x_k) = (x_1 . . . x_k)^N χ^{SO2k}_{(N k )+} (x^{±1}_1 , . . . , x^{±1}_k ) =

∑ ε∈{±1} sgn(ε)=1 k∏ j=1 x^{N(1−εj )} j ∏ i<j (1 − x^{εi}_i x^{εj}_j )^{−1}.

Next, considering separately the subgroup SO(2N) and its coset O^−(2N), we have (104) E_{SO(2N)} f(g) = E_{g∈O(2N)} (1 + det(g))f(g), and (105) E_O−_{(2N)}f(g) = E_{O(2N )} (1 − det(g))f(g). Now, denoting the eigenvalues of M by (t_1, . . . , t_{2N} ), we have

(1 + det(g)) k∏ j=1 det(I + x_j g) =

(1 + e_{2N} (t_1, . . . , t_{2N} )) ∑ λ s_λ(x_1, . . . , x_k)s_λ′ (t_1, . . . , t_{2N} ), and, therefore using (101) and Pieri’s formula (14), we obtain E_{SO(2N)} k∏ j=1 det(I + x_j g) = ∑ λ_1 ⩽ 2N λ^′ even

s_λ(x_1, . . . x_k) + ∑ λ_1 ⩽ 2N λ^′ odd

s_λ(x_1, . . . x_k)

and E_O−_{(2N)} k∏ j=1 det(I + x_j g) = ∑ λ_1 ⩽ 2N λ^′ even s_λ(x_1, . . . , x_k) − ∑ λ_1 ⩽ 2N λ^′ odd s_λ(x_1, . . . , x_k).

Using Proposition 17 and Proposition 13 we therefore recover the following formula due to Okada [48] and Krattenthaler [42]:

(106) ∑ λ_1⩽2N λ^′ odd

s_λ(x_1, . . . x_k) = ∑ ε∈{±1} sgn(ε)=−1 k∏ j=1 x^{N(1−εj )} j ∏ i<j (1 − x^{εi}_i x^{εj}_j )^{−1}.

Finally, proceeding exactly as in the case of symplectic group we obtain using Proposition 5 and (101):

E_{O(2N)} ∏_k j=1 det(I + x_jg) ∏_l i=1 det(I − y_ig) = ∑ λ_1 ⩽ 2N λ^′ even

LS_λ(x_1, . . . x_k; y_1, . . . , y_l);

E_{M∈SO(2N)} ∏_k j=1 det(I + x_j M) ∏_l i=1 det(I − y_iM) = ∑ λ_1⩽2N λ^′ even

LS_λ(x_1, . . . x_k; y_1, . . . , y_l)+ ∑ λ_1⩽2N λ^′ odd

LS_λ(x_1, . . . x_k; y_1, . . . , y_l);

and

E_O−_{(2N)} ∏_k j=1 det(I + x_jg) ∏_l i=1 det(I − y_ig) = ∑ λ_1 ⩽ 2N λ^′ even

LS_λ(x_1, . . . x_k; y_1, . . . , y_l)

− ∑ λ_1 ⩽ 2N λ^′ odd

LS_λ(x_1, . . . x_k; y_1, . . . , y_l),

Consequently, using Theorem 6, Theorem 5, and Theorem 8, we obtain the following generalizations of Okada-Krattenthaler formulae (103) and (106):

Proposition 21. Suppose N ⩾ l. Then we have: ∑ λ_1 ⩽ 2N λ^′ even

LS_λ(x_1, . . . x_k; y_1, . . . , y_l) =

∑ ε ∈ {±1} sgn(ε) = 1

k∏ j=1 x^{N(1−εj )} j ∏_k i=1 ∏_l j=1(1 + x^{εi}_i y_j ) ∏ i<j (1 − x^{εi}_i x^{εj}_j ) ∏ 1⩽i⩽j⩽l(1 − yiyj) , and ∑ λ_1 ⩽ 2N λ^′ odd

LS_λ(x_1, . . . x_k; y_1, . . . , y_l) =

∑ ε ∈ {±1} sgn(ε) = −1

k∏ j=1 x^{N(1−εj )} j ∏_k i=1 ∏_l j=1(1 + x^{εi}_i y_j) ∏ i<j(1 − x^{εi}_i x^{εj}_j ) ∏ 1⩽i⩽j⩽l(1 − yiyj) .

References

[1] A. V. Andreev and B. D Simons. Correlators of spectral determinants in quantum chaos. Phys. Rev. Lett., 75(12):2304–2307, 1995.

[2] J. Baik, P. Deift, and E. Strahov. Products and ratios of characteristic polynomials of random Hermitian matrices. J. Math. Phys., 44(8):3657–3670, 2003. Integrability, topological solitons and beyond.

[3] J. Baik and E. M. Rains. Algebraic aspects of increasing subsequences. Duke Math.

J., 109(1):1–65, 2001.

[4] T. H. Baker and P. J. Forrester, Finite-N fluctuation formulas for random matrices, J. Stat. Phys., 88, 1997, 1371-1386.

[5] E. L. Basor and P. J. Forrester. Formulas for the evaluation of Toeplitz determinants with rational generating functions. Math. Nachr., 170:5–18, 1994.

[6] A. Berele and A. Regev. Hook Young diagrams with applications to combinatorics and to representations of Lie superalgebras. Adv. in Math., 64(2):118–175, 1987.

[7] A. Berele and J. B. Remmel, Hook flag characters and their combinatorics, J. Pure Appl. Algebra, 35, 1985, 225-245.

[8] A. Borodin and E. Strahov. Averages of characteristic polynomials in random matrix theory. Preprint (math-ph/0407065), 2004.

[9] E. Brézin and S. Hikami. Characteristic polynomials of random matrices. Comm.

Math. Phys., 214(1):111–135, 2000.

[10] E. Brézin and S. Hikami. Characteristic polynomials of random matrices at edge singularities. Phys. Rev. E (3), 62(3, part A):3558–3567, 2000.

[11] E. Brézin and S. Hikami. Characteristic polynomials of real symmetric random matrices. Comm. Math. Phys., 223(2):363–382, 2001.

[12] E. Brézin and S. Hikami. New correlation functions for random matrices and integrals over supergroups. J. Phys. A, 36(3):711–751, 2003.

[13] D. Bump. Lie groups, volume 225 of Graduate Texts in Mathematics. Springer-Verlag, New York, 2004.

[14] D. Bump and P. Diaconis. Toeplitz minors. J. Combin. Theory Ser. A, 97(2):252–271, 2002.

[15] B. Conrey, D. Farmer, and M. Zirnbauer. Autocorrelation of ratios of characteristic polynomials. preprint, 2004.

[16] J. B. Conrey, D. W. Farmer, J. P. Keating, Rubinstein M. O., and Snaith N. C.

Integral moments of zeta and l-functions. Proc. London Math. Soc., (to appear). [17] J. B. Conrey, D. W. Farmer, J. P. Keating, M. O. Rubinstein, and N. C. Snaith.

Autocorrelation of random matrix polynomials. Comm. Math. Phys., 237(3):365– 395, 2003.

[18] J. B. Conrey, P. Forrester, and N. C. Snaith. Averages of ratios of characteristic polynomials for compact classical groups. Int. Math. Res. Notices, 7, 397-431, 2005.

[19] J. B. Conrey and A. Ghosh, A conjecture for the sixth power moment of the Riemann zeta-function, Int. Math. Res. Nortices, 15, 1998, 775-780

[20] J. B. Conrey and S. Gonek, High moments of the Riemann zeta-function, Duke. Math.

J., 107, 2001, 577-604.

[21] K. M. Day. Toeplitz matrices generated by the Laurent series expansion of an arbitrary rational function. Trans. Amer. Math. Soc., 206:224–245, 1975.

[22] P. Diaconis. Patterns in eigenvalues: the 70th Josiah Willard Gibbs lecture. Bull.

Amer. Math. Soc. (N.S.), 40(2):155–178 (electronic), 2003.

[23] P. Diaconis and A. Gamburd. Random matrices, magic squares and matching polynomials. Electronic Journal of Combinatorics, 11(2), 2004.

[24] P. Diaconis and M. Shahshahani. On the eigenvalues of random matrices. J. Appl.

Probab., 31A:49–62, 1994. Studies in applied probability.

[25] N. El Samra and R. C. King. Dimensions of irreducible representations of the classical Lie groups. J. Phys. A, 12(12):2317–2328, 1979.

[26] P. J. Forrester, Log-gases and Random Matrices, www.ms.unimelb.edu.au/

~matpjf/matpjf.html.

[27] P. J. Forrester and J. P. Keating. Singularity dominated strong fluctuations for some random matrix averages. Comm. Math. Phys., 250(1):119–131, 2004.

[28] Y. V. Fyodorov. Negative moments of characteristic polynomials of random matrices:

Ingham-Siegel integral as an alternative to Hubbard-Stratonovich transformation. Nuclear Phys. B, 621(3):643–674, 2002.

[29] Y. V. Fyodorov and J. P. Keating. Negative moments of characteristic polynomials of random GOE matrices and singularity-dominated strong fluctuations. J. Phys. A, 36(14):4035–4046, 2003.

[30] Y. V. Fyodorov and E. Strahov. Characteristic polynomials of random Hermitian matrices and Duistermaat-Heckman localisation on non-compact Kähler manifolds. Nuclear Phys. B, 630(3):453–491, 2002.

[31] Y. V. Fyodorov and E. Strahov. On correlation functions of characteristic polynomials for chiral Gaussian unitary ensemble. Nuclear Phys. B, 647(3):581–597, 2002.

[32] Y. V. Fyodorov and E. Strahov. An exact formula for general spectral correlation function of random Hermitian matrices. J. Phys. A, 36(12):3203–3213, 2003. Random matrix theory.

[33] Ladnor Geissinger. Hopf algebras of symmetric functions and class functions. In Combinatoire et représentation du groupe symètrique (Actes Table Ronde C.N.R.S., Univ. Louis-Pasteur Strasbourg, Strasbourg, 1976), pages 168–181. Lecture Notes in Math., Vol. 579. Springer, Berlin, 1977.

[34] R. Howe. θ-series and invariant theory. In Automorphic forms, representations and L-functions (Proc. Sympos. Pure Math., Oregon State Univ., Corvallis, Ore., 1977), Part 1, Proc. Sympos. Pure Math., XXXIII, pages 275–285. Amer. Math. Soc., Providence, R.I., 1979.

[35] R. Howe. Remarks on classical invariant theory. Trans. Amer. Math. Soc., 313(2):539–570, 1989.

[36] R. Howe, E.-C. Tan, and J. Willenbring. Stable branching rules. Trans. Amer. Math.

Soc., 357(4), 2004.

[37] Roger Howe. Perspectives on invariant theory: Schur duality, multiplicity-free actions and beyond. In The Schur lectures (1992) (Tel Aviv), volume 8 of Israel Math. Conf. Proc., pages 1–182. Bar-Ilan Univ., Ramat Gan, 1995.

[38] M. Jimbo and T. Miwa. On a duality of branching rules for affine Lie algebras. In Algebraic groups and related topics (Kyoto/Nagoya, 1983), volume 6 of Adv. Stud. Pure Math., pages 17–65. North-Holland, Amsterdam, 1985.

[39] J. P. Keating and N. C. Snaith. Random matrix theory and L-functions at s = 1/2.

Comm. Math. Phys., 214(1):91–110, 2000.

[40] J. P. Keating and N. C. Snaith. Random matrix theory and ζ(1/2 + it). Comm.

Math. Phys., 214(1):57–89, 2000.

[41] R. King. Branching rules for classical Lie groups using tensor and spinor methods.

J. Phys. A, 8:429–449, 1975.

[42] Krattenthaler C., Identities for classical group characters of nealry rectangular shape, J. Algebra, 209, (1998) 1-64.

[43] D. E. Littlewood. Some properties of s-functions. Proc. London Math. Soc. (2), 40:49–70, 1936.

[44] D. E. Littlewood. The Theory of Group Characters and Matrix Representations of Groups. Oxford University Press, New York, 1940.

[45] D. E. Littlewood. On invariant theory under restricted groups. Philos. Trans. Roy.

Soc. London Ser. A., 239:387–417, 1944.

[46] I. Macdonald. Symmetric Functions and Hall Polynomials. Oxford Mathematical Monographs. The Clarendon Press Oxford University Press, New York, second edition, 1995. With contributions by A. Zelevinsky, Oxford Science Publications.

[47] M. L. Mehta and J.-M. Normand. Moments of the characteristic polynomial in the three ensembles of random matrices. J. Phys. A, 34(22):4627–4639, 2001.

[48] Okada S., Applications of minor sumation formulas to rectangular-shaped representations of classical groups, J. Algebra, 205, (1998) 337-367.

[49] E. Rains, Increasing subsequences and the classical groups, Electronic Journal of Combinatorics, 5, 1998, #R12.

[50] P. Schmidt and F. Spitzer, The Toeplitz matrices of an arbitrary Laurent polynomial, Math. Scand., 8, 1960, 15-38.

[51] R. P. Stanley. Enumerative Combinatorics, Vol. 2. Cambridge University Press, 1999. [52] E. Strahov and Y. V. Fyodorov. Universal results for correlations of characteristic polynomials: Riemann-Hilbert approach. Comm. Math. Phys., 241(2-3):343–382, 2003.

[53] G. Szegö, Orthogonal Polynomials, AMS, 1967.

[54] H. Weyl. The Classical Groups. Their Invariants and Representations. Princeton University Press, Princeton, N.J., 1939.

[55] M. L. Whippman. Branching rules for simple Lie groups. J. Mathematical Phys., 6:1534–1539, 1965.

[56] Andrey V. Zelevinsky. Representations of finite classical groups, volume 869 of Lecture Notes in Mathematics. Springer-Verlag, Berlin, 1981. A Hopf algebra approach.

Department of Mathematics, Stanford University, Stanford, CA 94305 E-mail address: bump@math.stanford.edu

Department of Mathematics, University of California, Santa Cruz and Department of Mathematics, Stanford University, Stanford, CA 94305 E-mail address: agamburd@math.stanford.edu