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Abstract
In this paper, we completely determine all repdigits in base 10 which can be ex-
pressed as sums of two Fibonacci numbers and two Lucas numbers.

1. Introduction

Recall that a positive integer is called a repdigit (sequence A010785 in the OEIS
[13]), if it has only one distinct digit in its decimal expansion. In particular, a
repdigit with base 10 has the form

10" -1
d( 9 ), for somen >1and 1 <d<9.

Questions concerning the Diophantine equations involving repdigits have been
studied for a long time, (see [1, 4]). In recent years, there has been quite some
interests in computing base 10 repdigits expressible as sums or products of num-
bers from another sequence. In 2012, D. Marques and A. Togbé determined all the
repdigits which are the product of consecutive Fibonacci numbers [9]. In the same
year, Luca [6] found all the repdigits as sums of three Fibonacci numbers by follow-
ing a general method described in [5]. Also, some analogous results were obtained
for Lucas numbers and Pell numbers (see [8] and [12]).
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Recently, Normenyo, Luca, and Togbé [7, 11] extended these results to repdigits
as sums of four numbers in Fibonacci, Lucas or Pell sequences. However, results
such as repdigits as sums of numbers from at least two different sequences do not
exist. In fact, this came up in a question raised to A. Togbé during his talk at CNTA
XV in July 2018 in Quebec City, Canada. The goal of this paper is to provide an
answer to that question in the context of Repdigits, Fibonacci numbers and Lucas
numbers.

The Fibonacci sequence (F,), and the Lucas sequence (L), are given, respec-
tively, by

=0, Fi=1, Fopo=F,41+F,, for n >0

and
Lo = 2, L1 = ].7 Ln+2 = Ln+1 + Ln, for n 2 0.

In this paper, we determine all the base 10 repdigits which can be expressed as
the sum of two Fibonacci numbers and two Lucas numbers. In particular, we prove
the following theorem.

Theorem 1. All nonnegative integer solutions (s1, Sa,t1,t2,n) of the equation

10" -1
N:F51+F52+Ltl+Lt2:d< 9 >, (1)

with
de{l,...,9}, n>1, s3<sy, and t; <ty

have

Ne{2 3, 4,5 6, 7,8, 9, 11, 22, 33, 44, 55, 66, 77, 88, 99,
111, 222, 333, 444, 555, 666, 777, 888, 999, 1111, 2222,
4444, 5555, TTT7, 8888, 11111, 22222, 66666, 333333} = R.

Here is the organization of this paper. Our method consists in applying Bugeaud,
Mignotte, and Siksek’s theory of linear forms in logarithms of algebraic numbers
in order to get an absolute bound on the variables. Afterwards, we use reduction
procedures to reduce our bounds to some reasonable values. In the next section, we
recall some useful results which we need to prove our theorem. Section 3 contains
the proof of our main theorem. We divide the proof into several cases depending on
the relations among the variables s;, t;, ¢ = 1,2. We explain our work thoroughly
for one of the cases. For the remaining cases, we put only the necessary results to
avoid any redundancy.

2. Preliminaries

In this section, we recall some results that are useful for the proof of Theorem 1.
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Firstly, we discuss a lower bound for linear forms in logarithms due to Bugeaud,
Mignotte, and Siksek [2], which is a consequence of the result of Matveev [10].

Let K be an algebraic number field of degree D over Q, let a,...,a, € K\ {0}
and let by,...,b, € Z. Set

B = max{|b1|,..., |bn|}

and

M=ol ool -1

Let Aq,..., A, be real numbers with
max{Dh(a;),|loga;],0.16} < A;, 1<i<n,

where h(n) is the logarithmic height of an algebraic number 1 which is given by the

formula
d(n)

) = o5 | oglaol + 3 tow (max{(n1.13) |

i=1

where d(n) is the degree of n over Q and

d(n)

FX) =ao [T (X =9) e2[x]

i=1
the minimal polynomial of 7 of degree d(n) over Z.
Lemma 1. (/2, Theorem 9.4]) Assume that A # 0. We then have

log |A| > =3 x 30" x (n + 1)55D?*(1 + log D)(1 4+ lognB)A; - - - A,,.
Furthermore, if K is real, we have
log |A] > —1.4 x 30""3 x n*5D?(1 4+ log D)(1 +log B)A; - - - A,,.

We also require some properties of the absolute logarithmic height of algebraic
numbers. These properties are contained in Lemma 2 below.

Lemma 2. ([15, Property 3.3]) For algebraic numbers oy and asz,
h(alag) < h(al) + ]’L(Ozg)

and
h(ar + az) <log2+ h(ay) + h(as).

Moreover, for any algebraic number o # 0 and for any n € Z,

h(a™) = |n|h(a).



INTEGERS: 19 (2019) 4

We now discuss a computational method for reducing upper bounds for solutions
of Diophantine equations.
Let ¥1,72,7 € R be given, and let x1, 22 € Z be unknowns. Let
A:’}/+.§C1191 +£ZJ2’L92. (2)

Let ¢, ¢ be positive constants. Set X = max{|z1],|z2|}. Let Xy be a (large) positive
constant. Assume that
|A] <c-exp(=6-Y), 3)
X < Xo. (4)
When v =0 in (2), we get
A = 2191 + 299.
Put ¥ = —9;/95. Let the continued fraction expansion of ¢ be given by

[a07a17a27 .- ~],

and let the kth convergent of ¥ be py/qx for k =0,1,2,.... We may assume without
loss of generality that |01 < |[¥2| and that x; > 0. We have the following results.

Lemma 3. ([14, Lemma 3.2]) Let

A= max aps1
0<k<y, Tl

where k is an integer such that

k <-1 + = YQ.
- 1+V5
o (55
If (3) and (4) hold for xy, x5 and v =0, then
1 c(A+2)X0)
Y<=log| ——— | .
5 g( 0]
When y1}195 # 0 in (2), put ¢ = —; /95 and ¢ = v/9¥3. Then we have
A
9y Y — 219 + 9.

Let p/q be a convergent of ¢ with ¢ > Xy. For a real number x we define ||z| =
min{|z — n|,n € Z} to be the distance from x to the nearest integer. We have the

following result.
Lemma 4. (/14, Lemma 3.3]) Suppose that
2X,
| qv [|> R

Then, the solutions of (3) and (4) satisfy

1 ¢’ )
Y <-=lo .
5% <|ﬂ2|Xo
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3. Proof of Theorem 1

Recall that if s and ¢ are any nonnegative integers, then

a’ _IBS
F, = , 5
7 (5)
and
Lt = at + ﬁt7 (6>
where
1++5 1-5
a= 5 and 8= 5

are the solutions of the quadratic equation 22 — z — 1 = 0. Equations (5) and (6)
are known as Binet’s formula for Fibonacci and Lucas numbers, respectively.

To prove our result, we shall consider six possible cases in the sequel. The first
three cases arise when we consider max{ss, t2} = t2, and the last three cases arise
when max{sq,t2} = ss.

Case 1: We consider 0 < 57 < 85 < t1 < t9. Assume that t5 < 500. By equation
(1), we obtain

10" -1

10"t < d ( ) — Fuy + Fyy + Ly, + Ly, < 4(1+ Lt,) < 4(1+ Lsoo),

which leads us to the inequality

10g(4(1 =+ L500))

<1
sl log 10 ’

from which it follows that 0 < n < 106.
A search in Maple reveals that all the nonnegative integer solutions (s1, o, t1,t2,n)
of the Diophantine equation

10" —1
N:F51+F82+Lt1+Lt2:d< 5 )

with
1<d<9, 0<n<106, and 0<s; <89 <ty <ty

have

N €{2,3,4,5,6,7,8,9, 11,22, 33,44, 55, 66, 77, 88,99, 111, 222, 333,
555,666, 777, 888, 2222, 11111, 66666} = R;.

The set R; is a subset of R in Theorem 1.
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Next, we assume that to > 501. If t5 > 501, we have

10" -1
L501§Lt2§Fsl+FSQ+Lt1+Lt2d( )Slonlj
which gives us
10g(1 +L501)
104< =22 <
0= g0 ="

Further, notice that

10™ -1

10" <d ( ) =Fy, + Fyy + Ly, + Ly, <A1+ Ly,) < 120" < o152,

The last inequality gives us
n < 4.78n — 9.98 < tq,

where we used the fact that n > 104.
Now, we examine equation (1) in four possible ways, as captured in the following
four steps.

Step 1: We express (1) in the form

s1—t2 So—ta dX 1011 d S1 S2
Oét2 <OZT+OZ\/S +Oét1t2+1>— 9 :_§+f/g+\/g_ﬂt1_ﬂt2, (7)

which gives us

817t2 527t2 d 1 n
at? (a\/g + a\/g +aftt 4 1) — X9 0 a?83, (8)
Thus, we arrive at
l1—a 10" dy5 <a®®7t o (9)
9 (1 + as2_31 _|_ \/g(atl—sl + atg—sl))

Put

[ :=1-—a 10" ( av5 ) .

9 (1 + s2—s1 4+ \/g(atl—sl + atz—Sl))
We wish to apply Lemma 1 on I'y. First, we need to prove that I' £ 0. If indeed it
were zero, then
10™ x dv/5
o’ +a” + V5 (o +a?) = 42 \[7
which implies
10" x dv/5

Bt + 3% — \/g(ﬂtl +ﬂt2) — 5
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by conjugating in Q (\/5) . As a result, we obtain

04501 < atz < asl _|_a82 + \/g(atl +Oét2)
B + 352 — \/5(5151 +5t2)

<2(1+\/5),

which is not possible as a®*! > 2(1 ++/5). Therefore, we find that I'; # 0.
In the notation of Lemma 1, we set

dv/5
9 (14 am=s1 +/5(ah=s1 + qt2=s1))’

K:Q(\/g)a ap =a, az =10, az=
D=2 b=-s1, bo=mn, b3=1, B=max{s1,n,1} <ts.
We find that
max{2h(a1), |logai],0.16} = logar < 0.49 =: Ay,

max{2h(a2), |log azl,0.16} = 2log 10 < 4.61 =: As.

Let us set
C; =23 x10"% > 1.4 x30° x 3*% x D? x (1 +1log D) x A; x A,.

We observe that,

av5 <5

g =
3 9 (1 + as2—s1 + \/g(atl—sl + atz—sl))

and

90 a Bl o) 18(BVE)

dv/5 - 5

This means that | log as| < 4 + (t2 — s1) log o. Furthermore, we have

h (0‘3) <h (d\/g) + h(9) +h (1 + 275 \/5 (atl_sl + at2—81))

< 1 (9v5) +h(9) +1og2-+ h (077 (14 V5 ("= +a272) ) )

S h(9) + 2h(\/5) + h(g) + 210g2 —+ h(asQ_sl) + h(atl—sz(l + at2—t1))
h(V5) + 2h(9) + 3log 2 + h(a®2 ') + h(a! %) + h(af2 ™)
h(\/g) + 2h(9) + 3log2 + (82 — sl)h(a) + (tl — Sg)h(a) + (t2 _ tl)h(a)

1
=logh+2log9+3log2 + 5(1&2 — s1)loga.
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Therefore, 2h(a3) < 17+ (t2 — s1) loga. As a consequence, we obtain
max{2h(as), |logas|,0.16} < 17+ (t2 — s1) loga =: As.
The application of Lemma 1 to T'; and the use of (9) yield

tologa < 2.83loga+ (17 + (t2 — s1) log a)C1 (1 + log t2)). (10)

Step 2: Here, begin with the equation

So—to n S1 52 51
. [0 bty _dx10" _ d B _gh_pgt Y (1

from which we deduce that

212 dx 10™
al? <a +ah 7 4 1) - < a1 t300, 12
7 ; (12)
This means that
d .
1—a~*210" v5 < @ AR00, (13)
9 (14 V5 (alr=52 + at2—52))
Put
d
Iy :=1—a7%210" Vo .
9 (14 V5 (atr=s2 + at2—52))

Let us assume, if possible, that I's = 0. Then, we observe that
" <al? < a2+ 5 (atl + atQ) <14 2V5,

which is a contradiction as @t > 1 + 2+/5. This shows that 'y #0.
To apply Lemma 1 to I's, we set

dv/5
(1+ V5 (atims2 4 ata=s2))’

KZQ(\/E), ar = a, ag =10, a3:9

by = —582, by =n, b3 =1, B=max{sy,n,1} <ts.

Next, we find Az. Notice that

av5 <5

Qg =
001+ VB (ah et ateen)

and
a_l _ 9(1 —+ \/g(atlfw 4 at2782)) < 9 (10 + \/5) at2752

3 d\/g 5 ’
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from which we see that |logas| < 4 + (t2 — s2) log . We also have that

has) < b (AV5) +h(9) +log2+h (VB) +h (™= (1 4a"7"))
<logh +2h(9) + 2log2 + h (' 7°2) + h (a'27")
<logh + 2h(9) + 2log2 + (t1 — s2)h(a) + (t2 — t1)h(@)

=log5+ 2log9 + 2log2 + %(tz — $9)log a.
Hence, 2h(ag) < 15+ (t2 — s2) log . This leads us to conclude that
max{2h(asz), |log as|,0.16} < 15+ (ta — s2) loga =: As.
By applying Lemma 1 to I'y, we obtain
(ta — s1) loga < 3.061log o + (15 + (t2 — s2) log a)Cy (1 + log to), (14)

where we used the inquality (13).

Step 3: In this case, we write equation (1) in the form

a2 (a7t 4 1) - d><910" = —g + ?/5 + \/5 —pgh - " — % - ?/5 (15)
from which we obtain
at? (atl*tQ + 1) _d ><910" < 2326, (16)
which means that
‘1 —a t1on (d_> < 22 t826, (17)
9(1 + at2—h)

Put

d
Tyi=1-—a 10" [ ———— .
=t ()

Suppose that I's = 0. Then we obtain

o™ <af <alt 4t < |81+ 82 <2,
which implies that o®®! < 2, an impossibility. Hence, I's # 0. In order to use
Lemma 1, we put

d

— by =—t1, bo=n, byg=1
9(1_,_0[1:241)’ 1 1, 2 n, 3 5

ar=a, ax =10, az =

B = max{t1,n, 1} <.
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We find that

d

9(1 + at27t)
9(1 + atz—tr)

a3 = <1 and 0451 = < 18at27h,

Hence, we get |logas| < 3+ (t2 — 1) log . Next, we obtain

h(asz) < h(d) + h(9) + log 2 + h(a'27")
< 2h(9) +1og2 + (t2 — t1)h(«)

=2h(9) +log2 + %(tz —t1) log a.
Hence, 2h(ag) < 11 + (t2 — ¢1) log . This implies that
max{2h(az),|logas|,0.16} < 11 + (t2 — t1)loga =: As.
Applying Lemma 1 to I's yields

(t2 — s2)loga < 3.26log o + (11 + (t2 — t1) log &) C1 (1 + log ts). (18)

Step 4: In the final step, we have

dx 10" d po 52 ot o
al? -~ — =~ ¢ + —phr g - — — —— —alt, 19

which leads to J

‘1 —a 10" (§>' < it t3.65, (20)
Put

[y:=1-a 210" (é)
: 9)-

Suppose that I'y = 0. Then

M < al? = > 107 =16 <1,

9
which is impossible as a°°' > 1. Hence, I'y # 0. We apply Lemma 1 to I'y by setting
a; = a, as =10, a3:g, by = —ty, bo=n, b3=1, A3 =22

Using Lemma 1 we find that
(ta —t1)loga < 3.651log o + 2.2C1 (1 4 log t2) < 2.21C4 (1 + log ta). (21)
Putting together (21) and (18) yields

(ta — s2)loga < 3.26log o + (11 + 2.21C1 (1 + log t2))C1(1 + log to)
< 2.22C%(1 4 logts)?.
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This inequality, together with (14), yield
(ty — s1) log o < 2.23C3(1 + logty)3,
which combines with (10) to give us
ty < 1.31-10°°(1 + log to)*. (22)

Therefore, we obtain ¢, < 4.49 x 10°8. We now employ the reduction method in
three steps as follows.
Let

d
Ay = —tologa 4+ nlog 10 + log <§> .
We see from (19) that

d 1
o't (1—eM) = =5 = Foy = Foy = Ly, = 5% < =5 + [P <0,

since to > 501. This implies that A; > 0. It follows that
0<A<eM—1= ‘1 — a7 t210" (‘;)' < ot +3.65
which leads to
log <g) —tyloga 4+ nlog10 < a% exp(—0.48(ty — t1)),
with X = max{ty,n} =ty < 4.49 x 1058, It can also be seen that

Ay log(d/9) log

log10  log10 *log 10 -

In order to apply Lemma 4, we set

log(d/9)

c=0>% § =048, Xo=449x10%, p=—"L"L YV =ty 1,
log 10
log v
log 107 191 0g &, 192 0g 0) Y Og(d/g)

For v # 0, which occurs when d # 9, computations reveal that the smallest value of

g such that g > Xg is ¢ = q124, and that g = 125 satisfies the hypothesis of Lemma

4 ford=1,...,8. Application of Lemma 4 leads us to to — t1; < 299 and t; > 202.
For v = 0, which occurs when d = 9, we deduce that 0 < k < 281 and A =

a138 = 770 using the notation of Lemma 3. Lemma 3 then gives us to — t; < 297.
Next, we consider

d
Ay = —t;loga + nlog 10 + log (m) ’
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where 1 < d <9 and 0 <ty —t; < 299. We see from equation (15) that

d
(0t 1) (1= M) = < § -y - By 6

1
< =5+ 1A + [P

<0,

and so Ay > 0. Thus, we obtain

0< A < 1= ‘1 —a b1 ( d ))‘ < 2124326

91+ ata—h

from which comes
log [ 2 ) —t,log o+ nlog 10 < a®2" exp(—0.48(ts — s2))
0g 9(1 1 ata—t) 1loga +nlog a” " exp(—0. 2 — 539)),

where X = max{t;,n} <ty < 4.49 x 10°%. We also have that

Ay o d _, loga
log10  log10 2\9(1+atz—11) ) "log10

+n

We take

1 d
3.27 Xn = 9 058 = og
c « ’ 0 8’ 0 x ’ w loglo (9(1‘|'Oét2 tl)) ’

1 d
Y =ty —s9, ¥ oga 1 = —loga, Y2 =logl0, v =log (—)

" log 10 9(1+ at2—11)
We find that ¢ = 131 satisfies the hypothesis of Lemma 4 for d = 1,...,9 and
0 <ty —t; <299. Applying Lemma 4, we get t5 — so < 321. Hence, so > 180.

For 1 <d<9,0<1t; —8y <ty— sy <321, we let

dv/5
A3 = —sgloga+nlog10 + lo .
3 2 g g g (9(1+\/5(0[t182 +O{t282))>
Using (11) we arrive at
So—to d /682

atz (Oé +at1—t2 + 1) 1— eAB _ _ - Fs + _ pti _ pte
1 |5‘180 202 501

§—§+—\/5 +‘/6| +|ﬁ|
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Hence, A3 > 0. Thus, we have

< a517t2+3.06

0<As<el—1=

1—a™%210" dv's
9 (1+ V5 (ati=s2 4 at2=s2))

This means that

lo av5
g 9(1—‘,—\/5(0{’51_32 —|—Ozt2_52))

where X = max{sy,n} <ty < 4.49 x 10°8. We note also that

As 1 dv/5 log «
= log — So + n.
log10  log10 9 (1 + V5 (atr—s2 + atz—sz)) log 10

) — sploga 4+ nlog10 < a7 exp(—0.48(ty — 51)),

Hence, we put

c=0a", § =048, Xo=449x10% Y =t; — 51,

1 /5 log o
v 10g 10 o8 <9 (1 + \/5 (atl—sz + atz—sz))) log 10’ 1 og «,
dv/5
19 == 10 107 = 10 )
2 g v g<9(1+\/5(at1—sz +at2—sz))>

Computations with Maple indicate that ¢ = g134 satisfies the hypothesis of Lemma
4for 1 <d<9,0<t; —s9 <tyg— sy < 321. We further deduce that to — s1 < 335
and hence s; > 166 upon application of Lemma 4.

Finally, we consider

dv/5 )

Ay = —s1loga+nlogl0+lo
4 1108 & & (9(1+aszs1 _A'_\/g(ahfm +O¢t2751))

with 1 <d <9, 0<s3—38; <t —581 <ta— s <335 Using equation (7), we
obtain

¢ (asltz a2t t—t ( A )
a? + +artT2 41 (1—e™
V5 V5 )

1 1
<-4 166 4 | 3|180) 4 3202 4 |g501 _
5 75 (81 +1810) + |8 + |8
Hence, A4 > 0. We have that
dv/b
0<Ay<eM—1=1—a 10" V5
9 (]_ + as2—s1 \/5(at1731 + atgfsl))

< 0[2‘837152’
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from which it follows that

dv/5 2.84
log <9 (1 + 251 \/5 (at1—s1 + at2—s1)) ) —s1loga+nlogll < o exp(—0.48t2),

where X = max{s1,n} <ty < 4.49 x 10°%. In addition,

Ay 1 dv/5 log
= log — 81 +n.
log 10 log 10 9 (1 + as2—51 ++/5 (atr—s1 at2—51)) log 10

Thus,
c=a?% § =048, Xqg=449x10% Y =t,

1 dvs _ loga
o= v i ) -

- log 10 o 14+ o251 +4/5 (ati=s1 4+ atz—s1)) log 10’

d
Y1 = —log o, Y2 = log 10, 'ylog< V5 )

9 (1+ 5251 + Vb (a1 4 at2—s1))

We find that g = ¢35 satisfies the hypothesis of Lemma 4 for 1 < d < 9, 0 <
So — 81 < t; —s1 < tg—s; < 335. Applying Lemma 4, we get to < 374, which
contradicts the assumption that ¢ > 501. And the result follows.

In the remaining five cases, we proceed as in the first case. The following are the
results.

Case 2: 0 < s1 <t < s9 <ty. We obtain the set Ry given by
N €{3,4,5,6,7,8,9,11,22,33,44, 55,66, 77,88,99, 111, 222, 333,
555,666, 777,888,999, 1111, 2222, 8888, 22222, 66666} = Ro.
Case 3: 0 <t; <1 < 89 <ty. We obtain the set R3 given by
N €{3,4,5,6,7,8,9,11, 22,33, 44, 55,66, 77,88,99, 111, 222, 333,
555,666, 777,888,999, 1111,2222,11111, 66666} = Rs.
Case 4: 0 <ty <ty <51 < sy. Here, we get the set Ry given by
N €{4,5,6,7,8,9,11,22,33,44,55,66,77,88,99,111, 222,
333,444, 555,666, 777,888,999, 2222, 4444, 7777,11111, 66666} = Ry.
Case 5: 0 <ty <1 <ty < s5. Next, we get the set R5 given by

N € {4,5,6,7,8,9,11,22,33, 44, 55, 66, 77, 88,99, 111, 222, 333,
444, 555, 666, 777,999, 5555, 7777, 11111, 333333} = Rs.
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Case 6: 0 < s1 <t; <ty < sy. Here, we have the set Rg given by

N € {4,5,6,7,8,9,11,22, 33,44, 55,66, 77, 88,99, 111, 222, 333, 444,
555,666, 777,999, 5555, 7777, 11111, 333333} = Ry

Finally, we observe that the union of the sets R;, i =1,...,6, is the set R as in
Theorem 1.
This completes the proof of Theorem 1.
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