
Forces on particles are calculated by performing a traversal
of the Barnes-Hut tree for each bucket. This procedure is
carried out on a per-bucket (as opposed to a per-particle) basis
to amortize the traversal cost over several proximal particles,
while keeping the amount of extra work done because of
clustering to a minimum. The traversal for a bucket b at
depth d begins at the root of the tree. For each cell n that
is encountered, an acceptance criterion is applied to decide
whether or not n is sufficiently distant from b. The acceptance
criterion is parameterized by the opening angle, θT , which is
constant. Let Dn be the length of cell n, and rb,n = |rb−rn|,
the distance between b and n. If Dn/rb,n < θT , the force on
b due to all the particles within cell n may be approximated
by the multipole expansion of n, Mn. If not, each child
c of n must be considered in turn by expanding the cell
n. Note that expanding a cell may require communication,
since the tree is distributed across processors. The per-bucket
traversal procedure is outlined in Algorithm 2 below. The force
computed for each particle is used to update its position and
velocity. Subsequently, domain decomposition is performed
and a new iteration of force evaluation begins.

Algorithm 2 BarnesHut(n, b) : Cell n, Bucket b
if n is a bucket then

bucketForces(b,n)
else if Dn/|rb − rn| < θT then

cellForces(b,Mn)
else

for all c ∈ children(n) do
BarnesHut(c, b)

end for
end if

We estimate the resolution of exascale simulations by ex-
trapolating from state-of-the art simulations at the Petaflop/s
level. It has been observed that about 213 particles per core are
required to maintain a good scaling profile for ChaNGa [9] for
current machines. Recall that the total number of interactions
per time step for an N -body system using the Barnes-Hut
technique is O(N lgN). This suggests that in order to generate
an equivalent amount of work per processor core as we scale,
the number of particles required per core decreases slightly:
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where N � and N are the numbers of particles required at petas-
cale (P �

c cores) and exascale (Pc cores). Given P �
c = 220, and

particles per core at petascale = 213, we get N � = 233. Using
Pc = 230, results in a total of N = 6.2 × 240 ≈ 6.82 trillion
particles, i.e. roughly 6350 particles per core at exascale.

A. Computation

Realistic simulations treat the input set of particles as part of
larger structures through the application of periodic boundary
conditions. When coupled with the uniformity of particle
distribution, the assumption of periodic boundary conditions

simplifies our analysis. In essence, each bucket of particles in
the root cell, regardless of its position, interacts with exactly
the same number of cells and particles as every other. This
allows us to focus our analysis of the number of expansions
to a single, arbitrary bucket. In order to calculate the number
of cell expansions required to compute the gravitational forces
on the particles of a bucket b, we consider each level of the
tree in turn. Let the center of mass of b be situated at O. In
general, a cell n at level d of the tree has an edge length of
c/2d. This cell will be expanded by b if the distance between
O and the center of mass of n, written rb,n(d), is such that

rb,n(d) ≤
c

2d.θT

Therefore, bucket b expands all the cells at level d whose
centers lie within the sphere of radius rT (d) = c/2d.θT
described around O. Usually, 0.5 ≤ θT < 1, so that c/2d ≤

rT (d) < c/2d−1. This means that we can calculate lower and
upper bounds on the number of cells at level d that b expands
by considering two spheres around O, of radius r0(d) = c/2d

and 2r0(d) = c/2d−1, respectively. In particular, the centers
of mass of 7 cells of length c/2d fall within the first sphere.
Furthermore, 125 cells of the same edge length intersect with
the second sphere. However, the centers of mass of only 33 of
these 125 fall within the second sphere. By definition these are
the only cells that are expanded. Therefore, bucket b expands
between 7 and 33 cells at depth d, for every d. Therefore,
the total number of calls to the acceptance criterion can be
bounded above by:
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A similar argument can be used to calculate the number
of interactions performed. Consider a bucket b for which the
Barnes-Hut tree is being traversed. Let Ibc(d) be the number of
bucket-to-cell interactions at depth d and Ce(d), the number
of cells expanded at depth d. Then, Ibc(d) = 8 × Ce(d −

1) − Ce(d). Since Ce(d) = 33 for all d, we have Ibc(d) =
7 × 33. With B particles per bucket and lg(N/B)/3 levels
in the tree, the total number of interactions per bucket equals
77 × B lg(N/B). For N/B buckets, this implies a total of
Ipc = 77 × N lg(N/B) particle-cell interactions. To this, we
add the number of particle-particle interactions: each bucket
expands 32 other buckets, resulting in ≈ 33×B×B particle-
particle interactions per bucket, and Ipp = 33×BN particle-
particle interactions in all. The total number of flops for each
type of interaction is listed below:
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The figures of 312 flops for each hexadecapole particle-cell
interaction and 38 flops per particle-particle interaction are
obtained from ChaNGa. In order to obtain a computational
rate of at least 1 Exaflop/s, for N = 6.2 × 240 and B = 10,
using equation (III.1) we get,
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