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1-1 Binomial/Pascalmatrix P

Abstract: The most basic identities for all chaptare shown here. As far as proofs are
widely obtainable | omit them here; some are owrivdéons with the possible, but unlike-

ly chance of being in error. The discussion of i~ or column-signed versions of P is
separated in another article, due to the importardesome aspects (like Eigenvector-
decompositions and its consequences), which dapyly to the unsigned version.
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1. Basic definitions and identities

1.1. The "Pascal"~/ binomialmatrix

The Pascalmatrix contains just the binomial-coedfits in a lower triangle:

1 .
I . 1 1 .
(111) P :=P;¢ = binomial(r,c) 1 2 1
ifc>rP =0 ts 31
( re=0) 1 4 6 4 1
15 10 10 5 1

1.2. Matrix-logarithm

The Pascalmatrix can be seen as matrix-exponeftihle subdiagonal-matrix of the natural numbers.
Using the matrix-functiosd(d,vecproviding the entries ofecin thed'th subdiagonal, it is

L =Sd(1,Z(-1))

(121) P =exp(L)

T i
[, T ST
[ B L R

[ R

[, rSC

expt - - - - ) .): 1 1 1

Proof: see chapter "Details/ProofsProof MatExp

1.3. Powers

131 Matrix-multiples/ integer powers
The integer powers can be expressed

* either by iterative computation of the appropgigbwers

* or by pre- and postmultiplication with a powerigsrvector (similarity scaling)

* or by elementwise multiplication ("Hadamard-mplication™) with a Toeplitz-matrix
* or using the multiple of its matrix-logarithm.

The last three ways are essentially the same. Becaluthe triangular structure all ways can also be
used for infinite dimension.

(1311) P"=P*P n-1

1 . 1 . 1 .

11 . 1 1 . 2 1

12 1 . 1 2 1 4 4 1.

1 3 3 1 . 1 3 3 1 g 12 & 1 .

1 4 8 4 1 . 1 4 6 4 1 e 32 24 & 1 .
1 5 10 10 5 YL 1 5 100 10 5 1] = j2 80 &0 40 10 1
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The result can also be seen as the Hadamard-protiBawith the triangulal oeplitzmatrixof the po-
werseries vectov(n) or equivalently as pre- and postmultiplied

(1312) P" = P 3t Toeplitz(n) = Pt (V(n) *V(1/n)~)
=V(n) * P * “V(1/n)
= exp(n*L)
1 1 . 1 .
11 . 2 1. 2 1 .
1 2 1 4 2 1 . 4 4 1 .
1 35 3 1 B 4 2 1 8 12 & 1 .
1 4 6 4 1 . 1w & 4 2 1 . 1B 52 24 & 1
15 10 10 5 1ye| 32 16 &8 4 2 1] =[ 32 80 80 40 10 1
Proof: segpowers
1.3.2 Reciprocal ("inverse" for finite dimension)

The reciprocal can be determined in different watysan be computed by iteratively solving the ma-
trix-equationP * P* = | or using the rules of exponentiating @8l matrix-logarithm

L =log(P), P"'=exp(-L)

since the inverse/reciprocal is the power to thgoeent-1. The result is, that the reciprocal is the fol-
lowing product of] andP:

1321) Pt=3*P*] _

1 .
Zierr [(-1)°%* bi(r,k) * bi(k,c) ] = O i ; ;
wheredis the Kronecker-delta 1 3 -3 1 _
=0 ifr<c 1 -4 & -4 1 .
=1 ifr=c ... *[ -1 5 -10 10 -5 1
1 . ro1 .
1 1 . 1 .
1 2 1 . 1
1 3 3 1 . 1
1 4 & 4 1 1
1 5 10 10 5 1] = 1
1322) P =P It Toeplitz(-1)
=N * P YV(-1)
=J*P* ]
1 . 1. . 1.
1 1 . 101 oarnl 101 }
1 2 1 . . . 1 -1 1 Y.L 1 -2 1 .
1 3% 35 1 . . -1 1 -1 1. -1 8 -3 1 .
1 4 & 4 1 . 1 -1 1 -1 1 . 1 -4 & -4 1 .
15 0 10 5 e[ -1 1 -1 1 -1 1 =[-1 5§ -10 10 -5 1

(for more information about theiangular unit matrix, which occurs in the latter example, see there)
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1.33. General powers

General powers d? can be computed, since the general power is thenential of scalar multiples of
the matrix-logarithm.

Example: exp(2t) = P?

. 1
2 a1
2L =Sd(1,2*2(-1)) . 4 4 4 1
6 . 8 12 6 1 .
P*=exp(2 L) 8. 16 52 2 & 1
expl - - . . 10 =L 32 80 80 40 1w 1

Arbitrary complex powers using the paramet&vith

(1.331) P? = P 3t Toeplitz(a)
=Pt (V(a)*V(1/a)~)

are also equivalent to

(1332) P? = exp(L*a)

The logarithm-representation makes thing very ¢leathe general case is explicitely shown here:
1333) P?=%(a)* P *%(a)*

d .

L =Sd(1,a*Z(-1)) a

! g .
4*3 .
%8
P? =exp(L*a) . 1 .
= P ¥t Toeplitz(a) 3 : 3 1 :
. 2*3 . a2 2*3 1 .
a o Ok B L *a 1.
. . dkg a4 4%at3  pkan? dkg 1
expl - . . cofa =] a5 Sratd 10%atd 10%atl Sra ]

1.4. P as operator on powerseries

Using powerseries the pascalmatrix behaves likemarator: input and output form instances of the
same type: powerseries. The imagination of P agpphcation of an operator helps much in understan-
ding some complicated relations, for instance sumgnuip to zeta()-values but even summing zeta()-
values to rational humbers can easily be described{o mention problems concerning sums of like
powers and the like. More in these aspects atedivarious articles.

Identities with binomials,Bernoulli- and other nbentheoretical numbers Mathematical Miniatures
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1.5. Links to more specific variants

15.1. Thesigned version

The column- and row-signed versions have very @stimg properties, which are discussed in a sepa-
rate article due to their relevance. For instatfuey have an interesting Eigensystem, which unsoaer
neat relation to the matrix of coefficients, wittmiesh Jacob Bernoulli solved the problem of summing
like powers.

1.
1 -1
(152) Py:i=Pjy,c=(-1)°*binomial(r,c) //if r>=c 1 -2 1 .
(1.5.3) =P*J 1 -3 3 -1 .
1 -4 & -4 1
| 1 -5 1 -10 5 -1
[ 1.
-1 -1 .
(154) 3P :=Pj,c=(-1) *binomial(r,c) //if r>=c 1 2 1 .
(155.) =J*P -1 -3 -3 -1
1 4 &5 4 1
| -1 -5 -0 -0 -5 -1
See :
1.5.6. Power - and exponential-series

The powerseries @ itself pops up as a very interesting entitiy afire had stepped to see the Pascal-
matrix as an operator on powerseries. What, ifphyaf two times? What if many times? What if | sum
all powers of it? The result of the alternating jposeries oP is a matrix, calledETA, which performs
alternating summing of like powers, and also itppement, the matriZETA is introduced, which
performs summing of like powers - the both maiaee somehow implementations of a discrete inte-
gration-operator.

Also PE, the sum of the exponential-seriesPoitself (exp(expl)) seems to be an interesting object in
some contexts. In the Online Encyclopedia of Inteégequences (OEIS) the columnsRiE occur as
sequences, which describe combinatorical problsgemingly without observed relation to each other.
PE and its invers®E™ connect then such sequences to a common framework.

see:
15.7. Hierarchy of orders of binomial-matrices Py

Modifying the matrixlogarithm oP in meaningful ways leads to two different hieraeshof matrices,
whereP is then the instance of order

One is the hierarchy gfowers of the entriesf L, where the second order matrix is then closebteel
to the "Laguerre"-matrix, and the zero-order maitriplements a very basic exponential "operator"”.

The other is the hierarchy pbwers of L itsejfthe zero'th order is of little interest sincésisimply the
unit-matrix scaled by the exponential bfbut the second order mati&S occurs in connection with
the Gauss-normal function and allows to formallgatie coefficients for the Erf-function and higher
integrals (where, however, the occuring serieslarergent)

See:

Identities with binomials,Bernoulli- and other nbentheoretical numbers Mathematical Miniatures
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2. Operations using P with vectors and matrices (rowsums/columnsums etc)

2.1. Rightmultiplication

2.1.1. Rowsums and right-multiplication with power series (binomial theorem)

The rowsums are known as powers of 2:

1

(212) 2. bi(r,c)=2" %
Summing expressed as matrix-multiplication 1
213) P*V(1)=V() 1
1

1 [ 1]

1 1 . 2

12 1 . 4

135 3 1 g

1 4 6 4 1 . 16

1 5 10 10 5 1] | 32

More general than the simple rowsums, the righttipiidation by a powerseries means to apply the
binomial-theorem.

The sums of powerseries weighted by the binomiaffaents produce just snift of the base by.

Example: (the right-multiplicator is here given adist of columns to have a group of examples ia taible)

1 11 1 1 1
(214) 2. n°binomial(r,c) = (n+1) i % g % i ;
4 -1 0 1 & 27

% 10 1 16 8l

*| -32 -1 0 1 32 243

1 . 1 11 1 1 1

11 . -1 01 2 3 4

12 1 . 1 01 4 9 18

13 3 1 . -1 01 & 27 64

1 4 6 4 1 . 1 0 1 16 81 25

15 10 10 5 1 =[ -1 0 1 32 243 1024

This binomial-relation is valid for any complex exgents:

1

. 3

(215) 2., S bi(r,c) = (s+1) o
573

(216) P *V(s)=V(1+s) /I for all complex s 54
* 575

1 (s+1)°0

1 1 . (s+1171

12 1 . [s+1)"2

13 3 1 . (s+1073

1 4 6 4 1 . (s+1174

1 5 10 10 5 1] =[ (s+1375

Also, referring to the chapter about complex powegsmay state:
17) P*V(s)=V(0)

218) P'*V(s)=V(t+s) //for all complex s and t

Identities with binomials,Bernoulli- and other nbentheoretical numbers Mathematical Miniatures
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2.1.9. right-multiplication with unsigned and alter nating har monic/zeta-series

The right-multiplication with a zeta-like-seriesafonot give a smooth result like the above. However
with nonnegative integer argumesfor the exponent of thaternating zeta-series an interesting result
can be found. The resulting matrk is then the factorial-scaled transposed matrixhef Stirling-
numbers of 2'nd kindSee more about this in the artidirlingmatrix).

for an integer exponent n 11 1 1 1 1
(2110) Zecor (-1 € bi(r,C) = (-1) *r*St2, , A= T 5
-1 -4 -16 -84 -256 -1024

for all columns of ZV 1 g a5 125 5ag 3125
(2111) P *“ZV =J3*F(1) * St2~ | -1 -6 -3 -216 -1206 -7776)
1 . [ 1 1 1 1 1 1]

1 1 -1 -3 -7 -15 =31

12 1 . .. : 212 50 130

13 3 1 . . . . -6 -60 -390

14 6 4 1 . . . . 24 360

15 10 10 5 1] [ . . . . . -120]

The decomposition oK shows the transpose 8T, the triangular matrix of Stirlingnumbers of 2'nd
kind:

1 1 . 1 1 1 1 1 1
-1 1 . 1 3 7 15 3l

1 2 . 1 &6 25 20

-1 g . 1 10 a5

1 24 . 1 15

-1 * 120 = 1

2 12 80 130

-6 -60 -390
. . . 24 360
= . . . . . -l120

2.1.12.  right-multiplication with binomial series

The right-multiplication with its transpose yielttee binomial-matrix itself, but in square-array+for

[ 11 1 1 1 1]
o1 2 3 4 3
21.13) P*P~=X,
( ) where .. 1 3 & 10
) 1 4 10
X:=X ¢ = bi(r+c,c) 1 c
- 1—
1 . (1 1 1 1 1 1]
1 1 . 1 2 3 4 56
1 2 1 . 1 3 6 10 15 21
13 3 1 . 1 4 10 20 35 &g
14 & 4 1 . 1 &5 15 35 70 126
1 5 10 10 5 1 1 6 21 5 126 252

This operation represents known sums-of-productsiraimialcoefficients, for instance, expressing the
diagonal of the result:

(2.1.14) Se-o. bi(r,cY = bi(2r,r)

Identities with binomials,Bernoulli- and other nbentheoretical numbers Mathematical Miniatures
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2.2. Leftmultiplication

2.2.1. left-multiplication with powerseries

Applying powerseries as a left-multiplicator intcambs the problem of convergence/divergence. Im late
chapters this will be dealt in more detail.

Fors>1 | give some examples for powerseries-summationguss*V(1/s)(one row of the result is one
example) (proof see "detailsftmultiplicatiori’)

- ]
_ _ " " 1 1

(222) lim 2 = oo bi(r,c) / ™ = 1/(s-1f 1 3 1 _

(223)  liMioussoo ( USV(LS) ~ * P=U(s-1) VALY~ | 1 & ; h ;

1 9 10 10 5 1]

142 1/4 1/8 1416 1732 1/64 i 1 1 1 1 1 1]
143 1/ 1427 1481 14243 14729 142 144 148 1416 1432 1/64
174 1716 1/64 1/256 141024 17,4096 1/3 1/9 1727 1/a81 1/243 1/729
145 1725 17125 1/625 143125 1415625 1/4  1/16 1/64 17256 171024 1/4096
146 1/36 14216 171296 17776 1/46656 145 1425 17125 1/625 153125 1715625
147 1449 1343 152401 17516307 1117649 L 1/ 14368 17216 141296 147776 1446656

Since powers dP can be written as Hadamard-products with geomstiies-coefficients, the effect of
powers ofP can again nicely be derived for iterated multiglion (and even fractional or complex po-
wers) by applying the appropriate powerseries-ve¢fpas new coefficients.

If two parameters andt are chosen to give convergent result then

(224) limows-so0 ( 1/s*V(1/s) ~ * F*“) = t/(s*t-1)*V(t/(s*t-1))~
225)  NiMows>00 ( 1/s*V(1/S) ~ * B) = 1/(s-t)*V(1/(s-t))~
Example:
1 }
t 1 }
t~2 2wt 1 )
t~3 i Rl It 1
t~4 LR BL 2 gt
t~5 gatg 10%t" 3 0%t 2

[ 145 145"2 1453 14574 14575 14s76] [ 1/0s-t)°1 140s-t)72  1/(s-t)"3 1/0s-t)"4]

If s=t+1 (or s-t=1) in (2.2.5)then the resulting vector is always the unit-vestd)~ , which will be of
relevance in the summation article.

The entries of the result can be found by computittge derivatives, see "details
/proofsleftmultiplicatior'.

Identities with binomials,Bernoulli- and other nbentheoretical numbers Mathematical Miniatures
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2.2.6. Toeplitz shaped coefficients version ; left-multiplication with power series

Assume that the binomial-matri, has also additional coefficierlg,by,b,,..., though in the triangular
shifted version as it is in the Toeplitz-manfeeplitz(B) see the following picture. (This case shall
occur at different chapters of these articles. Singple case is then, if ath,by,b,,..., equall andP,
equals the ordinary Pascalmatrix):

Example:
b0 .
bl bD .
(227) VX)~*P, =Y~ b2 2%kl b0

b3 b2  5*bl ull] .
b4 4*b3 6*bZ2  4*bl ull}
*[ b5 b4 10*bp3 10*b2 b1 bO

[ 1 % %72 ¥*3 %74 w~5]» =[ yo  yl 2 ¥3 0 y4 yo]

The sum of eack in columnc:

00 k
(2.238) Ye =kz_(;h<—c[cj ZQ c (k C)|

Define first the function based on the multiplicatiwith the first columna=0):
fi=f(x)=> bx*
k=0

Then the binomial-cofactors describe derivativefdf The row-shifting must be compensated by mul-
tiplying of appropriate powers of x, so that we: get

229) [0 ¥ Yo J=0E 2 () 04T )]

The expansion of derivatives in this expressionslires again the binomial-coefficients, thus the ma
trix P again. Provided that the surifg) are convergent for the desirgdthen, in matrix-notation the
result forY~ is:

(2.2.10) Y~ =V(X)~ * Py
=V(X)~* o, A, 721, £731..]* P ~* V()

2.211.  left-multiplication with har monic/zeta-series

The left-multiplication with the harmonic serigél)~ involveszeta(1)in column 1 of the multiplication
and a value would not be assignable. From knowulteesf divergent summation values for the ma-
trixmultiplication Z(s)~ *P can be assigned, even if the exponent in thesaxiasvector is not "nice",
although it involves a bit more effort.

Zeta-series with higher exponents can conventigrlused as left-multiplicators; in the first aoiu
of the result we have then the ordinary zeta-values

Identities with binomials,Bernoulli- and other nbentheoretical numbers Mathematical Miniatures
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2.3. Relation to other matrices

2.3.1. Triangular unit matrix

In connection witlDR, the triangular unit matriX? can be shifted. Also has the inverseDét entries
of P.

Examples:
DR * P DR'* P DR?®
1 . |'1. 1.
P Y o1 . -3 0 1)
I I 5 o1 1 . sl .
4 5 4 1 . o1 2 1 . 103 -3 1
T W 110 5 1 . 01 3 3 1 -1 03 -3 1
6 15 20 15 6 1 01 4 6 4 1 -1 03 -3 1

Thek-shifted versions multiplied together form in thaili the Stirling-matrice$t; andSt, , so the Stir-
ling numbers can be completely definded by muktggiion of binomial-coefficients.

2.3.2. Vandermonde-matrix and Stirling matrix

The binomial-matrix has an intimate relation to ¥endermonde matriXV (due to the implementa-
tion of the binomial-theorem. Together with the rxagt, of Stirlingnumber2'nd kind and a diagonal
factorial matrix it can be seen as LU-componeri\éf

P*IF * St~ = 2V
Based on this relation an approach to computen¥erse of the Vandermonde-matrix (which unfortu-

nately is varying with the size of finite dimensjas shown, which uses the easily computable iragers
of P andSt,:

Zvt = syt~ *ptx pt
This is discussed in more details in Inverse Vamd&de matrix.

2.3.3. (Divergent) Euler-summation of any order

The method of Euler to sum divergent series is dbaseproperties of the binomial-matrix and its spe-
cific operation on powerseries. Higher orders & Huler-summation method can easily be described
when the Pascal-matrix is introduced as an openatuich is allowed to get higher integer powers, to
best fit the summing needs for divergent seriesgofivalent high orders. Since the binomial-mater ¢
also take fractional and even complex-powers, thlerEsSummation can then be applied using the best
fractional or even of complex order.

This is discussed in the Summation-article.

Identities with binomials,Bernoulli- and other nbentheoretical numbers Mathematical Miniatures
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3. Proofs and details

3.1. Integer and complex powers as powerseries-operation

Theorem:

(3.1.1) Ps=%(s) * P *%/(1/s) = Pt Toeplitz(s)

(3.1.2) P*®:= P % = binomial(r,c)*s™ Il =0if c>r
Proof :

According to the binomial-theorem it is
(313) P*V(1)=V(?2)
(3.14) P*V(2)=P*P *V(1) = PP* V(1)

and in the iteration

B15) P"*V(1)=V(n+l)

The entries in each row & need to be such, that the binomial-transformatibw/(1) to V(n+1) oc-
curs.

The binomial-theorem for the last transformatioad®for a single row

(3.16) (n+1) =n" (bi(r,0)*1 + n"* bi(r,1)*1 + n"? bi(r,2)*1 + ... n bi(r,r-1)*1 + bi(r,r)*1

This can be rewritten

(3.17)  n*@A+1/n)" = n" ((bi(r,0)* n° + bi(r,1)* n + bi(r,2)*n? + ...+ bi(r,r-1)*n"* + bi(r,r)*n ")

whose single terms are the coefficients of a row ofatrix, which performs the binomial-transform of
V(1) to V(n+1). Each of these rows has a row-scaling factaaccording to the row-index which
agrees to a premultiplication with a diagonalmaftvign) containingn’ in ther'th row.

Also it has a column-specific coefficemt which agrees with a postmultipliciation of the t@oof the
binomial-coefficients for this row with a diagormahtrix °V(1/n) containingn® in its c'th column. The
latter is the same for each rovand thus independent of the row-index

Thus(2.1.7), written for each row as a complete matrix, whtwe summands form the coefficients, is
nothing else than

4/(n) * P * %(1/n)

and if the summation of each row (by postmultigtiima with the summing-vectdr(1))
dv(n) * P *%(1/n) * V(1) = V(n+1)

and at the same time it is frq@1.5)
P"* V(1) = V(n+1)

then also

318) (M) *P*%(/mn) = P

and this is also the Hadamard-producPafith the Toeplitz-matrixr (n) = V(n) * V(1/n)~

(3.1.9) P'=%(n) * P *%/(1/n) = Pt Toeplitz(n)

Since the binomial-theorem does not only providetdrms ofn+1)" for integer n but for all complex
s,(2.1.7)is valid for all complex parametesswith the trivial exception of=0:

(3.1.10) Ps=%(s) * P *%/(1/s) = Pt Toeplitz(s)
(3.1.11) P*®:= P % = binomial(r,c)*s™® Il =0ifc>r

and the theorem is proved.

Identities with binomials,Bernoulli- and other nbentheoretical numbers Mathematical Miniatures
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3.2. The matrix-exponential

Theorem:

P is the matrix-exponential of a matrix L, whoséien are the sequence
of natural numbers in the first principal subdiagn

P =exp(L)
where
L =subdiag;([1,2,3,4,...])

Pr oof:

A formal proof you may find inrhatexp. For the current case it may be instructive ® aédeuristic.

The series-expansion for the (scalar) exponentalep-series is valid also for matrices. With a loga

rithm-matrixL this reads then as:
321) exp(L) = 1%00 + LY/ar + L2721+ L3/ 31+ ...

The assumption is, thatis the subdiagonal-matrix containing th
first principal subdiagonal.

For a matrix. with arbitrary coefficients,b,c,d,..in that subdiagon

e sequeariaetural numbers in the

al the powerseries looks like

L%01= LY11= L221= L3/31= LY41=
1 . .
1 . a . .
1 . b a*b . .
1 . coo. c*h . b . .
1 d g g Fhcbtd
0! 1! 2! 3! 4

In each of the occuring subdiagonals the entriegpasducts of neighboured entries of the original m

trix L.

The sequence of terms of this series is finitdifote dimensiornd of
diagonal-matrix (which i&) is nilpotent to the exponedt

1 .
a1l 1
322) The sum s ab/2l b/l
gbc/3l bo/2!
| abcds4!l bods3 o
[ 1 .
If a=1, b=2,c=3,..and the factorials are replace an?;; M:
by this it is symbolically abelabc  bedab
| abcdsabod  boddabo

1

1/1

and in numbers T*2/01%2)
THIRF AL 1R IR

T m R (TR IR )

1 .

1/1 1

rewritten 21720 202010 10
/30 31401 21

41440 41010 317

the logarithm-matrix, since a sub-

1

/1l 1
ds20 dsll 1
1 .
c/a 1
cdfab dia 1
1 .
241 1 .
2RIACIH2D 341 1
RFELLCIRIRGY FRASC1R2) 401 ]
1 .
A2 10 1
410020 200 4t/03 1 1
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1 .

2 1 .
szl szl 1 .
1 al/30 417020 21y 41/30 1

1
1
or 1
1

which comes out to reflect the definition of binaifsi
(End of Proof)

3.3. Complex powers of P

Theorem:

(33.1) Ps=%(s) * P *%/(1/s) = Pt Toeplitz(s)

(3.3.2) P*®:= P % = binomial(r,c)*s™® Il =0ifc>r
Proof :

A power of an exponential is a multiple of the logan.

So if we use the logarithinand multiply it by an arbitrary com-| * o
plex scalar factos we have initially : e

43
and eachth power of this introduces theh power of s in theth subdiagonal

The matrix exponential is then

1 .

333) P° = P ¥t Toeplitz(s) . ;
= V(s)~ * P * V/(s)! sta%l s *2 1 .
SRRl I s M3 1

R T R
which is a Hadamardproduct Bfwith the triangular ToeplitzmatriX(s)
(334) P°:= PS5 =binomial(r,c)*s™ Il =0ifc>r

(End of proof)

3.4. Leftmultiplication with powerseries

For the leftmultiplication with a powerseri®$x)~ the fact can be used, that the multiplicatiorhveit
columnc of P is just the derivative multiplied by

With a rowvectoNV(x) the entries of the resftin

(341) VX)~*P=Y~

can be described using a function

(3-4-2-) f(X) = Zr:O..oo bi(r,c) * xr

Then

Yo= f(x) = L+ x+%+ xX+..)

yi= f(x)*x = (1 +2x+ 3x+..)x

v = f(x) * X321 = (2 +6x+ 1D ..) X /2!
(343) ye= 1) * xUc! = (cl+..) %/

(344)  Y~= [0, F() X/1L, P %21, ]
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Inserting the values for the derivatives gives

Y~ [1/(1-x), L/(L-Kx/L!, 21(1-xF /21, ..
=1/(1-x) [1, x/(1-x), x/(1-X)¥ ,
= 1/(1-X) * V(X/(1-X)) ~

and using = x/(1-x):

VX)~ *P= 1/(1-x) * V(X/(1-X)) ~
XVX)~*P=z*V(z) ~

(3.4.5)

(3.4.6)

o, el@-xyt el L]

ey (XI(1-XF) ]

To keep this sums convergextis(x)ymust be limited t@bs(x)<1 The divergent summability fo= -1
can be shown by Euler-summation (see chapter suompatsing this toolbox of matrices only; the
complete analytic continuation for any compiex1 cannot be adressed here.

Using integer powers ¢ means iteration:

XVX)~*P*P=2z*V(2) ~*P = 2z/(1-2) * V(d(2))

(347) xXVX)~*P = x/(1-nx) V( x/(1 - nx))

~ = x/(1-2x) V(x/(1-2x))
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4. Loose ends

4.1. Variations using the matrix-logarithm

4.1.1. a column-shift: finding a cyclotomic expression

usingexpl+1) means shifting oP

L =Sd(1,Z(-1)+1)

Pc = exp(L)

L R

i
LI
3
1 .
i1
T
10 10

1
501

15 20 15 & 1

and provides values of the related cyclotomic pomgral for any powen>0

(4.111) Pc*V(x-1) =(x* V() - 1*V(1) )/ (x-1)

4.1.1.2) entry in row r:= (x"* - 1)/(x - 1)

1. r
21 . |
i o3 1 . .
4 &5 4 1 . .
5 10 W 5 1 .
& 15 2 15 & 1| =

1
3
a
27

g1
243 or*

1

5

21

a5

341
1365] or=

Cx1-1040x
[xm2-1140%
Cx™3-1040x
Cxd-1040x
Cx5-1040x

| (x™B-104 0

%0
x™1
x™2
®™3
x4
Ea]

- 1)'
-1
-1
-1
- 13

- 1)
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