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Introdution

A sequene (a(n))

n�0

over a �nite alphabet �

is said to be k-automati if there exists a �nite

automaton with output

M = (Q;�

k

; Æ; q

0

;�; � )

suh that

a(n) = � (Æ(q

0

; (n)

k

))

for all n � 0.

Here

�Q is a �nite nonempty set of states;

� �

k

= f0; 1; : : : ; k � 1g;

� Æ : Q� �

k

! Q is the transition funtion;

� q

0

is the initial state;

� (n)

k

is the anonial base-k representation of

n;

� � : Q! � is the output mapping.
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Example: The Thue-Morse Sequene

This sequene

(t(n))

n�0

= 0110100110010110 � � �

ounts the number of 1's (mod 2) in the base-2

representation of n.

It is generated by the following �nite automa-

ton:

0 0
1

1

0 1
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Automati Sequenes

� Automati sequenes were introdued by Cob-

ham

� Popularized and further studied by Mend�es

Frane, Allouhe, and others

� Extremely useful, with well-developed theory

(e.g., theorem of Christol)

� However, they are somewhat restrited be-

ause of the restrition to a �nite alphabet

�Want a generalization that preserves the a-

vor of automati sequene, but over an in�nite

alphabet
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The k-kernel

The k-kernel of a sequene (a(n))

n�0

is the

set of subsequenes

f(a(k

e

n + r))

n�0

: e � 0; 0 � r < k

e

g:

Theorem. (Eilenberg) A sequene (a(n))

n�0

is

k-automati if and only if the k-kernel is �nite.

Example. Consider the Thue-Morse sequene

(t(n))

n�0

. Then learly

t(2

e

n + r) � t(n) + t(r) (mod 2)

so every sequene in the k-kernel is either (t(n))

n�0

or (t(2n + 1))

n�0

.
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k-regular Sequenes

To generalize automati sequenes, we use the

k-kernel.

Instead of demanding that the k-kernel be �-

nite, we instead ask that the set of sequenes

generated by the k-kernel be �nitely generated.

Example 1. Consider the sequene (s

2

(n))

n�0

,

where s

2

(n) is the sum of the bits in the base-2

representation of n. Then

s

2

(2

e

n + r) = s

2

(n) + s

2

(r);

so every sequene in the k-kernel is a Z-linear

ombination of the sequene (s

2

(n))

n�0

and the

onstant sequene 1.
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Properties of k-regular Sequenes

Theorem. A sequene is k-regular and takes

�nitely many values if and only if it is k-automati.

Theorem. If (a(n))

n�0

and (b(n))

n�0

are k-

regular sequenes, then so are (a(n)+ b(n))

n�0

,

(a(n)b(n))

n�0

, and (a(n))

n�0

for any .

Theorem. Let ; d � 0 be integers. If (a(n))

n�0

is k-regular, then so is (a(n + d))

n�0

.

Theorem. The sequene (a(n))

n�0

is k-regular

i� it is k

e

-regular for any e � 1.
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Examples of k-regular Sequenes

Example 2. Families of Separating Subsets.

Consider a set S ontaining n elements. If a fam-

ily F = fA

1

; A

2

; : : : ; A

k

g of subsets of S has

the property that for every pair (x; y) of distint

elements of S, we an �nd indies 1 � i; j � k

suh that

(i) A

i

\A

j

= ; and

(ii) x 2 A

i

and y 2 A

j

,

then we all F a separating family. Let f(n)

denote the minimum possible ardinality of F .

For example, the letters of the alphabet an be

separated by only 9 subsets:

fa; b; ; d; e; f; g; h; ig fj; k; l;m; n; o; p; q; rg

fs; t; u; v; w; x; y; zg fa; b; ; j; k; l; s; t; ug

fd; e; f;m; n; o; v; w; xg fg; h; i; p; q; r; y; zg

fa; d; g; j;m; p; s; v; yg fb; e; h; k; n; q; t; w; zg

f; f; i; l; o; r; u; xg
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Examples of k-regular Sequenes

Cai Mao-Cheng showed that

f(n) = min

0�i�2

f

i

(n);

where

f

i

(n) = 2i + 3dlog

3

n=2

i

e:

The �rst few terms of this sequene are given

in the following table:

n 1 2 3 4 5 6 7 8 9 10 11 12 13 14

f(n) 0 2 3 4 5 5 6 6 6 7 7 7 8 8

A priori, it is not lear that f is 3-regular, sine

the minimum of two k-regular sequenes is not

neessarily k-regular. However, in this ase it is

possible to prove the following haraterization:
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Examples of k-regular Sequenes

Theorem. Let j be an integer suh that 3

j

<

n � 3

j+1

, i.e., j = dlog

3

ne � 1. Then

f(n) =

8

>

<

>

:

3j + 1; if 3

j

< n � 4 � 3

j�1

;

3j + 2; if 4 � 3

j�1

< n � 2 � 3

j

;

3j + 3; if 2 � 3

j

< n � 3

j+1

.

From this, it now easily follows that f(n) is

3-regular.
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Example 3. Mallows showed there there is a

unique monotone sequene (a(n))

n�0

of non-

negative integers suh that a(a(n)) = 2n for

n 6= 1. Here are the �rst few terms of this se-

quene:

n 0 1 2 3 4 5 6 7 8 9 10 11 12 13

a(n) 0 1 3 4 6 7 8 10 12 13 14 15 16 18

It an be shown that a(2

i

+j) = 3 �2

i�1

+j for

0 � j < 2

i�1

, and a(3 � 2

i�1

+ j) = 2

i+1

+ 2j

for 0 � j < 2

i�1

.

We have

a(4n) = 2a(2n)

a(4n + 1) = a(2n) + a(2n + 1)

a(4n + 3) = �2a(n) + a(2n + 1) + a(4n + 2)

a(8n + 2) = 2a(2n) + a(4n + 2)

a(8n + 6) = �4a(n) + a(2n + 1) + a(4n + 2)

Hene this sequene is also 2-regular.
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Example 4. A greedy partition of the natural

numbers into sets avoiding arithmeti progres-

sions.

Suppose we onsider the integers 0; 1; 2; : : : in

turn, and plae eah new integer i into the set

of lowest index S

k

(k � 0) so that S

k

never

ontains three integers in arithmeti progression.

For example, we put 0 and 1 in S

0

, but plaing 2

in S

0

would reate an arithmeti progression of

size 3 (namely, f0; 1; 2g), so we put 2 in S

1

, et.

Now de�ne the sequene (a

k

)

k�0

as follows:

a

k

= n if k is plaed into set S

n

. Here are the

�rst few terms of this sequene:

k 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

a

k

0 0 1 0 0 1 1 2 2 0 0 1 0 0 1 1

Gerver, Propp, and Simpson showed that a

3k+r

=

b(3a

k

+ r)=2 for k � 0, 0 � r < 3. It follows

that (a

k

)

k�0

is 3-regular.
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Example 5. Merge sort.

Consider sorting a list of n numbers as follows:

� sort the �rst half of the list reursively;

� sort the seond half of the list reursively;

� merge the two sorted lists together.

The total number of omparisons needed is

given by T (1) = 0 and

T (n) = T (bn=2) + T (dn=2) + n� 1

for n � 2.

It is now not hard to see that T (n) is 2-regular,

and in fat

T (n) = ndlog

2

ne � 2

dlog

2

ne

+ 1

for n � 1.
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Inferring k-regular Sequenes

Given a sequene (s

n

)

n�0

, how an we deter-

mine if it is k-regular?

� onstrut a matrix in whih the rows are ele-

ments of the k-kernel, and attempt to do row

redution

� as elements further out in the k-kernel are ex-

amined, the number of olumns of the matrix

that are known in all entries dereases

� if rows that are previously linearly independent

suddenly beome dependent with the elimina-

tion of terms further out in the sequene, then

no relation an be aurately dedued; stop

and retry after omputing more terms

� if the subsequene (s(k

j

n+ ))

n�0

is not lin-

early dependent on the previous sequenes,

try adding the subsequenes (s(k

j

(kn+ a) +

))

n�0

for 0 � a < k
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Inferring k-regular Sequenes

� when no more linearly independent sequenes

an be found, you have found hypothetial

relations for the sequene
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Inferring k-regular Sequenes

� (N. Strauss, 1988) De�ne

r(n) =

X

0�i<n

�

2i

i

�

;

� let �

3

(n) be the exponent of the highest power

of 3 that divides n.

� The �rst few terms of �

3

(r(n)) are:

0; 1; 2; 0; 2; 3; 1; 2; 4; 0; 1; 2; 0; 3; 4; 2; 3; 5; 1; 2; : : :

� A 3-regular sequene reognizer easily pro-

dues the following onjetured relations

(where f(n) = �

3

(r(n+ 1))):

� f(3n + 2) = f(n) + 2;

� f(9n) = f(9n + 3) = f(3n);

� f(9n+1) = f(9n+4) = f(9n+7) = f(3n)+

1.
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�With a little more work, one arrives at the

onjeture

�

3

(r(n)) = �

3

(n

2

�

2n

n

�

):

� proved by Allouhe and JOS.

� A beautiful proof of this identity using 3-adi

analysis was also given by Don Zagier.

� Zagier showed that if we set

F (n) =

P

0�k�n�1

�

2k

k

�

n

2

�

2n

n

�

;

then F (n) extends to a 3-adi analyti fun-

tion from Z

3

to �1 + 3Z

3

, and has the ex-

pansion:

F (�n) = �

(2n � 1)!

(n!)

2

X

0�k�n�1

(k!)

2

(k � 1)!

:
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A \Mehanially-Produed" Conjeture

Let

a(n) =

X

0�k�n

�

n

k

��

n + k

k

�

:

Let b(n) = �

3

(a(n)). Then omputer experi-

ments suggest:

b(n) =

(

b(bn=3) + (bn=3 mod 2); if n � 0; 2 (mod 3);

b(bn=9) + 1; if n � 1 (mod 3).

This has been veri�ed for 0 � n � 10; 000.
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Open Problems on k-regular Sequenes

1. Prove or disprove: (b

1

2

+ log

2

n)

n�1

is not

a 2-regular sequene.

Comment. Suppose a(n) = b

1

2

+ log

2

n is

2-regular. De�ne b(n) := a(n + 1) � a(n) for

n � 1. Then (b(n))

n�0

would be 2-automati,

and is over the alphabet f0; 1g. The 1's in b are

in positions 

1

= 1, 

2

= 2, 

3

= 5, 

4

= 11,



5

= 22, 

6

= 45, 

7

= 90, et. Then 

i+1

� 2

i

is the i'th bit in the binary expansion of

p

2.

2. Suppose S and T are k{regular sequenes

and T (n) 6= 0 for all n. Prove or disprove: if

S(n)=T (n) is always an integer, then S(n)=T (n)

is k{regular.

Comment. This is an analogue of van der Poorten's

Hadamard quotient theorem.
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Open Problems on k-regular Sequenes

3. Prove or disprove: the 5-term analogue

of the Gerver-Propp-Simpson sequene is not 5-

regular.

Comment. Computer experiments show that

if it is, the Z-module generated by the 5-kernel

must have large rank.

4. Prove or disprove: if a sequene (a(n))

n�0

is simultaneously k- and l-regular, where k and l

are multipliatively independent, then (a(n))

n�0

satis�es a linear reurrene.

Theorem. (Allouhe, 1999) If (a(n))

n�0

is

simultaneously k- and l-regular, then it is kl-

regular.
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Open Problems on k-regular Sequenes

5. Prove or disprove: if q is a polynomial taking

integer values and p is a prime, then (�

p

(q(n)))

n�0

is either ultimately periodi or not p-regular.

Comment. If we understood, for example, the

sequene �

5

(n

2

+ 1), then we would understand

the 5-adi expansion of

p

�1.
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