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§ 1. INTRODUCTION

Let f(n) denote the least integer so that in the interval (m, f(n)] there
are distinct integers ay, ..., @5 with ¢|as for =1, ..., n. Thus, for example,
f(10)=24 as can be easily seen by letting

ar1=11, aa=22, ag=21, ays=16, a5=15, ag=12, a;=14,
ag=24, ay—=18, aj;p=20.

(The fact that f(10) > 24 follows from the observation that there are only
9 composites in the interval [11, 24].)

More generally, if m is any positive integer, let f(n, m) denote the least
integer so that in (m, m+ f(n, m)] there are distinct integers ay, ..., an
with é|a; for ¢=1, ..., n. Thus f(r)=n+f(n, n). Let L(n) denote the least
common multiple of 1, ..., n. Then it is clear that f(n, m) depends only
on the residue class of m modulo L(n).

We shall be concerned with the following problems:

1. Find estimates or an asymptotic formula for f(n).
2. For each 7, estimate the maximal value of f(n, m).
3. For each n, estimate the average value of f(n, m).

On Problem 1 we show that, pérhaps unexpectedly, as n — oo,
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f(n)jn — co (Theorem 1). We also show f(n) < n(log n)12 (Theorem 3)
and that this result is nearly best possible (Theorem 2).

On Problem 2 we show that maxy f(n, m) < n82 (Theorem 4). We
cannot show maxy f(n, m)>f(n, n) so Theorem 2 gives our best lower
bound for maxy f(n, m).

On Problem 3 we show that there is a positive constant « such that

n(log n)* £ L(zm f(n, m) < niteld)
g < L(n) m=1 ’
for large » (Theorems 5 and 6).

The methods we use for the lower bound theorems on f(n) involve
results on the function y(z, y), the number of integers not exceeding x
composed only of the primes not exceeding y. In particular we shall be
concerned with estimates for y(x, y) for ‘“very small” y, that is, y <log z.

All of our upper bound results for f(rn) and f(n, m) rely on a theorem
of Kdnig [7] and Hall [5]. We proceed now to introduce the terms needed
to state the theorem. If G is a bipartite graph between the disjoint sets
I, J (that is, the vertex set of G is I U J and the edge set is contained
in I xJ)and if U C I, then the span of U is the set of points of J connected
to some point of U by an edge. One can similarly define the span of a
set VCJ. If aeI U J, the valence of a is |span {a}|. To say that G
contains a matching of I into J means that the edge set of G (which is
a relation from I to J) contains a 1 —1 correspondence of I with a subset
of J.

THEOREM (KONIG, HALL). Let G be a bipartite graph on the disjoint
finite sets I and J. Suppose G does not contain a matching from I into J.
Then both
(i) there is a w el and a v €J with valence u< valence v;

(ii) there is & U CI with |U|> |span U]|.
The Konig-Hall theorem is sometimes referred to as the ‘“‘marriage
theorem™.

Our lower bound result for the average value of f(n, m) relies on the
recent work of Tenenbaum [12] for the density of the integers which
contain & divisor between n/2 and n.

We take this opportunity to thank Harold Diamond for several inter-
esting discussions concerning the contents of this paper.

§ 2. LOWER BOUNDS FOR f(n)

For each ¥, let y(y) denote the set of positive integers not divisible
by any prime exceeding y. Let p(x, y) denote the number of members
of y(y) which do not exceed .

LEMMA 1. Let n be a natural number and let &, y be positive quantities
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such that 1<k<y and

(1) v(n, y)—p(nkly, y)>yp(nk, y)—p(n, y).
Then f(n)>nk.

PROOF. Assume f(n)<nk. Let I=(nkly, n] N p(y), J=(n, nk] N p(y).
Let 1=11|, j=|J|, I={ay, ..., as}. Then (1) implies +>j. The assumption
f(n) <nk implies there are distinet integers by, ..., by € (n, nk] with a;|b; for
1<l<1. Note that bjja;<nkfa;<y. Thus since a; € y(y), we have b; e p(y).
That is, by, ..., by are all in J. Hence 1<j, a contradiction. []

THEOREM 1. lim,, f(n)/n=co.

PROOF. Let k>1 be arbitrary, but fixed. Let y = #3. It is known (Specht
[11]) that

¥(, y) = ca(log )@ +ca(log z)*»-1 + o((log z)*w-1)
where

c1=(m(y)!- g log p)1, c2=(cne(y)/2) g log p,

and p runs through primes. Thus

p(n, y)—p(n/k?, y) =ca(log n)* + ca(log n)*@)-1—cy(log(n/k?))*®
— ca(log(n/k?)y*¥1 + o(log m)*¥)-1
= 2c171(y)log k(log n)»®)-14o(log n)*@)-1,

and similarly
y(nk, y)—p(n, y)=cin(y)log k(log nj*®-1 +o(log n)*@-1,

We thus have for all large n that (1) holds. Hence Lemma 1 implies
f(n)>nk for all large n. Since k is arbitrary we have our theorem. [J

The above argument depends on a sharp error term for y(z, y) available
for bounded y. The existence of such a sharp formula for y(z, y) (in the
case y=23) was first discovered by Ramanujan (cf. Pillai [8] and Hardy
[6]). To improve Theorem 1 to the actual exhibition of an explicit function
which tends to infinity with n and which is a lower bound for f(n)/n, the
above method would need a sharp formula for p(z, y) for y — oo slowly
but explicitly. Note that the asymptotic formulas given by Ennola [2]
do not have a sharp enough error term for this purpose. Possibly sharp
enough formulas for y(z, y) could be obtained, but we do not make this
effort here. Instead, we find a different method to attack the problem
of lower bounds for f(n). In our next theorem, we use an asymptotic
formula for log y(z, y) given by de Bruijn [1] to obtain a substantial
improvement on Theorem 1. The reason we can make do with a non-sharp
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approximation of y(z, y) in the proof of Theorem 2, while in Theorem 1
we need a sharp error term is the observation that knowledge about f(m)
gives one knowledge of f(n) for all n>m. For example, the fact that
f(10)=24, as seen in our opening example, can be shown to imply that
f(100) > 240. We thus are able to get a good lower bound for all f(n) by
first finding a good lower bound for some f(n). The method exploits the
geometry of the graph of log y(w, y) for fixed y (cf. Pomerance [9]).

THEOREM 2. For n>3, f(n)> (2/)e+o(1))n Vlog nfloglog n.

LEMMA 2. For every >0 there is an 2o(¢) such that for all x> xo(e),
there is an integer m € [z, ' **] with
(2) f(m)> (1 —&)(2/ye)m ylog m[loglog m.

Before we prove the lemma, we show how Theorem 2 follows from it.
Let ¢>0 be arbitrary and let » be a positive integer. Lot z=(en)/+".
Thus if » is sufficiently large, the lemma implies there is an integer
m € [z, z'**] for which (2) holds. Let k=[n/m]. In the interval (n, f(n)]
there are distinct integers by, ..., by such that k|b; for 1=1, ..., m. Let
ai=bi/k. Then ay, ..., an are distinet integers larger than m for which #|ay
for ¢=1, ..., m. Thus max a;>f(m), so that

f(n)> ilax by > kf(m) > (1 —€)(2/Ve) km V1log m[loglog m

> (1—¢£)2(2/)/e)(n—m) ylog nfloglog n
>(1—¢)3(2/)/e) n Vlog nfloglog n
for all sufficiently large n. We thus have Theorem 2.

PROOF OF LEMMA 2. For each y>el0, let

gy(w) =g(w)=log y(ev, y) for we [(0.1)y log y, y log y].
By de Bruijn [1],

® o= [1og(1+ 2 Ty (1 g)'réi—y}'{”"(ﬁé*y)}
[+ (3)) we  (=55) +(5)) mis) {1+ ()
“rey [18(5) +1 o)) 1+ ()

o (*6(3) 1+ (es)

uniformly for all y>el9, we [(0.1) y logy, y log y].
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Now let Ay (w)=h(w) be the function whose graph is the upper boundary
of the convex hull of the graph of g(w). Then

0 gl o ()

uniformly for y>el®, we[(0.1) ylogy, ylog y]. Indeed,

y loglog y)
<h{w)< 1 +1+c¢
o) <hi) < o (og (1) +1+0 L8

where ¢ is the absolute constant implicit in (3). Since g(w) is a step function,
we have h(w) piecewise linear. Thus A’(w) exists everywhere but for a
finite set of points which we shall call veriex points. A vertex point w
satisfies g(w)=nh(w). Also ev is an integer if the vertex point w is not an
endpoint of the interval.

We now show that if w is not a vertex point, then

o Y ]/loglogy>)
(5) h(w)—————wlogy(l-l-o( -——-——logy

uniformly. Indeed for each >0 and w such that w is not a vertex point
and

(0.1) ylog y<(1—8)w, (1+)w<ylogy,
we have (since h is concave down)

(A((1 + 8)w) — h(w)) /0w < B (w) < (h(w) — (1 — B)w))/dw
Hence by (4),

m?’()._g—(log((l+6)w) log w+o ( glgiy)) <h'(w)

(logw —log ((1- 5)w)+°(lolg(};§/y)),

y__ loglog y ) y loglog y
wlogy(1+o( J+o <6logy)) <K(w)< wlogy(1+o(6)+o (6logy '

Thus choosing d=}loglog y/log y, we have (5).

Let 0<e<} be arbitrary. Let b be a constant to be chosen later with
0.1 <b<}. Then for all sufficiently large y, depending on the choice of e,
we have by (5) that

k' (bylogy)>h'((1+¢)bylogy)
if neither argument is a vertex point. Thus there is a vertex point Wy =W
satisfying

bylogy<W<(1+e)bylogy.

6w1 og Yy
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Let my=m=eW, an integer. Let a be a positive constant to be chosen
later, and let

A4 =($)log y+log a, B=(})log y—log a,
A=g(W)—g(W—A),  As=g(W+B)—g(W),
di=y(m, y)—p(mled, y), Sa=vylm-eB, y)—yp(m, y).

Note that if y is sufficiently large, then (0.1) y log y< W—Aand W+B<

<ylogy.
We shall show that for sufficiently large y and for suitable fixed choices

of b, a, we have 81> 0.
Note that

(6) S1=p(m, y)(1—e™%1), Sa=yp(m, y)(e’2—-1).
If 2\ (W) denotes the right hand derivative at W, we have by (5)

loglog y )
O aa<B ) = i (1o BB e )
( (V loglog y)) ( to (V loglog y))
b log2 log y 2b log Yy logy )

Also for large y, m-eB>2m, so that there is a power of 2 in the interval
(m, m-eB]. Thus 8;>0, so that (6) implies 42>0.
Assume 4:>1. Since (6), (7) imply de=y(m, y)-o(1/log y), we would

thus have by (6) that 8;>ds. Thus we may assume 4;<1. With this
assumption we have

81> p(m, y)(d1—343), S2<p(m, y)(dz+343+0(42)).
We thus have

(8) 81— e >p(m, y)(A1— 34— da— 343+ 0(48))
=p(m, y)((41— d2) — 43— Aa( A1 — A3) — $(81 — 432+ 0(48)).

Since W is a vertex point, we have 41/4 >A4:/B, so that

9)  Ai—do> (% - 1) Ag— 21‘1’5“412

The assumption 4;<1 implies 41— A2 <1—4,, so that (7), (8), (9) give

21 log?
&—82>y(m, y)ds - t %ga — A (1+ 21(1)?ga + 2 %gz ‘ +0(Az))}

= p(m, y)4z-
v
log ¥ +o logzy/  2blogy 1+o log y 1+o log y
loglog y))
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We now choose a—=¢e'/8%(1+¢/2), so that for all sufficiently large y we
have 8> d..
Since e4+B=y, the inequality 8,>8; implies by Lemma 1 that

f(m)>m-eB=m)yla.
Now m=eW, so that
(10) bylogy<logm<(l+¢)bylogy.
Thus for large y, log y <loglog m, so that

- 1 logm
Y= 3(i+e) loglogm’

m ] [ logm
flm) > ayb Vite loglog m

_ m log m
el/8b (1+¢/2) Vb YI+¢! loglogm

- (l—a)m]/ log m
el/8 b | loglog m~
Thus choosing b=1, we have (2).
For each z, let y be such that log z=}ylogy. We have seen that

for all sufficiently large z there is an integer m for which both (2) and
(10) hold. But (10) implies z<m<z'**. [

Hence

§ 3. UPPER BOUNDS FOR f(n)
tHEOREM 3. For n>2, f(n)<(2+0(1)nylog n.
PROOF. Let ¢>0 be arbitrary, but fixed. For i€ (n/ylogn, n], let
as=1([ylog n]+1). Then the a; are distinct and as € (n, n()/log n+1)]. Let
I=[1,nfflogn] N Z, J=(n(ylogn+1), (2+enylogn] NZ.

Let @ be the bipartite graph from I to J where (i,j) € I xJ is an edge
if and only if j/¢ is prime.
If i I, then the valence of ¢ is

#((2+ e)nylog n [3) —n(n(Vlog n +1)}3)
S (1+ s) n)log n (1 a) log n

2/ i log (n¥log nfi) 2/ loglog n

for all sufficiently large n by the prime number theorem. If j € J, then
the valence of j is at most w(j), the number of distinct prime factors of j.
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But again from the prime number theorem, we have for all large »
w(j) < (1+ ¢/2) log nfloglog n.

Thus by the Kénig-Hall theorem, it follows that G contains a matching
of I into J. Hence for all large =, f(n)<(2+¢)nylogn. [J

We can improve the theorem slightly. Let r be the solution of the
equation er=r and let c=r/(1-r)=1.7398 .... Then

11)  fn)<(c+o(1)nylogn.

We now sketch a proof of (11). Let y € (0, 1) and let & be a natural number.
Let

ILi=(ytn)ylogn, y-1 nfylogn] N Z for j=—k+1, —k+2, ..., k,
Ix=(y*nfylogn, n] N Z, Irn=[1, y*nlylogn] N Z.

Thus the I; are digjoint and (J;*2, I;=[1, #] N Z. Now let b be a positive
number and let

Ji=(n, Yn(flogn+1)1NZ, Jz=(y*n(/logn+1), (y+bnylogn].
If ¢ € Iy, let ay=i([y*/logn]+1) € J1. Let
I= U::ik.‘.l I.1=([]-: n] N Z)—I—};.

Let @ be the bipartite graph on I, J; with (¢, j) € I x J2 an edge if and
only if j/i is prime. We shall show that for a suitable choice of y, k, b,
G contains a matching of I into Jp. It will thus follow that f(»)<
< (y*+b)nylog n.

Say @ does not contain a matching of I into Js. Then by the Konig-Hall
theorem there is a set U C I with x=|U|>|span U|=y. Let V=span U
and let 2;=|U N Ij| for j=—k+1, ..., k.

Ifuel;, ~k+1<j<k+1, the valence of u is at least

(by~#+1 +o(1))log n/loglog n.
If v e J;, the number of u € I; which are connected to v by an edge is
at most the lesser of

B+ +o(1))(y~? —y#)log nfloglogn and (1+o(1))log nfloglog n.

Now the number of edges incident to U N I is at least the number of
edges incident to ¥V with an endpoint in Ij. Thus for —k+1<j<k,

by +o(1))zy < (b+¥*+o(1))(y —y#H)y.
Hence for —~k+1<j<k and using y<z,
(12)  bay<(b+y*+o(1))(y1—1)z.

The number of edges incident to V is at least as big as the number of
edges incident to U. But the number of edges incident to V is at most
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(14+0(1)) y log nfloglog n. Thus

(l+o(1))x>(1+o(1))y>f i 1(byﬂ+1+o(1))v61+(by"‘+0(1))(-'fv— f“ 1)

f=—k

= 3 (Brri—byrrol)y + Bytto(l)e

Jom ~k41

> i b+ 75+ o)1= 1)1y ¥z + (by~*+o(L))a
-—kt1

using the negative of (12). Thus dividing by # and multiplying by y¥+1,
we have

P*1+0(1) > (b+p¥)(1-7) ,-é“ (FH1-1) + by

= — (b+y¥)(y2k+l—y — 2ky + 2k) + by.
Let B=b+*. Then, by letting n — oo, we have
2yk+1 > Byt (2 -+ 2)y — 28).

We thus conclude that if y, k, b are chosen so that —92%+14(2k+ 2)y
—2k>0 and

(13) > 2pWH[(— 241+ (2k + 2)y — 2K)

then for all sufficiently large n, f(n) < pn)logn.
Let r be the solution of the equation er=r and let y=1—r/2k. Then
the right side of (13) is

2(1 —r/2k)e+L
(1 — 2Rk 1 (2% + 2)(1 — 7] 2k) — 2k

2 4o(lk)  yr N 1
C —eT+2—r+o(lfk) 1-r +o (75) —c+o(-E>.

Thus letting ¥ — oo, we have (11).

§ 4. EXTREME VALUES OF f(n, m)
THEOREM 4. For all positive integers m, n, we have

f(n, m) <4n([yn]+1).

PROOF. Let m,n be arbitrary positive integers, let I:=[1,2]N7Z,
Ji=(m, m+4n[yn]] N Z. Using the intervals (m+ (k—1)n, m+kn] for
k=1,2, ..., 4[yn], we have a partition of J; into 4[}/n] consecutive intervals
of length n. If j € J1, let {j) denote the interval to which j belongs. Let
Gy be the bipartite graph from I; to J1 where (i,7) is an edge if and
only if 4[j.
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Say the valence of every jeJ; is at most [[/n]. Since the valence of
every 4 l; is at least 4[)n], it follows from the Konig-Hall theorem
that G1 contains a matching of I; into J1. Thus we would have our result.
Thus assume some j; € J; has valence larger than [n]. Say span {ji}=
=K, CI; where |K1|>[yn]+1. Send each ¢ € K; to ji1+i¢=a;. Then ¢|ay
and these as are all distinct. Moreover these a; lie in (ji) U {ji+n). If
Ki=I1, we are all done. So assume K;#Ii. Let Is=I1-K;, Ja=dJ1
—((J1—n> VU Ji) U {ji+n)). Let Gy be the subgraph of Gy determined
by Iz, J2.

Say the valence of every j&Js is at most [n]. Since the valence of
every i€ I is at least 4[yn]—3>[yn], it follows from the Konig-Hall
theorem that G contains a matching of Ip into Jz. Thus we would have
our result. So assume some j; €J: has valence larger than [Jn]. Say
span {jo}=K; C Iz where |K2|>[yn]+1. Send each i Kz to ja+i=ay.
Then #|as, the a; are distinet, and the a; all lie in {jo) U {ja+n). These
two intervals are disjoint from {j1> U {j1+n)>. If K3=1I;, we are done.
So assume Kz#I». Let I3=Is— K, J3=Jz—(<j2—n> U <jz> V) <j2+n>)
Note that we might have {ja+n)={j1—n) or {ja—n>={ji+n). Let Gs
be the subgraph of (3 determined by I3, Js.

Say we continue this procedure until we reach the bipartite graph
@1 from Iy to Ji3. We have that

(14) Henl <n—¥([yn]+1)

and that Jsq consists of at least 4[)/n]— 3¢ disjoint intervals of length n.
From (14) we may assume ¢<[}/n], so that J.y; consists of at least [n]
disjoint intervals of length n. Thus every ¢ € I;1; has valence at least [)/n].

We thus conclude that our procedure must terminate at some ¢ and
when it does, one of two events must occur. Either I;=0 or G; contains
a matching from I; to J;. In either case, we'are done. []

We can lower the constant ““4” in Theorem 4 somewhat, but we do not
know how to prove f(n, m)=0(n32). We conjecture that f(n, m)<nl+o®),

§ 5. THE AVERAGE VALUE OF f(n, m)

THEOREM 5. Let a=1-log(elog 2)/log 2=.08607.... Then for all
sufficiently large =,

L(n)1 Lf f(n, m)>n(log n)*.

PBOOF. From Tenenbaum [12] we have that the density d. of the
integers which have a divisor between [2/2] and = is o((log »)—=). In the
interval (m, m+ f(n, m)] there are at least n/2 distinct integers with a
divisor between [n/2] and n. Let S(n, #) denote the number of §j <& which
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have a divisor d with [#/2]<d<n. Then
Ln)

> (S(n, m+2n(log n)*) —8(n, m)) < 2n(log n)* - 8(n, L(n))

m=1

=2n(log n)*dyL(n)

<2n(log n)* - }(log n)~* - L(n) ={nL(n)
for all sufficiently large n. Therefore, the number Z of m, 1<m<L(n),
such that S(n, m+2n(log n)*)—S(n, m)>n/2 satisfies (n/2) Z < (n/4)L(n).
That is, for all large n, Z < L(n)/2. Thus for at least L(n)/2 choices of m,
l<m<L(n), we have f(n, m)>2n(log n)*. Thus

Lf:) f(n, m)>31L(n) - 2n(log n)*= L(n) - n(log n)*,
me=1
for all large n. []

THEOREM 6. Let f=log(552/2-3%2)=1.6825.... Then
Ln)

Ln)1 3 f(n, m)<n-exp ((8+0(1))log nfloglog n).

m=1

PROOF. Let £>0 be arbitrary and let c=3/2+4¢. Let
b=1log (1+c¢)+clog(l+c1),

go that as ¢ — 0, we have b — §.

For any integer m let dn(m) denote the number of divisors d of m with
d<n and let wx(m) denote the number of prime divisors p of m with
p<n. Let T, denote the number of m e[1, L(n)] with

dn(m) > exp (b log n/loglog n) %f e(n).
We now show
(18)  Tu<L(n)n*?+e,

First we note that for any m, if wa(m)=s, then d,(m)<y(n, p;) where
ps denotes the s-th prime. Indeed, if ¢, go, ..., ¢s are the prime factors
of m not exceeding », then every divisor d of m with d<n is composed
of just the ¢’s. We thus observe that an upper bound for du(m) is the
number of integers not exceeding n composed of just p1, P, ..., ps; that is,
w(n, Ps).

Now if ps;<(3/2+ 3¢)log n, it follows from de Bruijn [1], that for all
large n, y(n, ps)<e(n). Thus, for large n, dn(m)>e(n) implies

P> (3/24 3e)log n
where 8=wg(m). This in turn implies that

wn(m) > (3/2+ 2¢)log nfloglog n % r,.
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Thus T, is at most the number of m < L(n) with ws(m)>rs. Hence, for
large n,

Ta< L(n)(’g 1/p)®/ra! < L(n) - (2 loglog n)'®/(rafe)™

= L(n) - exp (ra logloglog n+rs(1 +log 2) —r4 log 74)
< L(n)-exp (- (3/2+¢) log n),
which gives (15).

Suppose now m is such that in the interval J=(m,m+n-enr)]N%
there is no integer j with da(j) > e(n). Then f(n, m)<n-e(n). Indeed, if we
consider the bipartite graph from I=[1,2] NZ to J where ¢ €I is con-
nected to j € J if ¢|j, then the minimum valence of an ¢ e is at least
e(n), while the maximum valence of a je€J is less than e(n). Thus the
Koénig-Hall theorem applies.

Now the number of m < L(n) for which there is an integer j & (m, m+
n-e(n)] with du(j)>e(n) is at most

Ty n-e(n)< Ln) -n-1/2%.¢(n)

by (15) for large n. For these m we have f(n, m) <€ %32 by Theorem 4.
We have seen that for the remaining m we have f(n, m)<n-e(n). Thus
Iw
S fn, m)<ndns . Lin) - -2+ efn) + - e(n) - L(n)

=2L(n)-n-e(n)
< L(n) - n - exp ((b—e)log nfloglog n)

for all large n. Thus letting ¢ — 0, we have already seen that b — f§, and
80 our theorem follows. [

Improvements on the size of § in Theorem 6 are attainable. The limit
of the method gives f=Ilog 4. However, we believe much more is true.
We conjecture that

Liny 3, fon, m) < nilog my

for some y>0.

§ 6. OTHER PROBLEMS

If 1<k<n, let g(n, k) denote the smallest number so that for each
choice of integers 1<a1<... <ar<n, there are distinet integers by, ..., bx
in (n, g(n, k)] with as|bs for i=1, ..., k. Also let k(n, k) denote the least
number so that in any interval of length A(n, k) we can find a set of
distinet multiples for each k-element subset of {1, ..., n}. Thus g(n, k)
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<h(n, k)+n. In our previous notation we have f(n)=g(n, n),

max f(n, m)="h(n, n).

By a similar argument as the one which gives Theorem 2 from Lemma 2,
we have

g(n, k) > [n/k]f (k)
so that
(16)  liminf g(n, k)/n>f(k)/k.

Mimicking the proof of Theorem 4, we have
(17) hin, k) L nyk
uniformly for all k, » (with k<n). Thus
(18)  lim sup g(n, k)/n L k.

ns00

We do not know how to narrow the gap between (16) and (18), but we
feel (16) is closer to the truth.

Now we look at particular subsets of {1, ..., n} that are of interest. Let
f#(n) denote the smallest number so that in (n, f#(n)] we can find distinct
b, ..., bany Where p4|b for each ¢ (p; denotes the i-th prime). It is not
too hard to show that for each n> 1, f#(n)=2psn) except that fe(4)=8
and f2(10) = 16. More interesting is the function f#(n, m), the least number
so that in (m, m+ f#(n, m)] there are distinct numbers by, ..., bun) such
that p|b; for each 1. The question is, what is the average value of f#(n, m),
that is, what is

g (m)=M(m)L :'z” f(m, m)

where M (n) is the product of the primes not exceeding n? By Theorem 6,
we have ggp(n)<ntto), Perhaps it is possible to show that gg(n)/n is
bounded above by a power of log n. We cannot show (nor are we sure
we believe) that go(n)/n is unbounded.

Now let

hgp(n)= max fz(n, m).

We know very little about hg(n). Erdoés and Selfridge can show, using
Brun’s method, that

(19)  lim sup hgp(n)/n>3.

Using (17) in the case k=m(n), we have
(20)  ha(n)n L yYnflog n.
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We do not know how to narrow the immense gulf between (19) and (20).

Related to these questions, we ask if there is a large constant ¢ so that
in any interval of length cn there are zm(n)—n(n/2) distinct multiples of
the primes in (n/2, n] (there need not be a matching). If yes, what is the
smallest value of ¢c? The same question can be asked if pi<...<pi is
any set of primes, but now ‘“cn’’ should be replaced by “cp;”. Erdés and
Selfridge have shown that for every k there is a set of primes p1<...<py
with only 2k multiples in some interval of length (3—o(1))p,s. This is
how (19) is established.

Is it true that for a large enough ¢, every interval of length cn contains
a number divisible by precisely one prime in (n/2, n]? What if we replace
the primes in (n/2, n] with the primes in [1, n]?

Let fo(n) denote the least number so that in (n, fo(r)] we can find
distinet numbers by, ..., by where a4|bs for each ¢ and {ay, ..., a;} is the set
of numbers not exceeding n divisible by no prime exceeding log n.
Theorems 1 and 3 immediately give inequalities for fo(rn). However,
Theorem 2 does not seem to carry over for fo(n), although Lemma 2 does.
Is it true that fo(n)=f(n) for all sufficiently large =, or for almost all n?

Let fo(n) denote the least number so that in (n, fo(n)] we can find
distinet numbers by for each d|n such that d|bs. We at first thought that
fo2(n) could be as large as fo(n) by considering highly composite choices
for n. But a very simple proof shows fg(n)=2n for every choice of .
Indeed, let bg=n-+d.

Given a particular set of integers 0<a;<...<ag, what is the length
of the shortest interval which contains distinet numbers by, ..., by with
a;|b; for each ¢? Say, for example, p, g, r are distinct odd primes and
ay=7pq, az=pr, as=qr. Let di, dz, ds be the minimal integers with

dip=eq+fir, dog=esp+ for, dsr=esp+fog

such that the ¢, f; are positive integers. Then it is easy to show that
the shortest interval which contains distinet numbers by, bg, b with ay)b;
for each ¢ has length = min {dip, dog, dar}. If p<g<r,

r—plg=3r—qp+3g—p),

so that dz <3(r—p). Thus I <}(r —p)g which iy half the length of [pq, gr].
Does equality hold infinitely often ?

In the introduction we remarked that we cannot show max, f(n, m)
> f(n, n). Nevertheless, we believe this to be the case for all n>5. In
fact we conjecture

max f(n, m)—f(n, n) - cc.

All we can prove is that there are infinitely many n with
(21) max f(n, m)—f(n, n)> 1.
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In fact (21) holdsif » is a sufficiently large prime p. In this case f(p, p— 1)
—f(p, p)=1. To see this, suppose not, so that there exist

@, ..., @p € [p, p+1(p, p)-1]

distinet with 4ay. Thus f(p— 1, p— 1) <f(p, p). But this inequality is untrue
for all large p. What is true is that f(p— 1, p—1)=1+f(p, p), since given
the mapping of {1,...,p—1} into {p,...,p—1+f(p—~1,p—1)} we note
that p need not be used as an image. Thus we can map {1, ..., p} into
{p+1,...,p—1+f(p—1,p—1)} by sending p to 2p. Note that 2p need
not be used as an image for 1 or 2 — we may use p’ for 1 and 2p’ for 2
where p’ > p is prime. Probably it is possible to show the left side of (21)
is unbounded, but we are not sure of the details.

Another problem that is perhaps of some interest is to estimate é(n, c),
the asymptotic density of the set of n with f(n, m)<cn. It is clear the
density exists since f(n,m) is periodic in m. Moreover if ¢>1, then
d(n, ¢)>0. Even the case c=1 provides some interesting considerations.
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