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ABSTRACT

We study the behavior of two weighing methods: Unit Counting and Fractional Count-
ing. used in citation analysis. This indicates that results obtained using these two
methods can contradict each other.

1. Two Weighing Methods
Let us first establish the following notation.
C =is a set of countries.
n = is the number of articles,
a; =18 the number of co-authors with contributions to the i th article, and
a;(c) = is the number of co-authors from country ¢ with contributions to the i th article.

Itis obvious that forall/ =12.....n.
a; = a;(c).
! ('€ZC ‘

We interested in comparing the following two ways of counting the total contribution of a
country ¢ in the given set of n papers. ’

1. (Unit Counting) Every co-author’s contribution in each article weighs exactly 1 point.

In this case, the total weight (i.e.. number of points) assigned is

W= n
—l;a[.

The total weight (i.e., number of points) assigned to country ¢ is
W)= Sa ).
(c) ZZ; ()

And the contribution of country ¢ in the overall assignment of points is
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2. (Fractional Counting) Every co-author’s contribution in the i th article weighs exactly 1/a;
points. In which case. the weight of country ¢ in the i th article must be a; (¢ )/a;.

In this case, the total weight (i.e., number of points) assigned is

, a;(c)
W = ! -
1 ;Sn ceZC a;

The total weight (i.e., number of points) assigned to country ¢ is

y a;(¢)
Wie)= Ry
) 1§én a;

And the contribution of country ¢ in the overall assignment of points is

W (c) Z;a,(c Ya; |

Q)=

2. Comparison of the Two Weighing Methods
We are interested in comparing the quantities Q (¢ ), O’ (¢). Put

Ale)=10(c) - Q' ()1,

M = max(a.....ay,).
It is then easy to show that the following theorem holds.

Theorem. For any country ¢,

143 al(C)
Ale)=1Q0(@) - Q" ()l S{TL__WEI_] .z; —

where m (respectively, M) is the minimum (respectively, maximum) number of co-authors in an
article from the given list of n articles.

Proof.

To see this. put

0.(c) =41

and notice that
Q)= Q1)+ - + Q)]

However. forall = 1....n

a; (()

a,(<)

<Qieys 2=
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Hence. from the definitions of Q (¢ ). Q' (¢) we obtain that

T Sl 0. Q') S o e,

from which the theorem follows easily. o

2.1. Examples.

1. If all the @, 's are equal then m =M and hence the theorem implies that Q (¢) = Q' (¢).

[

If for all ¢ there exists a constant A(c) such that for all i =1.._.». a;(¢)a; = Mc) then
Q(c) =’ (c). This shows that the upper bound given in the theorem is not optimal.

3. The quantities Q(c¢).Q"(c¢) can diverge. For example. fix ¢ and consider the following

assignment of values: a;(c)=1.a; =i.wherei = 1....n. Then it is clear that
W=1+2+ " +n=nn+1)2, W =n.
ey v 1 ] 1 _
W)r=n, W =Tty + +7~10gn.

Hence, Q(c¢) = ”—7—

|

cand Q' (¢) = E}%—”—. Consequently,
Alc)= 12  logn
n+1 n

and
c) -~ 2
(5 (c)  Togn-

2.2. A Two Country Example
In this example we make the following assumptions (see table 1):
Al. C ={c.c }.ie. there are two countries,

A2, 1<a/c)<a; <2 e country ¢ contributes on every article and every article has either one
or two authors (but no more).

A3, there exist integers &,/ such that

° a;= - =qg = l.te. the first k articles have exactly one author,

. dg+1= " =d, =2 (lLe. the next n —k articles have exactly two authors) and among
these articles the first / have exactly one author from country ¢ (ie.
dg(c)= " =agy(c)=1) and the remaining n —k —/ have exactly two authors
fromc (i.e. api.(c)= - =a,(c)=2).

Now for the model described above we have the following identities:

Ofcy= G F o van@) ksl +2n—k 1) /
- a + - +a, k+2(n—Fk) 2n —k°

n 4

roov Llaye) 0 a1, L N R |

It follows that
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ay s a g1 T Ay A +l+1 C an
a(c) e () | ag-lc) e ag-1(¢) | ak.1(c) e ap(c)
aic’) o @) a () | @) | agaald”) | | an(c)
0 C 0 1 Ce 1 0 e 0
Table 1: The Two Country Model
’ 2n(Cn — k)

Now assuming that / + & = n . the quantity A(c ) obtains its maximum value

32 -4
'——2—\77—' -~ 009~

Max; .-, Mc) =

when
k=2n-V2n.1=2n—n.
In other words, for the above mentioned values of k./ there 1s a 9% difference between
Q). Q (o).
The following qu-stion arises:
Question:

Are there any conditions under which the % contribution of a country will appear to decline
because their rate of international co-authorship is going up?

Example.

This is rather easy to see in the previous example. Indeed.

QU.k.n.c)=1- 2nl—k‘ Q’(l,k,n’('):l__:[’rl’

where / is the number of co-authored articles, and & is the number of articles with a single author
{from country ¢ ). Itis then clear that

O it kon.c)=1-L=1

g8 §°

while
2k 3nn.ey=1-4 =23
Q' n2. k. 3n/2,¢c)=1 5= %

Hence. although the number of articles co-authored by country ¢ iS going up its percentage con-
tribution (according to the fractional counting method) is going down! In the first case 25% of the
articles are co-authored (i.e. n/4 out of the total n), while in the second 1/3 of the articles are co-
authored (i.e. n/2 out of the total 3n/2). A similar example can be given for the unit counting
method.
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2.3. The Two Country Example Revisited

Here we give the more gencral version of the previous example. We make the following
assumptions:
Al. C isan arbitrary set of countries,

A2. forany country ¢. 0 <y;(c) <a; £2,1.e. every article has either one or two authors (but no
more).

A3. there exist integers k. /..t such that

) ay= - =aq; =1,
ajfc)y= - =qc)=0,
ajlc)= - =ac)=1,

o w= o map=2
Q)= =ap.,(c)=0,
A s(C)= - =ay o (C)=1,
gog1(C) = =aylc)=2.

Clearly, r = t(¢) 1s the number of articles co-authored by authors from country ¢, As
before, it 15 easy to obtain the following formulas:

Lo ae)d+ e +au(e) ]+ 4+2s
Q)= a1+ - +a, =1 “on —k
roono Lpae)y o ag(e)l o 2 41 +2s
Q(()f-n— a, * * da, =1 2n '

3. The General Case

Here we give the more general case. We make the following assumptions:
Al. C is an arbitrary set of countries,
A2. foranycountry ¢, 0<q;(¢c)<a; <s.l1.e. every article has at most s authors.

A3. there exist integers n |, no,..., 1y such that n+no+..+ns_y <n, and

ay=-"=a, =1,
Ay = :(1,,2:2.
dp, 1= "7 =ay =S,

[t follows that

a\toHd, = F2Ma—a )3 (ny—na)+ S (=g ) = SH—R—Ra— c —Hg .

Next define the following quantities:
¢l (¢) = number of collaborations of country c.
cl (i . ¢) = number of collaborations of country ¢ in articles with a total of / many authors,

¢m (¢) = number of articles written only by authors from country ¢, each article counted by
the number of authors it has.
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em’ (¢) = number of articles written only by authors from country ¢. each article counted
only once.

It is then clear that
cl(l.o)y=0.cl{c)y=cl 2, c)+ - +cl(5.0).

Q)= {2 0+ +el(s, o)+rem(c)

SH—n— " —Hs
revo 1L ed@.c oo cls,e)
Q" (c )= __i?_l+ S em (¢)
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