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Abstract

Using geometric probability, we apply the formal definitions of Shannon entropy
and Rényi’s generalization to study the complexity of planar curves of finite length
within a convex set. The bounds for the Shannon and Rényi entropies depend on the
arc length of the curve and on that of the boundary of the convex set; they involve a
Gibbs distribution and a power law distribution, respectively. We also obtain explicit
formulae for the two entropies and determine convex sets that maximize the entropy
of curves.

1 Introduction

Planar curves range from a simple straight line segment or a circle to a complicated tangle.
Their complexity has been analysed using both the thermodynamic concept of Shannon
entropy [9, 10] and the geometrical concept of dimension [7, 8]. Examples can be found in
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Figure 1: A straight line D determined by polar coordinates (w, p)

various other domains [1, 2, 3, 4, 5, 6, 11, 12]. A brief overview of the fundamental ideas
is given and the Shannon and the more general Shannon-Rényi entropies are defined. The
question of bounds for these entropies is considered; the analysis of the general Rényi entropy
turns out to be quite different from that of the Shannon entropy and involves a modified
Hurwitz zeta function. A more precise viewpoint which gives exact formulae for the entropies
is then developed.

2 Geometric probability

Given a plane curve I' of finite length |I'|, we recall the classical definition of the probability
that a straight line D intersects I" in exactly n points [9, 15]. In the plane, a straight line D
that does not pass through the origin O is determined by the polar coordinates (w, p), where
w, 0 < w < 27, is the angle the normal to D makes with the x-axis and p > 0 is the distance
from O. Straight lines that pass through the origin are not counted since, as we will see, the
family of such lines has measure 0.

In the (w, p) plane, a point in the strip S := [0, 27) x (0, 00) represents a straight line not
passing through the origin in the usual (z,y)-plane. The measure p in the strip is defined
by

dp = dpdw,
i.e., the usual Lebesgue measure. Now let K be a bounded convex set in the (z,y)-plane

and let F'(K') be the set of straight lines that intersect K. The p-measure of F'(K) is known
to be equal to the length |0K| of the boundary 0K of K, i.e.,

p(F(K)) = |0K].

It follows that the measure given by
dp — dp  dpdw
P70k ~ (oK



is a probability measure defined on F'(K).
Suppose Ky C K is a convex subset of K. Then |0Ky| < |[0K| and the probability that
a straight line meeting K also meets K is

|OK|
|OK|

Consequently the probability that a straight line meeting K misses K is

0K

1— K| (1)

Consider a curve I’y of finite length lying in the convex set K. Denote by p,(I'g, K) the
probability that a straight line D meeting K intersects 'y in exactly n points. Observe that
if K = Ky =con(I'y), the convex hull of I'g, then D must hit Iy, so that po(Iy, Ko) = 0.

By the definition of probability,

S pu(To K) = 1. )

A classical result of H. Steinhaus [17] states that the expected number A say of intersection
points of I'y with random straight lines is

= 2|7
A=) npa(Ty, K) = |€Lf§l' (3)

The next moment »_ >, n*p, (Lo, K) corresponds to the “energy” of the curve but is much
less well-behaved and will not be considered.

3 Entropy

The celebrated Shannon entropy of thermodynamics and information theory has a gener-
alization due to Rényi [13, 14]. Their definitions are used in conjunction with geometric
probability to define formally notions of entropy for curves of finite length within a convex
set K. Note that unlike the thermodynamic setting, there is no underlying mechanism or
dynamic here that leads to the entropies increasing.

3.1 The Shannon entropy

The sequence (p,(I'g, K): n=0,1,2,...) of probabilities of the number of intersection points
can be substituted into the formula for Shannon entropy. To be precise, the Shannon entropy
h(T'o, K) of the curve Iy relative to a convex set K containing I'y is defined by the formula
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where as usual we put plog(1/p) = 0 if p = 0 and where for simplicity here and elsewhere
whenever the argument is clear, we suppress I'y or K and write the probability

pn(FOa K) = pn(K) OT Pn.
Similarly we will write the Shannon entropy

h(To, K) = h(K) = h.

3.2 The Rényi entropy
Rényi [13, 14] has defined a form of entropy h(®), where s > 0, by

S 1 = S
W= ——log ) p}, (5)
n=0

which tends to the Shannon entropy h as s — 1:

1 o o0
1) .l A — | s\ _
Y = 1im b = lim (1_Slog Z;pn> = Z_%pnlogl/pn =h. (6)

In addition it is readily verified that d h®) /ds = 0 at s = 1 and that h(®) is minimal for s = 1.
The Rényi entropy can also be applied formally to curves. We will write

1

R (T, K) = -
— S

log > " p}(To, K) (7)

for the Rényi entropy for a curve I'y relative to a convex set K D I'y and, as with the Shannon
entropy, we will write
h(Ty, K) = h®(K) = h')

when the meaning is clear.

The two series have finitely many terms for an algebraic curve, since p, = 0 for all n
larger than its degree, but they converge (absolutely) in general by the following results. A
separate argument is needed for the two entropies. The Shannon entropy (s = 1) has been
treated in this context [9, 10] and is now discussed for completeness.

3.3 A bound for the Shannon entropy of curves

Theorem 1. The Shannon entropy h(Ly, K) of a curve Iy of finite length lying in the convex
set K satisfies

2|l 2| 0K ]| 2|
'y, K) <1 1 1 1+ — ] <1 1 1
Alo, K) Og(wm* >+raf<\ s\ om) S lpr T T @®
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and more precisely in the case K = Ky = con(I'g) (so that pp =0),
2|F0|) (2|F0| ) ( 2| )
h(To, Ky) < lo + —1)log | ==——+
(o flo) s oe (laKol oK~ ) \ 2L = [k

2|To|
< .
< log(|aK0|>+1 (9)

Proof. By (4), it suffices to bound the sum ), p,log1/p,, where p, € [0,1] and k = 0
in (8) and k£ = 1in (9), subject to the two constraints (2) and (3), i.e.,

> =1
n=~k
and
= 2T
n Tar 1 A:
2" = o]

where k = 0 or 1. This is done using Lagrange multipliers. Let a, € R and consider
> Bulog1l/Pn—ad Pu— B> npa
n=~k n=~k n=~k

Then for each n =k, k+1,..., 0U/0p, = 0 implies

U

—logp, —1—a—npB =0,

whence the ‘maximal’ probability distribution p,, is a negative exponential with constant

factor. More precisely,
Pp =€ 17 = Qe P (10)

where C' = e~!'7* and p,, is a Gibbs distribution [16]. Recall that Gibbs measure is a prob-
ability measure of importance in thermodynamics: it is the unique measure that maximizes
the entropy for a given expected energy. It underlies maximum entropy methods and related
algorithms and its appearance here is accordingly natural.

The constant C' = e~ '~ (or «) is determined from the power series

iﬁn:Cie_ﬁnz 1
n=k n=k

which gives C = C() = ¢’*(1 — e7#). In statistical mechanics, C(/3) is the reciprocal of the
partition function and in physics 8 corresponds to the inverse temperature [16]. Moreover
C Y>> ne P = X\ whence

1

A=
1—e b

(k—(k—l)e‘ﬁ)_%(keﬁ—kJrl).

e J—



Thus

A—k+1 1
eﬁ:?—;aﬂdeﬁ—l:m.

Hence the entropy h satisfies

h<CS e log

< “Ptlog — =
;e 8 5
say, so that
_ P -8 e
H = T (k—(k:—l)e )+10g1—e—5
s

s e
(ke —k+1)—ﬁk+log66_1

A—k+1
A—k

ef —1
= log A —k+1)+ (A—k)log
< logA—k+1)+1.

Case 1 k = 0, corresponds to the inequality (8).

Case 2 k =1 corresponds to the inequality (9).
]

Remark 2. The first inequality (8) in the theorem shows that the entropy vanishes as [0K|
increases to infinity, a fact we shall rediscover in §4.

Remark 3. In the above calculation,

n=~k n=k

Thus obviously if A = k from above, then H = 0. Hence

Remark 4. In the case k = 1, if 2|T'|/|[0K| — 1 from above, then h = 0; which is otherwise
obvious since 2|I'| = |0K | implies I" is a segment of straight line.

3.4 Bounds for the Rényi entropy of curves

Recall from equation (7) that the Rényi entropy h(®)(Ty, K) of Ty relative to the convex set
K DT is given by
1

h)(Ty, K) = -
— S

log ZPZ(FO, K).
n=0

For simplicity, we let K = Ky = con(['y), so that po(T'g, Ky) = 0, and denote the Rényi
entropy h(s)(Fo, Ky) of I'y relative to its convex hull Ky by h(()s). Two bounds for the Rényi
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entropy hés) are obtained, one for the range 0 < s < 1 and the other for 1/2 < s < 1.
Although the Rényi entropy coincides with Shannon entropy at s = 1, the bounds for the
former may well be infinite at s = 1.

Two auxiliary functions are introduced. For each v € [0,00) and s € [1/2, 1], we write

G (%%’Y)
e
Gt (ﬁﬂ)
where (3 (u, ), ¢ = 0, is the modified Hurwitz zeta function given by
= 1 = 1 1 1
Gi(u, ¢) = = — = = C(u,¢0) — —
;(k’—l—c)“ kz_o(k—i-c)“ cv v

Note that (3(u,0) = ((u) and that Fs(0) > 1.
For convenience, the function Fj is simplified when 1/2 < s < 1 by puttingu = 1/(1—s) €
[2,00), so that s/(1 —s) =u — 1 and

_ Gi(u—1;7)

EO) Ci(u;y)

= Gu(7) = Gia-s(7)

Then for v > 2 and v > 0,

]2

' _ fy——|—1: > k+~ B k—1
o ialsn = 2 Gy ,; ((k‘ +) (k+ v)“)
1

(k+q)!

k=1

]2

= Gi(u—1;7),

i
L

and G, (7) = G(u—1;7)/C(u;y) > 1+7.
A more precise estimate is possible using the familiar inequality

| e <Y s < s+ [ sy (1)
1 = 1
for a positive increasing integrable function f: R — [0, 00). It follows from (11) that
(1+7)7ut! =1 1 1
UTY () = < + . 12
1 S G S e ()

Hence for any fixed u > 2,

_ Glu—1,9) 1 1 1 -
ot = S e (ae o  a )

(u—1) 1+9)?
(u—=2) (u+7)




Thus given any u > 2, for all sufficiently large v, there exists an £, > 0 such that
Gu(7) > (L +eu) (1 +7).

It follows that given any real s, ,(1 + ) > & for all sufficiently large . Hence for fixed u
the inequality
Gu(y) >+~ (13)

holds for any x and all sufficiently large . This lower bound for the function F, = G, is
used to show that the equation Fy(y) = v + A, where A = 2|T'g|/|0K)| € (0,00) (see (3)), is
soluble when A > F,(0) = G,(0), i.e., when A > ((u—1)/¢(u) > 1.

Lemma 5. Suppose A > G,(0). Then there ezists a unique vy > 0 such that
Gu(v0) =70 + A
Proof. Suppose without loss of generality that A > G,(0). By definition
G.(0) — A <0.
But by equation (13), for fixed v and sufficiently large -,
Gu(7) >+ A

and by continuity, there exists a 7o > 0 such that G,(v) = 7 + .
The uniqueness of the root vy follows from considering the derivative 0G,(vy)/0v for
v > 0. The partial derivative 9¢;(u;vy)/0y = —u (1 (u + 1;7). Thus

0G.(7) _ 0 Gu-17) =(@w=1)GwNawy)+ub(u—=19)G(u+1;7)
0y Oy Glu;) Cu(u;7)?
y Glu—Ly)Glu+19) )
( Ci(u;7)? VR

if ¢1(u;7v)? < G(u—1;79)¢(u+ 1;7). Now by the Cauchy-Schwarz inequality,

o0

1 1

Gwy) = ) - ;
2 T )0 (& 4 )72

- 12/ o 1/2
1 1 _ LN (1 A2
< (Z W) (Z W) = (G(u—=1;7)G(u+1;7))

k=1 k=1

and ¢ (u;)? < (G (u—1;9)¢ (u+1;7), since the inequality is readily seen to be strict. Hence
0G,()/0y > 1, so that the graph of G, crosses that of v+ v+ A no more than once. [J



Theorem 6. Let I'y be a curve of finite length with convexr hull Ky. Then for 0 < s <1,

(5) < 1 s 1
ho \1_Slog(6(1_s))+log€1< — (14)
where B = B(s,2|To|/|0Ko|), v = v(s,2|T0|/|0Ko|). Moreover, provided 1/2 < s < 1 and

0Ko| ~ C(1/(1 =)

there exists a unique v such that

1 2|y 1
n® < ] ] ). 16

Proof. As with Shannon entropy, we use Lagrange multipliers under the same two con-
straints (2) and (3) to find a bound for h . Consider

1 oo o0 oo
—log) pi—ad Pu—B) npn
n=1 n=1 n=1

Then for eachn =1,2,...,

ov spst
a/i)n (1 - S) Zn lpn

pil= ( )(Z)’y—i—n

where v = «/. Hence the ‘maximal’ distribution is given by

< 1/(1—s) [ —1/(1=s) 1\ V(-9
=273 b : 17
) (2% () )

We compute Y7 pg in two ways. First using (2),

1/(1—s) 00 R —1/(1-s) 1 1/(1—s)
() () B

n=1 n=1

— Bn.

Hence 0V/0p,, = 0 implies

whence




ie.,

S () i)

where the right hand side converges for s € (0,1) and (14) follows.
Secondly, substitute (18) in (17) to get

1 -1 1 1/(1—s)
:Cl (1_577) (’Y"‘n) )

so that, by contrast with the Shannon entropy case (10), the distribution p,, obeys an inverse
power law, with factor the reciprocal of a modified Hurwitz zeta function. Hence

Si-a(ihn) () - aE (19)

which converges when 1/2 < s < 1 but diverges for s < 1/2.

To determine v, use the constraint 2|Ty|/|0Ky| = A given by (3):
2|l

o 1 -1 oo 1 1/(1—s)
o~ e () ()

- (i) (6(n) e ()
e 0

By (15) and Lemma 5 with u = 1/(1—s), 1/2 < s < 1, there is a vy = (s, A) satisfying (20),
i.e., such that

G (ﬁﬂo)
G (%_8;’70)

~log (Zm) =
ﬁ(s) _ 1 log [Cl (ﬁ;%)

+ log ¢ (L >
l=s ¢ (t55:7) P\

1 1
= 1 s log(A +70) +1og G <E;%> ;

Gu(v0) = Fs(n) = = A+ .

1 o0
B — 1 s
— log <; pn>
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giving (16).
The corresponding parameters 3y and oy = Sy Yo, are fixed by the equation
S o G (ﬁ?%)
Bo(l—s) G (ﬁVYo)
obtained by dividing (18) by (19) and using (20). This equation implies that as s — 1 from

below, 5y — oo and therefore ay — oo, while Fi(vy) — oo as s — 1/2 from above, which
implies that £y, ag — 0. O]

=Fy(v) =X+,

Remark 7. The bound for the Rényi entropy h® is finite for 1/2 < s < 1. The equation
Fu(3) = 70 + A only holds if A = 2|To|/|0Ke| > Fy(0) = C(s/(s — 1))/¢(1/(s — 1)) > 1.
This and the values «, § do not have an obvious interpretation. Nor does the bound for the
Shannon entropy appear to follow from the limit of the Rényi entropy case as s — 1.

4 Changing the viewpoint: the parameter ¢

In this section, we discuss the Shannon-Rényi entropy h'®) of the curve I'y relative to a
compact subset K containing Kj; this involves a parameter t. Consider the curve I'y, its
convex hull K and a bounded convex set K O K. The set K can be thought of as a variable
set that “increases” and within which the curve can increase its entropy.

4.1 The parameter ¢
Let t > 1 be the ratio of the lengths of the boundaries of K and Ky, i.e., let

_ |9K]

t =
0K

€ [1,00).

In this construction, the length |0K| of the boundary of the convex set K increases.

Lemma 8. The probability p,(To, K) that a straight line D meeting K intersects Ty in
exactly n points is given by

1y (K, fn =1,
pn(Fo,K)_pn(K)_{tzin(l 0)’ ZZZi(l]

t?

(21)

Proof. If n > 1,

p{D: card(D NTy) =n}
w{D: DNK # 0}
w{D: DN Ky # 0} p{D: card(DNTy) =n}

p{D: DNK #0}  p{D: DN K, # 0}
|0Ko| p{D: card(DNTy) =n} 1

|OK | u{D: DN Ky # 0} = ;Pn(Ko,Fo).

pTZ(POuK) -

11



Figure 2: The curve I'y inside a bounded convex set K.

Ifn=0,
0K _q,_ 1L
OK| t’

pO(F()vK) = 1 -

as in (1) in §2.
[

Let hés) = h(s)(FO,KO), 0 < s < 1, be the Shannon-Rényi entropy of I'y with respect
to its convex hull Ky. In the preceding section §3, hés) is written by h or h(Y) when s = 1
(Shannon entropy) and h®) when 0 < s < 1. We begin with the case s = 1.

4.2 The Shannon entropy case

The Shannon entropy h(Ig, K) = h of I'y relative to K is now determined in terms of the
Shannon entropy h(I'g, Ko) = hg of T'y relative to the convex hull Ky of Ty (hg is finite by
Theorem 1).

Theorem 9. Let hy be the Shannon entropy of T'y with respect to K. The entropy h(I'y, K)
of Ty with respect to K is given by

h t—1 h 1 1,  logt
h(To, K) = 70+10gt— log(t —1) = 70 - (—1—|—¥)10g(1 - Z) + % — 0
as t — oo. Moreover h(Dy, K) is mazimal when t = t; = 1 + e " with value hy =

log(1 + e) > hy.

Proof. Let h = h(K) be the entropy of I'y relative to K and let hg = h(Kj) be the entropy

12



h

0 1 ty=1+4eM t
Figure 3: The graph of h with maximum at ¢,

of Ty relative to Ky. Then by (4) and Lemma 8 (and writing p,(K) = p, (I, K)),

h = an ) log (1K)
= (1—~;>bg(1——%) -+§: (o) log <;%)
1

1 t
= <1——>logt + - anKo logt + — anKo log ——— (o)
0

h t—
= —°+1gt—

log(t —1).

We wish to find the maximum value of h when t € (1,00). The derivative

dh 1

for t; = |0K,|/|0Ko| = 1 + e 0, with entropy h a maximum at ¢t = ¢; and corresponding
value
hy = log(1 4 e") > hy.

Here K is any convex set whose boundary has length t;|0Ky| and which contains Ky. [

4.3 The Rényi entropy case

For convenience h(*)(Ty, K), the Rényi entropy with respect to the convex set K O I'y will
be written ), p,(To, K) will be written p,(K) and h®(Ty, Ky), the Rényi entropy with
respect to the convex hull Ky of I'y will be written h(()s). The dependence of k() on the
parameter ¢ will be indicated where helpful; thus when ¢ = 1, h®)(t) = h()(1) = hés). Note
that by Theorem 6, the quantity hés) is finite for s € (0, 1).

13



Theorem 10. The Rényi entropy h'®)(I'y, K), 0 < s < 1, of ['y with respect to K is given

by

h) (Do, K) = 1islog<(1__>s i::tl )

1 s S 1
_ 1 (1 t—1)" <1—S>ho> log (1—2) .
T le(IHE-1)e Trosee /

so that h®®) — 0 as t — oo. Moreover h®)(Ty, K) is maximal for
00 —1/(1-s) “
ti=1+ (Zm(mﬂ) — e
n=1

with value h®)(t,) = log(1 + ehéS)).
Proof. Write h®)(I'g, K) = h(®). It follows from (21) that

1 = 1
W= W) = —log ) _py(K) = — log(<1——) +Ztspn >

] 1 1 e(l_s)ht())
- log (1— - log [1+5——
1—50g( t)+1—30g<+(t—1)3 ’

as claimed.

We now ask which ¢ > 1 maximizes h®) = b (t). The derivative

dh(®) 5 1
dt B (1 - 3) (Zzo:opfz(KO)) <(1 - ; ﬁ - ts—i—l an KO ) =

iff
t o 1 an e(l—s) hgs}?

ie., iff

0 —1/(1-s) "
b=1+ (ZPZ(KO)) =1+e0 .

n=1

The entropy h(*)(t) is maximal at the value ¢, given by (22), i.e.,

o1
1 (1-s)
RO (t) = = logan Ky) +log | 1+ (an K >

n=1

= h((]s + log <1 + e’héS)) :

14



whence h()(t;) = log (1 + eh55)>. The first term on the right hand side of (23) is the s-
entropy h(()s) = h®)(1) of Ty relative to its convex hull Ky, so that h®)(t;) > R()(1). O

Remark 11. For a certain ‘dilution’ corresponding to |0K|/|0Ky| = t1, the Rényi s-entropy
attains a maximal value and then decreases to 0. Suppose now s — 1. Then it is easily seen
that ¢, — 1+ e and h()(t;) — log(1 + e"), which is consistent with the results above
in §4.2.

If we agree to identify entropy and complexity, we see that the complexity of a curve
depends on the point of observation. Seen from a certain distance, the curve increases its
complexity, while seen from infinity the curves reduces to a point with entropy 0.
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