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Understanding how hypothetical new physics influences primordial neutrinos is essential in light
of interpreting past and ongoing CMB observations. To reach this goal, we present a novel approach
to solving the neutrino Boltzmann equation in the Early Universe. It overcomes the limitations of
existing methods by providing a model-independent, computationally efficient, and accurate frame-
work capable of handling complex interactions and non-equilibrium neutrino distributions. We
demonstrate its comprehensive applicability through several case studies. In particular, we resolve
the existing discrepancy between state-of-the-art approaches regarding the dynamics of the number
of ultrarelativistic degrees of freedom in the presence of injections of high-energy neutrinos.

Introduction. Primordial neutrinos play a crucial
role in the evolution of the Early Universe, shaping cos-
mological observables. They determine the effective num-
ber of relativistic degrees of freedom, Neff, which is a
key parameter in cosmology, affecting the shape of the
Cosmic Microwave Background (CMB). Their density
and the energy spectrum shape define the evolution of
the neutron-to-proton ratio at MeV temperatures, which
sets the initial condition for Big Bang Nucleosynthesis.
The same properties are important when extracting the
bound on neutrino mass from cosmological observations
such as baryon acoustic oscillations.

Within the standard cosmological scenario, Neff is pre-
dicted to be approximately 3.043–3.044 [1–4], and the
neutrino energy spectrum follows a Fermi-Dirac distri-
bution. Deviations from these predictions could indi-
cate the influence of new physics on neutrino decoupling,
such as the presence of Long-Lived Particles (LLPs) [5–
16], lepton asymmetry in the neutrino sector [10, 12],
or non-standard neutrino interactions [17, 18]. Neutri-
nos are sensitive to these effects at temperatures up to
T ≃ 5MeV, corresponding to the onset of their decou-
pling. Upcoming CMB experiments are expected to mea-
sure Neff with unprecedented precision [19, 20], offering a
powerful means to either constrain or reveal new physics.
Therefore, an accurate and model-independent charac-
terization of the impact of new physics on neutrino be-
havior is crucial.

The central challenge is to solve the Boltzmann equa-
tion for the neutrino distribution function fνα(p, t) in mo-
mentum space p:

∂fνα

∂t
−Hp

∂fνα

∂p
= Icoll, (1)

where H is the Hubble expansion rate, and Icoll rep-
resents the collision integral governing neutrino interac-
tions. Solving this equation is highly challenging because

it is a stiff integro-differential equation requiring careful
tracking of spectral distortions in the neutrino distribu-
tion. The traditional approach [1, 21] involves discretiz-
ing the comoving momentum space y = pa and convert-
ing the Boltzmann equation into a system of ordinary
differential equations. However, this method faces two
severe limitations that restrict its applicability to new
physics scenarios. First, the interaction matrix elements
are required to be simple analytic expressions in terms of
neutrino energies. Such representations do not exist for
hadronically decaying LLPs with masses above 1GeV,
whose decay products include quarks and gluons that
undergo sequential showering and hadronization.

Second, even when analytic matrix elements are avail-
able, another significant issue arises: computational com-
plexity. The computational time grows with the max-
imal neutrino energy at least as E3

ν , quickly rendering
the approach impractical when high-energy neutrinos are
present in the system (see, e.g., [11]). This scaling be-
comes even worse when more complex interactions are
included, such as 2 → 3 scatterings like e+e− → νν̄γ or
many-body decays of LLPs.

In this Letter, we present a novel approach to solv-
ing Eq. (1), based on the Direct Simulation Monte Carlo
(DSMC) method [22, 23], which has been previously used
to simulate the dynamics of rarefied gases. A detailed de-
scription of the method, along with cross-checks and case
studies, can be found in the companion paper [24].

Traditional DSMC. The DSMC approach approxi-
mates the evolution of a particle system with short-range
binary interactions by solving the Liouville equation for
the N -particle distribution FN (R,V, t), where R,V are
the phase spaces in the coordinate and velocity:

∂FN

∂t
+

N∑
i=1

vi
∂FN

∂ri
+

∑
1≤i<j≤N

Φi,jFN = 0. (2)
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Within DSMC, the distribution function is replaced with
N particles. Further steps involve:

1. Reducing FN to a one-particle distribution by in-
tegrating over N − 1 spatial variables.

2. Partitioning space into non-overlapping cells D(l)

containing fixed numbers of particles.

3. Implementing an iterative scheme over discrete
time intervals ∆t.

4. Within each time interval, splitting the evolution
into particles’ free-streaming, their binary collisions
within cells, and particle exchanges between cells.

Under ergodic conditions, DSMC maps onto the Bogoli-
ubov–Born–Green–Kirkwood–Yvon hierarchy, reducing
to the Boltzmann equation as N → ∞ with the assump-
tion of molecular chaos.

Let us fix the timestep ∆t to resolve characteristic in-
teraction times:

∆t =

(
(χparticle · σv)max ·N

Vsystem

)−1

, (3)

where χparticle is the particle weight, Vsystem is the sys-
tem’s volume, σ is the cross-section, v is the relative ve-
locity, and “max” denotes the maximum over the sys-
tem. Next, let us assume that the system’s volume is
divided into ncells cells of volume Vcell = Vsystem/ncells.
Ncell = N/ncell is the number of particles per cell.
Simulating binary collisions within each cell may be

performed within the so-called No-Time-Counter (NTC)
scheme [25, 26]. We start with the following number of
sampled particle pairs:

Nsampled =
Ncell(Ncell − 1)

2

ωmax∆t

Vcell
, (4)

with ωcell,max = (χparticleσv)cell,max being the estimate
of the maximal interaction cross-section inside the cell.
The interaction of each selected pair is accepted with
probability

Pacc =
ω

ωcell,max
, ω = (σv)pair (5)

Once the interaction is accepted, particles’ velocities and
type change according to scattering kinematics.

Three key features make DSMC attractive. First, the
computational complexity of this scheme scales linearly
with N [27], enabling the efficient simulation of sys-
tems with very large N on modest hardware. The NTC
method has been validated across various systems, in-
cluding relativistic ones [28–32], demonstrating its ro-
bustness.

Second, DSMC may easily incorporate any interaction
independently of its topology and the complexity of the

matrix element. This is because of the Monte-Carlo sam-
pling of the phase space of the reaction products, which
is quite efficient and straightforward and does not require
any simplifications.
Third, the scheme is conceptually very simple. It works

directly with simulating particles’ interactions and does
not involve complex schemes such as momentum space
discretization. It automatically preserves energy in the
system and is free from stability issues, which are the
problems that are present in the discretization approach.
Neutrino DSMC. Let us now apply DSMC to neu-

trinos. Due to the homogeneity and isotropy of the Early
Universe, the system is effectively zero-dimensional, with
interactions occurring at a single point. Splitting it
into cells is a formal step to maintain performance, and
boundary interactions are neglected.
We represent neutrinos by individual particles charac-

terized by their 4-momentum, flavor, and lepton charge.
Binary interactions of neutrinos include elastic scattering
with themselves and e± particles, flavor-changing annihi-
lations like ναν̄α → νβ ν̄β , and processes leading to neu-
trino creation or annihilation [11, 33].
To adapt the DSMC method for the Early Universe

plasma, we incorporate key features: the Universe’s ex-
pansion, rapid equilibration of the electromagnetic (EM)
sectors, quantum statistics, neutrino oscillations, and the
presence of the LLPs.
The expansion is treated as an external force acting

on particles and increasing the system’s volume. At each
timestep ∆t, we update the system volume and particle
energies:

Vsystem → Vsystem(1 + 3H∆t), Ei →
Ei

1 +H∆t
, (6)

where H is the Hubble factor and H∆t ≪ 1.
The remaining aspects modify the NTC scheme, see

Fig. 1. Due to the rapid equilibration, the EM plasma
may be characterized by a single quantity – temperature
TEM. To account for this, we relate the energy density of
the EM plasma ρEM to TEM both globally and locally, in
each cell (where we define the local temperatures). We
then sample the amounts NEM,cell and kinematics of in-
teracting e± particles from the Fermi-Dirac distribution
with temperature TEM. The relation between the energy
density and TEM is updated after any interaction with
neutrinos. After simulating the interactions in all the
cells, we update the global ρEM and TEM.
Neutrino oscillations are accounted for by changing the

neutrino flavor α → β at the end of each timestep with
the probability given by the averaged neutrino oscillation
probabilities ⟨Pαβ⟩(Eν , TEM) [7, 11].
Finally, the quantum statistics are included via mak-

ing the final decision about interaction acceptance (on
top of Eq. (5)) by computing the Pauli blocking factors
for the final products. We approximate neutrino distri-
butions entering these factors by Fermi-Dirac functions
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FIG. 1. The Direct Simulation Monte Carlo approach we
use splits the system into spatial sub-volumes called cells. To
simulate the interactions of neutrinos and EM particles within
the cell, we consider the so-called No-Time-Counter method
from [25] and modify it by incorporating the properties of the
primordial plasma. They include the instant thermalization of
the electromagnetic plasma, the Pauli principle, and neutrino
oscillations. All the definitions are provided in the text.

with effective temperatures Tνα obtained from the total
energy density in the cell. This is a reasonable approxi-
mation, given that the occupation number of high-energy
neutrinos is ≪ 1.

For LLPs X decaying into the plasma, we introduce
their number NX , defined by the initial number density
nX(t0) ≡ NX/Vsystem and evolve it via

∆NX(t+∆t) = −∆t

τ
NX(t), (7)

where τ is the LLP lifetime. Decay products’ phase
space may be obtained via Monte Carlo simulations such
as SensCalc [34] and PYTHIA8 [35], modified by incor-
porating the interactions of metastable decay products
µ, π±,K±,KL with the plasma, which can redistribute
energy between neutrino and EM sectors [36]. Similar
methods apply to non-standard scattering processes like
e+e− → ναν̄αγ.

We have developed a proof-of-principle realization of

the neutrino DSMC in Mathematica.1 We have tested
it against existing approaches [2, 10, 14] in several well-
defined scenarios, including reaching thermal equilibrium
independently of the initial conditions, dynamics of neu-
trino temperatures under heating the neutrino or electro-
magnetic plasma, both including and not including the
expansion of the Universe, and injections of high-energy
neutrinos. The code includes a module from SensCalc

allowing the simulation of the phase space of various de-
caying LLPs and SM particles, demonstrating its flexi-
bility.
The performance of our neutrino DSMC already

matches the traditional discretization approaches for the
case of neutrino energies Eν ∼ 50− 100 MeV. Moreover,
the computational time stays the same even if increasing
Eν up to values as large as 1 GeV and larger, where the
discretization approach becomes inapplicable. The effi-
ciency of the implementation still has the potential to be
significantly improved.
Case studies. We have applied our approach in sev-

eral simplified cases mimicking real physics scenarios, in-
cluding the evolution of neutrinos with quasi-thermal dis-
tribution as in [10], injections of high-energy monochro-
matic neutrinos, and injections of neutrinos produced
by secondary decays of metastable particles such as
muons and mesons. Details may be found in Ref. [24].
Here, we will discuss the case of the injection of high-
energy neutrinos. It corresponds to the models where
we have a heavy LLP decaying into neutrinos, including
Heavy Neutral Leptons (HNLs) [37, 38], neutrinophilic
scalars [39], B − Lα mediators [40], and unstable relics
in late reheating scenarios [5].
These scenarios are very complicated to study with

state-of-the-art approaches, given the computational in-
efficiency outlined in the Introduction. In addition, there
is an unresolved discrepancy between the existing real-
izations of the discretization approach in describing the
dynamics of Neff [6, 7, 14–16]. Studying the model of
HNLs with mass m ≃ 100 MeV, that mostly decay into
(high-energy) neutrinos, some of the studies predicted an
increase of Neff, whereas the others obtained that it de-
creases. The difference is qualitative, and to resolve the
discrepancy, an independent approach is needed. Neu-
trino DSMC provides such a framework, with the instant
neutrino injection being the most optimal setup, combin-
ing simplicity with capturing the characteristic features
of the plasma evolution.
To proceed, we introduce the quantity

δρν =

(
ρν
ρEM

)−1

eq

ρν
ρEM

− 1, (8)

where ρν/EM are the energy densities of neutrinos and
EM plasma, and ()eq is the standard scenario value,

1 The code may be provided upon request.
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which is 21/22 in the temperature limit T ≫ me. Next,
we trace its evolution under the injection of 70 MeV neu-
trinos at the plasma temperature T = 3 MeV.

The behavior of δρν is shown in Fig. 2, upper panel,
where we also compare the predictions of the neutrino
DSMC with the modification of [2] (see also [36]).
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FIG. 2. Evolution of the neutrino and EM plasma under
the injection of 70 MeV neutrinos at the plasma temperature
T = 3 MeV, as a function of the electromagnetic temperature
TEM. We consider the injection solely into νe and fix the in-
jected energy fraction by ρν,inj/ρν,total = 5%. The top panel
shows the evolution of δρν , given by Eq. (8). The bottom plot
is the snapshot of the electron neutrino distribution spectrum
at the temperature when δρν = 0. The blue lines are the
DSMC predictions, the green lines denote the calculation by
the discretization approach from [2] (see also [36]), and the
red line is the shape of the would-be equilibrium spectrum.
The logarithmic scale is considered to demonstrate the over-
abundance of the high-energy part. There are also low-energy
distortions that are not visible with this scaling.

Being positive right after the injection, δρν quickly
drops below. It may be understood from the proper-
ties of neutrino and EM interactions [14, 24]. First, the
neutrino-EM interaction rates are orders of magnitude
smaller than those within the EM sector. Therefore, the
EM particles instantly thermalize, such that the spec-

trum of e± always has the shape of the Fermi-Dirac dis-
tribution, whereas the neutrino spectrum preserves off-
equilibrium features during extended periods. Second,
the neutrino-EM and neutrino-neutrino interaction rates
grow with neutrino energy. Injected high-energy neutri-
nos either quickly pump the energy to the EM sector, or
“knock out” thermal neutrinos, and these processes are
much faster than those involving only thermal EM and
neutrino plasma particles.
As a result of a quick transfer of the energy to the

EM sector by this process, δρν instantly decreases and
reaches zero value. At this moment, the neutrino spec-
trum still has distortions, see the lower panel of the figure.
Namely, compared to the equilibrium spectrum, its high-
energy part is overabundant, while the low-energy part
is underabundant. This results in shifting the energy ex-
change balance to the EM sector, leading to the further
decrease of δρν to negative values. Then, it freezes due
to the expansion of the Universe.
These qualitative conclusions do not depend on the in-

jection temperature in the range T ≳ 1 MeV, as well as
on the amount of injected neutrinos and the injection pat-
tern. They do depend on the neutrino injection energy.
δρν turns negative for the injected energy as small as
Eν ≃ 35− 40 MeV. As δρν determines Neff, our result is
that is that Neff decreases in the presence of high-energy
neutrinos. The results, both for δρν and the neutrino
spectrum shape, perfectly agree with Ref. [36].

μ++μ-

KL+KS
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Injection of SM particles at rest at TEM = 3 MeV

FIG. 3. The impact of the injection of muons and neutral
kaons at rest at T = 3 MeV on the quantity δρν . The energy
densities of Ks and µs are fixed such that ρinj/ρν,total = 5%.
It is assumed that these particles instantly decay. For the
dynamics of the unstable decay products of Ks, such as π, µ,
we assume that they lose all kinetic energy prior to decaying
due to the interaction with the electromagnetic plasma [41,
42].

We have observed the same features by considering
neutrinos injected by decaying muons, pions, and kaons,
which may emerge as secondary particles in decays of
LLPs. The behavior of δρν in the presence of some of
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these particles is shown in Fig. 3. Some of the existing
studies utilizing such scenarios (see, e.g. [8, 9]) have to
be improved to incorporate this feature.

Conclusion and outlook. We have developed a
novel method to solve the neutrino Boltzmann equation
in the presence of new physics. It is based on represent-
ing the neutrino distribution function with real particles
and simulating their collisions using the improved Direct
Simulation Monte Carlo method.

The approach provides a powerful framework for
simulating neutrino decoupling in the Early Universe,
overcoming the limitations of traditional approaches.
Namely, it may incorporate various processes with neu-
trinos and Long-Lived Particles – from simple two-body
decays of LLPs to neutrino non-standard interactions,
2 → n scatterings, and hadronic decays of LLP, for which
the final phase space is computed in external tools like
PYTHIA8 and SensCalc. It is also not limited by com-
putational performance in the injection of high-energy
neutrinos.

As a result, our approach can be applied to study
various new physics scenarios, including those involv-
ing heavy unstable relics, dark radiation, non-standard
neutrino interactions, lepton asymmetry in the neutrino
spectrum, and a combination of these. Accurate model-
ing of these effects is essential for interpreting upcoming
precision CMB measurements and exploring physics be-
yond the Standard Model.

Our results, in particular the impact of high-energy
neutrinos on the evolution of the SM plasma, highlight
the importance of accurately modeling non-equilibrium
processes and high-energy interactions with neutrinos to
predict cosmological observables like Neff.
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